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Abstract: In this study, we denote (t′n(x))n∈N the generalized Tribonacci polynomials, which
are defined by t′n(x) = x2t′n−1(x) + xt′n−2(x) + t′n−3(x), n > 4, with t1(x) = a, t2(x) = b,
t3(x) = cx2 and we drive an explicit formula of (t′n(x))n∈N in terms of their coefficients T ′(n, j),
Also, we establish some properties of (tn(x))n∈N. Similarly, we study the Jacobsthal polynomials
(Jn(x))n∈N, where Jn(x) = Jn−1(x) + xJn−2(x) + x2Jn−3(x), n > 4, with J1(x) = J2(x) = 1,
J3(x) = x+ 1 and describe some properties.
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1 Introduction

Recently, Tribonacci and Jacobsthal sequences have investigated very largely and authors tried
to developed and give some directions to mathematical calculations using these type of special
sequences. One of these directions goes through to the Tribonacci and the Jacobsthal polynomials.
In fact, Tribonacci sequences have been firstly defined by M. Feinberg in 1963 and then some
important properties. On the other hand, in 1973, Hoggatt and Bicknell defined the Tribonacci
polynomials tn(x).

There are many studies on Tribonacci polynomial and its properties (see [1,4,5]). Also it has
been generalized in many ways (see [7]).
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The first main idea in this paper is to study the generalized Tribonacci polynomials t′n(x).
After this, we show the link between t′n(x) and tn(x) by using the Q-matrix. We derive an

explicit formula for the generalized Tribonacci polynomials with the element of array T ′(n, j)
(see Definition 3.2).

Finally in the analogous sense, we investigate everything that was previously done (on
Tribonacci polynomials) for the other kind of polynomials called Jacobsthal polynomials Jn(x).
Hence, we establish some properties of the Jacobsthal polynomials Jn(x)

2 Preliminaries

Definition 2.1 ([5]). The Tribonacci polynomials tn(x) are defined by{
tn(x) = x2tn−1(x) + xtn−2(x) + tn−3(x),

t0(x) = 0, t1(x) = 1, t2(x) = x2
(1)

In [5], Tribonacci array is defined in the following way: Let T (n, j) denote the element in
row n and column j of this array, where n > j > 0. It satisfies the recurrence relation

T (n, j) = T (n− 1, j) + T (n− 2, j − 1) + T (n− 3, j − 2)

where n > 4. The following table shows the first elements.

n Sums

1 1 1

2 1 1

3 1 1 2

4 1 2 1 4

5 1 3 3 7

6 1 4 6 2 13

7 1 5 10 7 1 24

8 1 6 15 16 6 44

Table 1. Tribonacci coefficients.

Using the elements of the Tribonacci array T (n, j), Tribonacci polynomial tn(x) is defined [5]
by the formula

tn(x) =

[(2n−2)/3]∑
j=0

T (n, j)x2n−3j−2

Definition 2.2 ( [1]). The generalized Tribonacci sequence (T ′n)n∈N is defined by the recurrence
linear relation {

T ′n = T ′n−1 + T ′n−2 + T ′n−3, n ≥ 4

T ′1 = a, T ′2 = b, T ′3 = c, for a, b and c ∈ Z
. (2)
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Theorem 2.1 ( [8]). The Tribonacci numbers Tn can be expressed by using Binet’s formula, we
get

Tn =
an+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)
, (3)

where α, β and γ are the distinct roots of the cubic equation x3 − x2 − x− 1 = 0,

Theorem 2.2 ([7]). The n-th Tribonacci polynomial is given by

tn(x) =
Rn+1

1

(R1 −R2)(R1 −R3)
+

Rn+1
2

(R2 −R1)(R2 −R3)
+

Rn+1
3

(R3 −R1)(R3 −R2)
, (4)

where R1, R2 and R3 are the distinct roots of the characteristic polynomial of (1)

t3 − x2t2 − xt− 1 = 0 (5)

Definition 2.3 ([7]). The Tricobsthal polynomials are defined by the recurrence linear relation{
Jn(x) = Jn−1(x) + xJn−2(x) + x2Jn−3(x), for n > 4

J1(x) = J2(x) = 1, J3(x) = x+ 1
. (6)

If we take x = 1, then Jn(1) = tn(1) = Tn becomes the famous Tribonacci sequence .
Analogously, we can define generalized Tricobsthal polynomials as follows

Definition 2.4. The generalized Tricobsthal polynomials are defined by recurrence linear relation,
given by {

J ′n(x) = J ′n−1(x) + xJ ′n−2(x) + x2J ′n−3(x), for n > 4

J ′1(x) = a, J ′2(x) = b, J ′3(x) = c1x+ c0
, (7)

where parameters c1 are positive integers and a, b, c0 are non-negative integers.

When a = b = c1 = c0 = 1, then one gets Tricobsthal polynomials introduced earlier.

Theorem 2.3. The n-th Tricobsthal polynomials is given by

jn(x) =
(R′1)

n+1

(R′1 −R2)(R′1 −R′3)
+

(R′2)
n+1

(R′2 −R′1)(R′2 −R′3)
+

(R′3)
n+1

(R′3 −R′1)(R′3 −R′2)
, (8)

where R′1, R′2 and R′3 are the distinct roots of the characteristic polynomials of (6)

t3 − t2 − xt− x2 = 0 (9)

3 Main results

3.1 Properties of generalized Tribonacci polynomials

Definition 3.1. The generalized Tribonacci polynomials t′n(x), are defined by recurrence linear
relation {

t′n(x) = x2t′n−1(x) + xt′n−2(x) + t′n−3(x), n > 4

t′1(x) = a, t′2(x) = b, t′3(x) = cx2
. (10)

Theorem 3.1. For n > 4, we have

t′n(x) = ctn−2(x) + b[xtn−3(x) + tn−4(x)] + atn−3(x). (11)
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Proof. We define the square matrix Q of order 3 as:

Q =

 x2 x 1

1 0 0

0 1 0


such that detQ = 1, Q is called the generating matrix for the recurrence relation (10). So t′n+3(x)

t′n+2(x)

t′n+1(x)

 =

 x2 x 1

1 0 0

0 1 0


n t′3(x)

t′2(x)

t′1(x)


it is well known [5] that x2 1 0

x 0 1

1 0 0


n

=

 tn+1(x) tn(x) tn−1(x)

xtn(x) + tn−1(x) xtn−1(x) + tn−2(x) xtn−2(x) + tn−3(x)

tn(x) tn−1(x) tn−2(x)

 ,

which implies that t′n+3(x)

t′n+2(x)

t′n+1(x)

 =

 tn+1(x) xtn(x) + tn−1(x) tn(x)

tn(x) xtn−1(x) + tn−2(x) tn−1(x)

tn−1(x) xtn−2(x) + tn−3(x) tn−2(x)


 t′3(x)

t′2(x)

t′1(x)

 .

Then
t′n(x) = cx2tn−2(x) + b[xtn−3(x) + tn−4(x)] + atn−3(x).

Remark 3.1. If x = 1, we have

T ′n = cTn−2 + b[Tn−3 + Tn−4] + aTn−3.

Proposition 3.1. For every integer n ≥ 6, we have

t′n(x) = t′1(x) + t′2(x) + t′3(x) + (x2 + x)
n−3∑
k=3

t′k(x) + (x2 − 1)(t′n−1(x) + t′n−2(x)) + xt′n−2(x).

Remark 3.2. The Tribonacci polynomials {tn(x)}n≥0 can be extended to negative subscripts by
defining: {

t−n(x) = t−(n−3)(x)− x2t−(n−2)(x)− xt−(n−1)(x), n ≥ 3

t0(x) = t−1(x) = 0, t−2(x) = 1
. (12)

Proposition 3.2. For n ≥ 3, we have
1) t−n(x) = (1 + x3)t−n+3(x)− xt−n+4(x)

2) t−n(x) = [tn−1(x)]
2 − tn(x)tn−2(x)

Proof. 1) Proved by using the recurrence relation (12).
2) It is well known [5] that

Q =

 x2 x 1

1 0 0

0 1 0


such that det(Q) = 1, and Q−n = (Qn)−1, it follows that
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Q−n =

 t−n+1(x) xt−n(x) + t−n−1(x) t−n(x)

t−n(x) xt−n−1(x) + t−n−2(x) t−n−1(x)

t−n−1(x) xt−n−2(x) + t−n−3(x) t−n−2(x)


and

(Qn)
−1

=


[tn−2(x)]

2 − tn−1(x)tn−3(x) tn(x)tn−3(x)− tn−1(x)tn−2(x) [tn−1(x)]
2 − tn(x)tn−2(x)

[tn−1(x)]
2 − tn(x)tn−2(x) tn+1(x)tn−2(x)− tn(x)tn−1(x) [tn(x)]

2 − tn+1(x)tn−1(x)

[tn(x)]
2 − tn+1(x)tn−1(x) tn+2(x)tn−1(x)− tn+1(x)tn(x) [tn+1(x)]

2 − tn+2(x)tn(x)


Then

t−n(x) = [tn−1(x)]
2 − tn(x)tn−2(x).

3.2 Generalized Tribonacci array

Definition 3.2. Let T ′(n, j) denote the element in row n and column j of the generalized Tribonacci
array. It satisfies the recurrence relation

T ′(n, j) = T ′(n− 1, j) + T ′(n− 2, j − 2) + T ′(n− 3, j − 4)

T ′(n+ 3, 3) = T ′(n, 0) + T ′(n+ 1, 1) + T ′(n+ 2, 3)

T ′(n+ 2, 4) = T ′(n+ 1, 4) + T ′(n, 2)

, (13)

where T ′(n, 0) = c, T ′(n, 2) = a, n > 6. The following table shows the first elements.

n Sums

1 a a

2 b b

3 c c

4 c b a a+ b+ c

5 c b+ c a b a+ 2b+ 2c

6 c b+ 2c a 2b+ c a 2a+ 3b+ 4c

7 c b+ 3c a 3b+ 3c 2a 2b a 4a+ 6b+ 7c

8 c b+ 4c a 4b+ 6c 3a 5b+ 2c 3a b 7a+ 11b+ 13c

9 c b+ 5c a 5b+ 10c 4a 9b+ 7c 6a 5b+ c 2a 13a+ 20b+ 24c

Table 2. Generalized Tribonacci coefficients.

3.3 Generalized Tribonacci formula

Theorem 3.2. Using the elements of the generalized Tribonacci array T ′(n, j) to define the
generalized Tribonacci polynomial t′n(x), by the formula

t′n(x) = T ′(n, 0)x2n−4 +

[(2n−7+i)/3]∑
j=0

T ′(n, 2j + 1)x2n−3j−7 +

[(2n−4+k)/3]∑
j=1

T ′(n, 2j)x2n−3j−5

where n ≡ i[3], 0 6 i 6 2, and k =
(−1)i+1i2 + i

2
.
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Proof. We distinguish three cases n ≡ 0[3], n ≡ 1[3] and n ≡ 2[3].
Firstly, n ≡ 0[3].
By induction on n, it is clear the result is true for n = 6 and n = 9 by hypothesis. Assume

that it is true for i such that 0 ≤ i ≤ r + 2, then

t′r(x) = T ′(r, 0)x2r−4 +

(2r−9)/3∑
j=0

T ′(r, 2j + 1)x2r−3j−7 +

(2r−6)/3∑
j=1

T ′(r, 2j)x2r−3j−5

and

x2t′r+2(x) = T ′(r + 2, 0)x2r+2 +

(2r−3)/3∑
j=0

T ′(r + 2, 2j + 1)x2r−3j−1 +

2r/3∑
j=1

T ′(r + 2, 2j)x2r−3j+1

xt′r+1(x) = T ′(r + 1, 0)x2r−1 +

(2r−6)/3∑
j=0

T ′(r + 1, 2j + 1)x2r−3j−4 +

(2r−3)/3∑
j=1

T ′(r + 1, 2j)x2r−3j−2

by taking the sums of both equality and simplified them, we get

(2r−3)/3∑
j=0

T ′(r + 2, 2j + 1)x2r−3j−1 = T ′(r + 2, 1)x2r−1 + T ′(r + 2, 3)x2r−4 +

(2r−9)/3∑
j=0

T ′(r + 2, 2j + 5)x2r−3j−7

2r/3∑
j=1

T ′(r + 2, 2j)x2r−3j+1 = T ′(r + 2, 2)x2r−2 + T ′(r + 2, 4)x2r−5 +

(2r−6)/3∑
j=1

T ′(r + 2, 2j + 4)x2r−3j−5

(2r−6)/3∑
j=0

T ′(r + 1, 2j + 1)x2r−3j−4 = T ′(r + 1, 1)x2r−4 +

(2r−9)/3∑
j=0

T ′(r + 1, 2j + 3)x2r−3j−7

(2r−3)/3∑
j=1

T ′(r + 1, 2j)x2r−3j−2 = T ′(r + 1, 2)x2r−5 +

(2r−6)/3∑
j=1

T ′(r + 1, 2j + 2)x2r−3j−5

according to the definition of generalized Tribonacci polynomials (10), we have

x2t′r+2(x) + xt′r+1(x) + t′r(x)

= T ′(r + 2, 0)x2r+2 + [T ′(r + 2, 3) + T ′(r + 1, 1) + T ′(r, 0)]x2r−4

+ [T ′(r + 1, 0) + T ′(r + 2, 1)]x2r−1

+

(2r−9)/3∑
j=0

[T ′(r + 2, 2j + 5) + T ′(r + 1, 2j + 3) + T ′(r, 2j + 1)]x2r−3j−7

+ [T ′(r + 2, 4) + T ′(r + 1, 2)]x2r−5

+

(2r−6)/3∑
j=1

[T ′(r + 2, 2j + 4) + T ′(r + 1, 2j + 2) + T ′(r, 2j)]x2r−3j−5

+ T ′(r + 2, 2)x2r−2.
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Since

T ′(r + 3, 3) = T ′(r + 2, 3) + T ′(r + 1, 1) + T ′(r, 0),

and T ′(r + 3, 1) = T ′(r + 1, 0) + T ′(r + 2, 1),

T ′(r + 3, 2j + 5) = T ′(r + 2, 2j + 5) + T ′(r + 1, 2j + 3) + T ′(r, 2j + 1),

and T ′(r + 2, 0) = T ′(r + 3, 0)

T ′(r + 3, 2j + 4) = T ′(r + 2, 2j + 4) + T ′(r + 1, 2j + 2) + T ′(r, 2j)

and T ′(r + 3, 2) = T ′(r + 2, 2),

T ′(r + 3, 4) = T ′(r + 2, 4) + T ′(r + 1, 2),

then

x2t′r+2(x) + xt′r+1(x) + t′r(x) = T ′(r + 3, 0)x2r+2 + T ′(r + 3, 3)x2r−4

+ T ′(r + 3, 1)x2r−1 + T ′(r + 3, 2)x2r−2 + T ′(r + 3, 4)x2r−5

+

(2r−9)/3∑
j=0

T ′(r + 3, 2j + 5)x2r−3j−7

+

(2r−6)/3∑
j=1

T ′(r + 3, 2j + 4)x2r−3j−5

Also, we rewrite the sums in the right-hand side of the last equality, as follows

(2r−9)/3∑
j=0

T ′(r + 3, 2j + 5)x2r−3j−7 =

(2r−3)/3∑
j=0

T ′(r + 3, 2j + 1)x2r−3j−1

− T ′(r + 3, 1)x2r−1 − T ′(r + 3, 3)x2r−4

(2r−6)/3∑
j=1

T ′(r + 3, 2j + 4)x2r−3j−5 =

(2r)/3∑
j=1

T ′(r + 3, 2j)x2r−3j+1

− T ′(r + 3, 2)x2r−2 − T ′(r + 3, 4)x2r−5

Finally,

x2t′r+2(x) + xt′r+1(x) + t′r(x) = T ′(r + 3, 0) +

(2r−3)/3∑
j=0

T ′(r + 3, 2j + 1)x2r−3j−1

+

(2r)/3∑
j=1

T ′(r + 3, 2j)x2r−3j+1

= t′r+3(x).

Thus, the formula is true for any positive integer n ≡ 0[3]. Analogously, we use the same
technique with the other case n ≡ 1[3] and n ≡ 2[3]
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Theorem 3.3. For n ≥ 0, we have

tn(x) =
1

λ

(
Rn+1

1 (R2 −R3) +Rn+1
2 (R3 −R1) +Rn+1

3 (R1 −R2)
)
,

where λ = (R1 − R2)(R1 − R3)(R2 − R3) and R1, R2 , R3 are the distinct roots of the
characteristic polynomial of (1).

Proof. Using the diagonalization of the generating matrix Q, so the characteristic equation of the
generating matrix Q is

0 = |Q− tI3| =

∣∣∣∣∣∣∣
 x2 − t x 1

1 −t 0

0 1 −t


∣∣∣∣∣∣∣ = −t3 + x2t2 + xt+ 1.

Let R1, R2 and R3 be the roots of the characteristic equation −t3 + x2t2 + xt + 1 = 0 and also
R1, R2 and R3 be the three eigenvalues of the square matrix Q.

Let P is a matrix of eigenvalues, we get

P =

 R2
1 R2

2 R2
3

R1 R2 R3

1 1 1


and

P−1 =
1

λ

 R2 −R3 R2
3 −R2

2 R2R3(R2 −R3)

R3 −R1 R2
1 −R2

3 R1R3(R3 −R1)

R1 −R2 R2
2 −R2

1 R1R2(R1 −R2)


where λ = (R1 −R2)(R1 −R3)(R2 −R3). Now, let

D =

 R1 0 0

0 R2 0

0 0 R3

 ,

i.e., D is the diagonal matrix in which the eigenvalues of Q are on the main diagonal. Then
Q = PDP−1, so we get

Qn = PDnP−1

=
1

λ

 Rn+2
1 Rn+2

2 Rn+2
3

Rn+1
1 Rn+1

2 Rn+1
3

Rn
1 Rn

2 Rn
3


 R2 −R3 R2

3 −R2
2 R2R3(R2 −R3)

R3 −R1 R2
1 −R2

3 R1R3(R3 −R1)

R1 −R2 R2
2 −R2

1 R1R2(R1 −R2)

 .

Finally

tn(x) =
1

λ

(
Rn+1

1 (R2 −R3) +Rn+1
2 (R3 −R1) +Rn+1

3 (R1 −R2)
)
.
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3.4 Generating functions of the generalized Tribonacci sequence
and polynomials

Theorem 3.4. Let T ′n denote the n-th term of the generalized Tribonacci sequence, then the
generating functions of the generalized Tribonacci sequence is given by

T ′n =
αn−3((a+ b)α + b+ cα2)

(α− β)(α− γ)
+
βn−3((a+ b)β + b+ cβ2)

(β − α)(β − γ)
+
γn−3((a+ b)γ + b+ cγ2)

(γ − α)(γ − β)
.

Proof. By using the Theorem 2.1 and the generating function of the Tribonacci sequence (3). We
get the results.

Theorem 3.5. The n-th generalized Tribonacci polynomials is given by

t′n(x) =
Rn−3

1 ((a+ bx)R1 + b+ cR2
1)

(R1 −R2)(R1 −R3)
+

Rn−3
2 ((a+ bx)R2 + b+ cR2

2)

(R2 −R1)(R2 −R3)
+

Rn−3
3 ((a+ bx)R3 + b+ cR2

3)

(R3 −R1)(R3 −R2)
,

where R1, R2 and R3 are the distinct roots of the equation (5).

Proof. Using the relation between Tribonacci polynomials and generalized Tribonacci polynomials
(Theorem 3.1) and the formula of Tribonacci polynomial (Eq (4)).

Proposition 3.3. For n > 4, we have

Rn = tn−1(x)R
2 + [xtn−2(x) + tn−3(x)]R+ tn−2(x) (14)

where R stands for a root of the equation (5).

Proof. By induction on n.

Proposition 3.4. For any integer n ≥ 3

(Rn
1 +Rn

2 +Rn
3 ) = tn+1(x) + xtn−1(x) + 2tn−2(x) (15)

Theorem 3.6. For n ≥ 1, we have

t3n−1(x) =
n∑

i=0

i∑
j=0

(
n

i

)(
i

j

)
xi+jti+j−1(x).

Proof. Let R stand for a root of the equation (5). Then

(
R3
)n

=
n∑

i=0

(
n

i

)(
x2R2 + xR

)i
=

n∑
i=0

i∑
j=0

(
n

i

)(
i

j

)
(x)i+jRi+j.

If we replace R to R1,R2,R3, and using the equation (5), then we obtain

t3n−1(x) =

n∑
i=0

i∑
j=0

(
n

i

)(
i

j

)
xi+j

(
Ri+j

1

(R1 −R2)(R1 −R3)
+

Ri+j
2

(R2 −R1)(R2 −R3)
+

Ri+j
3

(R3 −R1)(R3 −R2)

)

=

n∑
i=0

i∑
j=0

(
n

i

)(
i

j

)
(x)i+jti+j−1(x).
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3.5 Generating matrix of the Tricobsthal polynomials

The generating matrix of the Tricobsthal polynomial are introducing by Q′

Q′ =

 1 x x2

1 0 0

0 1 0

 .
We can prove that by induction on n:

(Q′)n =

 1 x x2

1 0 0

0 1 0


n

=

 Jn+1(x) Jn+2(x)− Jn+1(x) x2Jn(x)

Jn(x) Jn+1(x)− Jn(x) x2Jn−1(x)

Jn−1(x) Jn(x)− Jn−1(x) x2Jn−2(x)

 .

Theorem 3.7. For n ≥ 4, we have

J ′n(x) = (c1x+ c0)Jn−2(x) + b[Jn−1(x)− Jn−2(x)] + ax2Jn−3(x), (16)

where c1 ≥ 0 and a, b, c0 are non-negative integers.

Proof. Using the same technique as in Theorem 3.1.

Theorem 3.8. For n ≥ 0,we have

Jn(x) =
1

λ

[
(R′1)

n+1(R′2 −R′3) + (R′2)
n+1(R′3 −R′1) + (R′3)

n+1(R′1 −R′2)
]
,

where λ′ = (R′1 − R′2)(R
′
1 − R′3)(R

′
2 − R′3) and R′1, R′2, R′3 are the distinct roots of the

characteristic polynomial of (6)

t3 − t2 − xt− x2 = 0.

Proof. Using the same technique as in Theorem 3.3.

Proposition 3.5. For any integer n ≥ 3(
R′

n
1 +R′

n
2 +R′

n
3

)
= Jn+1(x) + xJn−1(x) + 2x2Jn−2(x), (17)

where R′1, R′2 and R′3 are the distinct roots of the equation (9)

Proposition 3.6. For n > 3, we have

R′
n
= Jn−1(x)R

′2 + [Jn(x)− Jn−1(x)]R′ + x2Jn−2(x),

where R′ stands for a root of the equation (8).

Proof. The proof of this proposition doing by induction on n.

Theorem 3.9. For n ≥ 1, we have

J3n−1(x) =
n∑

i=0

i∑
k=0

(
n

i

)(
i

k

)
(x)2n−i−kJi+k−1(x).

Proof. Using the same technique as in Theorem 3.6.

146



Acknowledgements

We would like to thank an anonymous referees for reading this article and the suggestions given.

References

[1] Badidja, S., & Boudaoud, A. (2017). A unique representation of positive integers as a sum
of distinct Tribonacci numbers. Journal of Mathematics and Statistics, 13(1), 57–61.
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