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Abstract: In this study, we denote (¢ (x))nen the generalized Tribonacci polynomials, which
are defined by t/(z) = 2%t _,(z) + at],_,(zx) + t,_5(x), n = 4, with ¢;(z) = a, t2(z) = b,
t3(x) = cx? and we drive an explicit formula of (¢, (x)),ey in terms of their coefficients 7"(n, 7),
Also, we establish some properties of (¢,,(x)),en. Similarly, we study the Jacobsthal polynomials
(J0(2))nen> where J,,(z) = J,_1(x) + xd,_o(x) + 2% J,_3(x), n > 4, with Jy(z) = Jo(x) = 1,
J3(x) = x + 1 and describe some properties.
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1 Introduction

Recently, Tribonacci and Jacobsthal sequences have investigated very largely and authors tried
to developed and give some directions to mathematical calculations using these type of special
sequences. One of these directions goes through to the Tribonacci and the Jacobsthal polynomials.
In fact, Tribonacci sequences have been firstly defined by M. Feinberg in 1963 and then some
important properties. On the other hand, in 1973, Hoggatt and Bicknell defined the Tribonacci
polynomials ¢,,(x).

There are many studies on Tribonacci polynomial and its properties (see [1,4,5]). Also it has
been generalized in many ways (see [7]).
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The first main idea in this paper is to study the generalized Tribonacci polynomials ¢/ ().

After this, we show the link between ¢/ (z) and ¢, (x) by using the Q-matrix. We derive an
explicit formula for the generalized Tribonacci polynomials with the element of array 7"(n, j)
(see Definition 3.2).

Finally in the analogous sense, we investigate everything that was previously done (on
Tribonacci polynomials) for the other kind of polynomials called Jacobsthal polynomials J, ().
Hence, we establish some properties of the Jacobsthal polynomials .J,, ()

2 Preliminaries
Definition 2.1 ([5]). The Tribonacci polynomials ¢, () are defined by

{ tn(1) = 2%y 1 () + Tty _2() + tn_s(2), (1)

to(z) = 0,t1(z) = 1,t5(x) = 22

In [5], Tribonacci array is defined in the following way: Let 7'(n, j) denote the element in
row n and column j of this array, where n > 7 > 0. It satisfies the recurrence relation

Tn,j)=Tn—-1,j)+Tn—2,7—1)+T(n—3,j —2)

where n > 4. The following table shows the first elements.

] | Sums
1|1 1
2 || 1 1
31 1 2
401 2 1 4
5|1 3 3 7
6|1 46 2 13
715 10 7 1 24
8|1 6 15 16 6 44

Table 1. Tribonacci coefficients.

Using the elements of the Tribonacci array T'(n, j), Tribonacci polynomial ¢,,(x) is defined [5]

by the formula
[(2n—2)/3] ‘
)= Y Tl
§=0

Definition 2.2 ([1]). The generalized Tribonacci sequence (7} ),cn is defined by the recurrence
linear relation

T7; = T’V/L—l + T;L—Q + TTIL—3’ n Z 4 (2)

T =a,Ty=bTy=c, fora,bandc € Z
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Theorem 2.1 ([8]). The Tribonacci numbers 7,, can be expressed by using Binet’s formula, we

get
n+1 n+1 n+1
T= — SR + , 3)
(=P a=y) B-a)B-7) OH—-—a)ly-75
where «, 3 and +y are the distinct roots of the cubic equation 2® — 22 — 2 — 1 = 0,
Theorem 2.2 ([7]). The n-th Tribonacci polynomial is given by
%nJrl 9{71«#1 %nJrl
ta(z) = Y + : + : . @
(R — Ro) (R —Rz) (R —R)Re —Rz) - (R — R)(Rs — Ry)
where Ry, R, and A3 are the distinct roots of the characteristic polynomial of (1)
B3 —2 —xt—1=0 (5)

Definition 2.3 ([7]). The Tricobsthal polynomials are defined by the recurrence linear relation

{ Jo(x) = Ju1(2) + 2dp_o(z) + 22T, _3(z), forn >4

Ji(z) = Jo(z) = 1, Jy(z) = v+ 1 (6)

If we take = = 1, then J,, (1) = t,,(1) = T,, becomes the famous Tribonacci sequence .
Analogously, we can define generalized Tricobsthal polynomials as follows

Definition 2.4. The generalized Tricobsthal polynomials are defined by recurrence linear relation,

given by
J(z) = J,_(z) +xJ,_y(x) +2*T,_5(z),forn >4 7
Ji(2) = a, Jy(x) = b, Jy(z) = rz + co |
where parameters c are positive integers and a, b, cy are non-negative integers.
When a = b = ¢; = ¢y = 1, then one gets Tricobsthal polynomials introduced earlier.
Theorem 2.3. The n-th Tricobsthal polynomials is given by
. m/ n+1 %/ n+1 ERI n+1
jn($): / ( 1)/ / + / (/2)/ / + / (/3)/ /’(8)
(R — Rp) (W1 —R3) (W —R)(R2—NR3) (R — R (R —R)
where R'1, R’y and R'5 are the distinct roots of the characteristic polynomials of (6)
B —t?—at—22=0 9)

3 Main results

3.1 Properties of generalized Tribonacci polynomials

Definition 3.1. The generalized Tribonacci polynomials t!,(x), are defined by recurrence linear

relation
tn(x) = 2%t (x) + xt;,_o(x) +1,,_3(x),n >4 (10)
th(z) = a,ty(x) = b, t5(x) = ca” '
Theorem 3.1. For n > 4, we have
t;l(l’) = Ctn_Q(l’) + b{xtn_:;(ﬁ) + tn_4<I>] + CLtn_3<ZL’>. (11)
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Proof. We define the square matrix () of order 3 as:

2

8

x
Q= 0
1

O =
N

such that det ) = 1, @ is called the generating matrix for the recurrence relation (10). So

e 2o 1\ [ B
tho@) | = 1 00 th(x)
trq(x) 0 10 th(x)
it is well known [5] that
2210\ toi1(2) ta(2) tn_1(x)
x 0 1 = | aty(x) +t1(z) at,_1(x)+th_o(x) at,_o(z) +th_s(x) |,
1 00 tn(x) tn-1(x) tn_o(x)
which implies that
b3 (@) tnia(x)  wtn(2) +ina(z)  ta(2) ts(x)
thio(z) | = ta(2) Itn () +tn2(z) tna(z) th(x)
t i1 () tn1(z) wtno(x) +tns(z) tna(z) t(z
Then
t (2) = ca?ty_o(x) + b[wt,_3(x) + tu_s(2)] + at,_s(x). O

Remark 3.1. If x = 1, we have
TT/L = CTn_Q + b[Tn_g + Tn_4] + CLTn_g.

Proposition 3.1. For every integer n > 6, we have

tn(x) = ty(z) + ty(z) + t5(2) + (2" + 2) Ztk (2% = D)ty 1 (2) + 1, 5(x)) + 2t ().

Remark 3.2. The Tribonacci polynomials {t,(z)},,-, can be extended to negative subscripts by
defining:
{ tp(@) = t_(nog)(x) — 2%t_(n_0)(x) — 2t_(_1)(x),n >3 ‘ (12)

to(z) =t_1(x) =0,t_5(x) =1
Proposition 3.2. For n > 3, we have
1) ton(@) = (14 0% _pya(@) — at_pia(@)
2) ton() = [ta1 (2)]" = ta(2)tns(@)
Proof. 1) Proved by using the recurrence relation (12).

2) It is well known [5] that

SL’Q

x 1
Q=11 00
0 10
such that det(Q) = 1, and Q™" = (Q") ", it follows that
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tpir(x) wt_p(x)+top_1(z)  t_,(2)
Q"= | tou(z)  at_,i(z)+topa(zr) topa(x)
ton1(x) at_po(x)+t_p_3(x) t_p_o(x)

and
[tn—2(2)]* = tn1(2)tn—s3(z) tn(@)tn—3(x) = tn—1(@)tn—2(x) [tnfl(x)]2 = tn(@)tn—2(2)
(Qn)_1: [tn—l(x)]z — tp(2)tn—2(7) tn1(2)tn—2(x) — tn(x)tn_1(2) [tn(z)]Q —tng1(2)tn—1(x)
[ta(@)]? = tysa (@)tn—1(2) tng2()tn—1(2) — tni1 (2)tn(2) [tn+1(x)]2 — tny2(@)tn(z)
Then
ton(2) = [tno1(2)]? = tu(@)ta_s(x). O

3.2 Generalized Tribonacci array
Definition 3.2. Let T"(n, j) denote the element in row n and column j of the generalized Tribonacci
array. It satisfies the recurrence relation
T'n,j)=T'(n—1,7)+T'(n—2,7—2)+T'(n—3,7 —4)
T'n+3,3)=Tn,0)+T'(n+1,1)+T'(n+2,3) : (13)
T'(n+2,4)=T'(n+1,4) +T'(n,2)

where T'(n,0) = ¢, T'(n,2) = a, n > 6. The following table shows the first elements.

’n‘ H Sums
1]|a a

2 1b b

3 |c c

4 1c b a a+b+c
5lc b4+c a b a-+2b+ 2c
6|c b+2c a 2b+c a 2a + 3b + 4c
Tlc b+3 a 3b+3c 2a 2b a 4a + 60+ Tc
8lc b+4c a 4b+6c 3a 5b+2c 3a b Ta+ 11b+ 13¢
91¢c b+5 a bb+10c 4a 9b+T7c 6a db+c 2a 13a + 20b + 24c¢

Table 2. Generalized Tribonacci coefficients.

3.3 Generalized Tribonacci formula

Theorem 3.2. Using the elements of the generalized Tribonacci array T'(n, j) to define the
generalized Tribonacci polynomial t,,(x), by the formula

[(2n—T+1)/3] ' [(2n—4+k)/3] '
t;l (x) — T’(n’ O)x2n74 + Z T’(n, 2] + 1)x2n73]f7 + Z T’(n, Qj)x2n73]75
Jj=0 j=1
(—1)712 4

wheren =1i[3, 0 <1< 2, and k = 5
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Proof. We distinguish three cases n = 0[3], n = 1[3] and n = 2[3].

Firstly, n = 0[3].

By induction on n, it is clear the result is true for n = 6 and n = 9 by hypothesis. Assume
that it is true for ¢ such that 0 < ¢ < r + 2, then

(2r-9)/3 (2r—6)/3
t'(x) =T (r, 0)22 4 + Z T'(r,2j + 1>x2r—3j—7 + Z T'(r, Qj)er—Bj—s
Jj=0 j=1
and

(2r—3)/3 2 /3
Jj=0 j=1

(2r—6)/3 (2r—3)/3

xt;‘+1<x> - T/(T + 17 0)1‘27‘71 + Z T/<7* _|_ 17 2,] + 1):(:27‘*3].*4 + Z T/(T + 1’ Qj)x27‘73j72

Jj=0 j=1

by taking the sums of both equality and simplified them, we get

— (2r—9)/3
ST +2,2+ D2 I =T (0 42,127 T (r +2,3)2” Y T (r 42,25+ 5)a T
Jj=0 =

2r/3 (2r—6)/3
ZT/(T + 2,2j)x2r—3j+1 =T'(r+ 2’2)3327“72 +T(r + 274)x2r75 + T'(r +2,2j +4)x2r73]’75
j=1 =

(2r—6)/3 (2r—9)/3
YT+ L2+ )2 I =T+ L2 e Y T (41,25 4 )T
i=0 =

(2r—3)/3 (2r—6)/3
Z T (r+1, 2j)x2r73j72 =T'(r+1, 2)x2r75 + T'(r+1,2) + 2)$27‘73j75
=1 =

according to the definition of generalized Tribonacci polynomials (10), we have

2 o) + ) (@) + ()
=T'(r +2,002* 2+ [T'(r +2,3) + T'(r + 1,1) + T'(r, 0)]2*
+[T(r +1,0) + T'(r +2,1)]2* !
(2r—9)/3

+ > [T +2,2j+5) + T (r+ 1,25+ 3) + T'(r, 2§ + 1)]a> %7
7=0
+ [T (r+2,4) +T'(r +1,2)]z* "
(2r—6)/3
+ 3 [T 2.2 4 4) + T+ 1,25+ 2) + T(r, 2)Ja> 5

j=1
+T'(r + 2, 2):1027"_2,
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Since

T'(r+3,3
and T'(r + 3,1

T(r+2,3)+T(r+1,1)+T(r0),
T(r+1,0)+T(r+2,1),

) =T

) =T
T(r+3,2j+5)=T'(r+2,2j+5)+T'(r+1,2)+3)+T'(r,2j + 1),
and T"(r +2,0) = T'(r + 3,0)
) =T
2) =T
) =T

T'(r+3,25 +4
and T"(r + 3,

T'(r+2,2j+4)+T'(r +1,2j + 2) + T'(r,2))
T (r +2,2),

T(r+3,4)=Tr+2,4) +T(r+1,2),

then

x2t;+2(x) + ot (x) +t.(x) =T (r + 3, 0)x* 2 + T'(r + 3,3)z* 4
+T'(r+3,1)2" " +T'(r+3,2)2* 2+ T'(r +3,4)2*°
(2r—9)/3
+ > T(r+3,2j+ 52T
§=0
(2r—6)/3
+ > T(r+3,2j+4)2” VP

J=1

Also, we rewrite the sums in the right-hand side of the last equality, as follows

(2r—9)/3 (2r—3)/3
Z T'(r+ 3,2 4+ 5)z* 377 = Z T'(r+3,25 +1)x* %1
=0

— T’(r +3,1)2* = T'(r + 3,3)2**

(2r—6)/3 (2r)/3
Jj=1 7=1

—T'(r+3,2)2" 2 = T'(r +3,4)2* >

Finally,

(2r—3)/3
2t (@) + atl (2) + t(x) =T'(r +3,0)+ Y T'(r+3,2j+ 1) 5!
=0
(2r)/3 .
+ Y T'(r+3,2))2> "

J=1

Thus, the formula is true for any positive integer n = 0[3]. Analogously, we use the same
technique with the other case n = 1[3] and n = 2[3] O
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Theorem 3.3. Forn > 0, we have

1
to(z) = 3 (RIT (R — R3) + R (R — Ry) + R (R - Ry)),
where A = (R — Ry) (R — R3)(Re — R3) and Ry, Ra , R are the distinct roots of the

characteristic polynomial of (1).

Proof. Using the diagonalization of the generating matrix (), so the characteristic equation of the
generating matrix () is

22—t = 1
0=1Q —tls] = 1 -t 0 = —t* + 2%+t + 1.
0 1 —t

Let R;, R, and R; be the roots of the characteristic equation —t2 + x%t? + ot + 1 = 0 and also
A1, NRo and PR3 be the three eigenvalues of the square matrix Q).
Let P is a matrix of eigenvalues, we get

" R RN
P=| % R Ny
111

and

Ry — R3 9%3 — 9%3 RoM3(Re — NR3)
Ry — R 9%% — ‘ﬁ% R1NR3(R3 — Ry)
R — Ry ER% — ‘ﬁ% MR (R — Ra)

1
Pt =
A

where A = (R; — Ry) (R — R3)(R2 — R3). Now, let

Ry 0 0
D=0 %R 0 ,
0 0 R

i.e., D is the diagonal matrix in which the eigenvalues of () are on the main diagonal. Then
Q = PDP7!, s0 we get

Qn — PDn‘Pfl
R R RET? Ro— N3 RZ-N2 M%R(Ry — Rs)
== X mvlwrl %g+l ngrl 9‘{3 - %1 %? - %% %1%3(9{3 - 9‘{1)
Ry Ry KL R —R RE-R RRKR —R)

Finally
1

A (RTT (R — Rs3) + R (R — R) + Ry (R — Ra)) . O

tn(z)
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3.4 Generating functions of the generalized Tribonacci sequence
and polynomials

Theorem 3.4. Let T) denote the n-th term of the generalized Tribonacci sequence, then the

generating functions of the generalized Tribonacci sequence is given by

T a"3((a+ b)a + b+ ca?) N "3 ((a+b)B + b+ cf?) N Y3 ((a+b)y + b+ cy?)
" (a@=p)(a—7) (6 —a)(B =) (y—a)y=8)

Proof. By using the Theorem 2.1 and the generating function of the Tribonacci sequence (3). We

get the results. [
Theorem 3.5. The n-th generalized Tribonacci polynomials is given by

R ((a+b2)R + b+ R REP((a+ba) R+ b+ cR3) R P ((a+ br)Rs + b+ R2)
(PR —R2)(R1 — R3) (R2 —R1) (R — R3) (R3 — Ri1) (M3 — Ra) ’

n(@)
where Ry, Ry and R3 are the distinct roots of the equation (5).

Proof. Using the relation between Tribonacci polynomials and generalized Tribonacci polynomials
(Theorem 3.1) and the formula of Tribonacci polynomial (Eq (4)). O]

Proposition 3.3. For n > 4, we have
R =t 1 ()R + [2t,_o(2) + ta_3(2)]R + t,_o(z) (14)
where ‘R stands for a root of the equation (5).
Proof. By induction on n. O]
Proposition 3.4. For any integer n > 3
(RT + RS +RY) =t () + oty (x) + 2t,o(x) (15)

Theorem 3.6. For n > 1, we have

Proof. Let R stand for a root of the equation (5). Then

(R*)" = zn: ( 7; ) (*R2 + 2R)’

1=0

( n ) ( Z > (x)i-i-jmi-i—j‘
=0 j=0 \ ° J

If we replace R to Ry, Rs, Rs, and using the equation (5), then we obtain

AN AT Rits Ri+ Riti
tan1 (@) =) ( i ) (;) o ((9%1 TR ) 0 %)% ) | 0% ) 0% - %))

i=0 j=0

:ZZ <7Z> (;) (x)iJrjti-s-j_l(:E). 0

i=0 j=0
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3.5 Generating matrix of the Tricobsthal polynomials

The generating matrix of the Tricobsthal polynomial are introducing by @’

1 o 2?
Q=110 0
01 0
We can prove that by induction on n:
1z 22\ Joi1(2) Tnga(@) = Joia () 22J,(2)
@"=\10 0 = Jo(x) T (@) — Ju(z) 2T (x)
01 0 Joa(x)  Tu(x) — Jua(x) 22T, (2)
Theorem 3.7. For n > 4, we have
J () = (13 + o) Jp_o() + b[Jp1(2) — Jno(2)] + az®J,_s(x), (16)
where ¢c; > 0 and a, b, cy are non-negative integers.
Proof. Using the same technique as in Theorem 3.1. ]
Theorem 3.8. For n > 0,we have
1
Jn(x) — X [(%/l)n-f—l(%/Q . 9{/3) + <%l2>n+l(m13 o 9{/1) + (m,3)n+1(9{/1 o 9%/2)] ’

where N = (R'; — R'9) (R — R'3)(Ry — R'3) and Ry, Ry, R'3 are the distinct roots of the

characteristic polynomial of (6)
P —t* —at —2* =0.

Proof. Using the same technique as in Theorem 3.3. [
Proposition 3.5. For any integer n > 3

(R + R +RY) = Jo1(2) + 201 (2) + 227 J,2(2), (17)
where R'1, Ry and R'5 are the distinct roots of the equation (9)
Proposition 3.6. For n > 3, we have

R = Joca ()R + [Ja(2) = Juca ()R + 22 o(2),
where R’ stands for a root of the equation (8).
Proof. The proof of this proposition doing by induction on n. ]
Theorem 3.9. For n > 1, we have

J3n-1(x) = ZZ ( 7; > ( Z > ()" i ().

1=0 k=0

Proof. Using the same technique as in Theorem 3.6. [
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