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1 Introduction

The well-known Fibonacci, Jacobsthal, Pell and Padovan sequences are defined by the following
recurrence relations, respectively:

F,=F, 1+ F,_oforn > 2in which fj; = 0and F} =1,

Jp = Jp_1+2J,_oforn > 2in which Jy=0and J; =1,

P,=2P, 1+ P,_sforn > 2inwhich Fy =0and P, =1,
and

Pa,, = Pa,,_s + Pa,_3 forn > 3 in which Pag = Pa; = Pas = 1.
It is easy to see that the characteristic polynomials of the Fibonacci, Jacobsthal, Pell and

Padovan sequences are fi (v) = 22 — 2 — 1, fo(x) = 22 —x — 2, f3 () = 22 — 22 — 1 and
f1(x) = 2® — x — 1, respectively. We use these in the next section.
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Let the (n + k)-th term of a sequence be defined recursively by a linear combination of the
preceding k terms:

Aptk = Colp + C10p41 + ** + Cp—10pyg—1,

where cg,cq,...,cx_1 are real constants. In [13], Kalman derived a number of closed-form
formulas for the generalized sequence by the companion matrix method as follows:
Let A be a matrix of order k as follows:

0O 1 O 0 0
0 0 1 0 0
0O 0 O 0 0
A =ai g = :
0O 0 O 0 1
| 0 €1 Co -+ Ck—2 Cp—1 |
then
Qo Qp,
A7 61‘1 _ Ap41
Ap—1 Aptk—1
forn > 0.

Number theoretic properties such as these obtained from homogeneous linear recurrence
relations relevant to this paper have been studied recently by many authors: see, for example, [1,4,
8-12,20-22,24]. In [5-7,14-17,23,25], the authors defined some linear recurrence sequences and
gave their various properties by matrix methods. In this paper, we discuss connections between
the Fibonacci, Jacobsthal, Pell, and Padovan numbers.

Firstly, we define the Fibonacci—Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci, Pell-
Jacobsthal, Padovan—Pell, and Padovan—Jacobsthal sequences and then we give recurrence
relations among these sequences and the Fibonacci, Jacobsthal, Pell, and Padovan sequences.
Also, we give the relations between the generating matrices of sequences defined and the elements
of Fibonacci, Jacobsthal, Pell, and Padovan sequences.

Furthermore, using the generating matrices and the generating functions of sequences defined,
we obtain their structural properties such as the Binet formulas, the exponential and combinatorial
representations which are intimately connected with the Fibonacci, Jacobsthal, Pell, and Padovan
numbers. Finally, we derive the permanental, determinantal representations and the sums of the
Fibonacci—Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell, and
Padovan—Jacobsthal numbers by the certain matrices.

2 Main results

Define the Fibonacci—Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—
Pell, and Padovan—Jacobsthal sequences as follows, respectively:
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F—J(n+4)=2F—J(n+3)+2F—J(n+2)—3F—J(n+1)—2F—J(n) (1)

forn > 0in which F—J (0) = F—J (1) =F—J(2)=0and F—J(3) =1,
Pa—F (n+5)=Pa—F (n+4)+2Pa—F (n+3) —2Pa—F (n+1)— Pa—F (n) (2)
forn > 0 in which Pa—F (0) = Pa—F (1) = Pa—F (2) = Pa—F (3) =0 and Pa—F (4) = 1,
P—F(n+4)=3P—F(n+3)—3P—F(n+1)— P—F (n) 3)

forn > 0in which P—F (0) = P—F (1) = P—F(2) =0and P—-F (3) =1,

P—J(n+4)=3P-J(n+3)+P—-J(n+2)—5P—J(n+1)—2P—J(n) 4)

forn > 0in which P—J (0) = P—J (1) = P—J(2)=0and P—J(3) =1,

Pa—P (n+5) =2Pa—P (n+4) + 2Pa—P (n+3) — Pa—P (n +2) — 3Pa—P (n+ 1) — Pa—P (n), (5)
for n > 0 in which Pa—P (0) = Pa—P (1) = Pa—P (2) = Pa—P (3) = 0 and Pa—P (4) = 1,
and

Pa—J(n+5)=Pa—J(n+4)+3Pa—J(n+3)—3Pa—J(n+1) —2Pa—J (n), (6)
for n > 0 in which Pa—J (0) = Pa—J (1) = Pa—J (2) = Pa—J (3) = 0 and Pa—J (4) = 1.

First we consider relationships between the above sequences and the Fibonacci, Jacobsthal,
Pell, and Padovan sequences.

Theorem 2.1. Let F'—J (n), Pa—F (n), P—F (n), P—J (n), Pa—P (n) and Pa—J (n) be the
nth Fibonacci—Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell,
and Padovan—Jacobsthal numbers, respectively, then
F—Jn)=J,—F, forn>0,
Pa—F(n+2)=F,.1— Pa, forn>0,
P—F(n+1)=PF,—F, forn>0,

n—

1
P—J(n):Z(Pi—Ji) forn > 1,

i=0
4Pa — P(n+5)+ Pa—P(n+4)= P,y — Pay,3 — Pa, forn>0, and
2Pa—J(n+2)+Pa—J(n+1)=J,41 — Pa, forn>0.
Proof. Let us consider the first equation. We will use the induction method on n. It is clear that
F —J(0) = Jy — Fo = 0. Now we assume that the equation holds for n > 0. Then we show
that the equation holds for n + 1. Since the characteristic polynomial of the Fibonacci—Jacobsthal
sequence is p (z) = z* — 22° — 22% + 3z + 2 and p (z) = fi (x) fo (z) where f; (x) and f5 ()
are characteristic polynomials of the Fibonacci and Jacobsthal sequence, respectively, we obtain
the following relations:
Fn+4 = 2Fn+3 + 2Fn+2 - 3Fn+1 - 2Fn7
Jn+4 = 2Jn+3 + 2Jn+2 - 3Jn+1 - 2Jn
for n > 0. Thus, by a simple calculation, we have the conclusion.
The proofs of other equations are similar to the above and are omitted. [
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2.1 Companion matrices

By the recurrence relations (1)—(6), we can write the following companion matrices, respectively:

2 2 -3 -2
M171000 |
010 0
| 0 0 0
1 2 0 -2 —1
1000 0
My=10100 0 ,
0010 0
0001 0 |
(3 0 -3 —1]
M3_1000 |
010 0
001 0 |
(3 1 -5 —2 ]
M4:1000 |
010 0
001 0 |
2 2 -1 -3 —1
100 0 0
Ms=|1010 0 0 ,
001 0 0
000 1 0 |

and
[1 3 0 -3 -2
1000 0
M¢g=|0100 0
0010 0
0001 0 |

The matrices My, My, Ms, My, Ms and Mg are said to be the Fibonacci—Jacobsthal, Padovan—
Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell, and Padovan—Jacobsthal, respectively.

Let F'— J (n), Pa—F (n), P—F (n), P—J (n), Pa— P (n) and Pa — J (n) be denoted by =},
3

n’

{F.}, {Jn}, {P.} and { Pa, }, respectively, we consider the multiplicative order of the generating

22, 23, 22, 25 and 28, respectively. Since Fy, Jy, Py and Pay are initial values of the sequences

matrices for suitable values of n. By mathematical induction on n, we derive:
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and

Fopi + ()" Foig — )

Fot (1" Fapz — Ty

Fri+ (_1)n+1 Frpr = Tnyo
Foo+(-1)"  F,—xz 4

Pany+ 5,5  Pan— a7,

Pan_s+a2,, Pa,1— a2,

Pa,_s+ a2, Pan,_o—a2,,
Pay_y+ 12  Pa,_3—22,,

2

2
Pa, 5+, Pay,_4—x

F, - $711+3 + (_1)n ,
Fo1— I}L‘FQ + <_1)n+
Fo 2 — I}L‘Fl + (_1>
Fn—3 . :L_Tll + (_1>n+1

Papy1 — a5 45
Pa, — x5 4
Pay 1 — xi+3
Pay_ — 27,5

2
Pa,_3— x5

3 3 3 3
Fn+2 + Tpt2 = Tpys Fn+3 + Lpy3 — Tnia

3 3 3 3 3
Foor+o, 0 — %0 Foo+o,,0— %5 —Thy

3 3 3 3
Fn+xn — Tpt1 FTL+1 +xn+1 — Tpy2
3 3 3 3
Foai+tx, | —x F, +x, —x;,

n

4 4 4 4
Jn+2 + Tpt2 — Lpys ‘]TL+3 — Tpya _2‘rn+2

4 4 4 4
Jn-l—l + Tp+1 — Lpt2 Jn+2 — Tpys _2xn+1
4 4 4 4
e Jnp1 — Tpio 21,

4 4 4 4
Jn-1+ Lp1— Tp In — Lpt1 —2.]3”_1

5 5
Pa, 1+, 5 Pa,— 1z, 4

5 5 5
Pa,_o+w, , Pap—x,, 3 Pa, 33—, 35—

5 5 5 5
Pan_3 + Tyt P(ln—2 — Tpi2 Pan—4 —Tpio — Tpp

5 5
Pan_y+x, Pan_s—1z,,

5

5
Pa,_5+x |, Pa,_4—x,

5
Pa,_y—x) 4 —

5
Pa, 5 -, —

Pa, ¢ — 2

6 6 6 6
Tpts = Tptq Pan — Tpig Pan-f—l — Tpys

6 6 6
Tpta = Tpas Pan—l — Tpis

6 6
Tpis = Tnyo Plng =250 Pany =155 —2

6
Pay, —x, 4

6 6
Tpio = Tny1 Plns =2 Pano—x,

2.2 Binet formulas

6
Pa, 35—z,

n_

forn > 3,

forn > 5,

forn > 6

forn > 4.

Now we concentrate on finding the Binet formulas for the Fibonacci—Jacobsthal, Padovan—

Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell, and Padovan—Jacobsthal numbers.
It is clear that each of the eigenvalues of the matrices My, My, Ms, M,, Ms; and Mg are distinct,
respectively.  Let {A{", A7 A7 A0 L {08 a0 AP AP L AP a0 00, 001,
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P00 00 1 0800, A7, A0 and {287,087, A, A} be the sets of

the eigenvalues of the matrices My, My, M3, M,, Ms and Mg, respectively, and let Vk(“) be a
k x k Vandermonde matrix (where £ = 4 foru = 1,3,4; and k = 5 for u = 2, 5, 6) as follows:

- k-1 k—1 k=1 ]
() () e ()
k=2 k—2 k=2
e - | (7)) ()
1 1 1
Assume that
<)\(u) n+k—i
1
<)\( >n+k 7
U,b 2
WY =
<)\ >n+k i
and V(u 7 is a k x k matrix obtained from V ) by replacmg the j-th column of V( by W,gm)

Theorem 2.2. Let (M,)" = m(“ ") then
(u,n) det Vk(%m)
Mg = T Ty
det V,;

where k = 4 foru =1andn > 3; k =4 foru=2andn > 5; k =4 foru=3,4andn > 1;
k=>5foru=5andn > 6;and k =5 foru=6andn > 4.

Proof. Let us consider the matrix M,. Since the eigenvalues of the matrix M, are distinct,
M, is diagonalizable. Let D, = diag ()\1 ,)\22), )\3 ,)\f), )\ ) then it is readily seen that

M2V5(2) = V5(2)D2. Since the matrix \/52 is invertible, <V5( ) > M2V5(2) = D,. Therefore, M,

is similar to Ds; hence, (M,)" (1/5(2)) = <V5(2)> (Dy)" for n > 5. So we have the following
linear system of equations:

E,an) (/\52)>4 N %n) ()\gg))i% N 1(723,71) <)\(12)>2 N E,Qin) (/\52)> I 2(,25’“) _ <)\(12)>n+5—Z
m () +m& (A2) 4+ m&? (W) +mE () +mE = (3@)"
) () 48 (Y ) (40 4 2 () + 3 = (49)"
m () 1w (A) & (W) 4w () 4 mE = (3@)"

e (32)" & () s ()" e () 4 miz = (32)"
Then, fori,7 = 1,2, 3,4, 5, we obtain
(om  det ‘/5(2,@1')
M det V5(2) .
The proofs for other matrices are similar to the above and are omitted. [
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Corollary 2.1. Let F—J (n), Pa—F (n), P—F (n), P—J (n), Pa— P (n) and Pa—J (n) be the
nth Fibonacci-Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell,
and Padovan—Jacobsthal numbers, respectively, then:

det V1Y
F—J(n)= —4f0rn>3
det V)
det V2%V det VA
Pa—F(n)=""2=-"""0  forn>5
det V; det Vj
det V(3 A1) det V53
P—F(n)= & 4(3) forn > 1,
det V4 det V,
det VY det VY
P_J(n): ° 4(4) = - ! @) fO"nZl,
det V, 2-detV,
det V2% det VO
Pa— P (n) = © 5(5) - 5(5) forn > 6
det V; det V;
and
det V2O2Y det VIOV
Pa—J(n)= ¢ 5(6) =% & forn > 4.
det V; 2-detVj

2.3 Generating functions

It is easy to see that the generating functions of the sequences {F' — J (n)}, {Pa — F (n)},
{P—F(n)},{P—J(n)}, {Pa— P(n)}and {Pa— J(n)} are, respectively,

1.3

— 0<2x+22°—32°—22" <1
N =g g e (0SR20 s o nt<),
4
x
gg(x):1_$_2$2+2$4+x5, (0<z+22*—22" —2° < 1),
3
x
= 0<3z-32"—2"<1
gs (x) 1 _ 32+ 325 1 24 (0<3z-32° -2 ),
3
_ X 2 3 4
g4(93)—1_3x_$2+5$3+2$4, (0 <3z +a”—b2° — 22" < 1),
4
x
= 0<2rx+222—23 -3zt —2° <1
95 (2) 1 —2x — 222 + 23 + 32t + 2%’ (0<22+22% —a o )
and
o
9o (1) = (O§x+3x2—3x4—2x5<1).

1 —a — 322+ 3at + 225’
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2.4 Exponential representations

Now considering the functions g; (z), g2 (%), g3 (), g4 (x), g5 (z) and g¢ (z), we can give the
exponential representations for the Fibonacci—-Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci,
Pell-Jacobsthal, Padovan—Pell, and Padovan—Jacobsthal numbers by the following Theorem.

Theorem 2.3. The sequences {FF—J (n)}, {Pa—F(n)}, {P—F (n)}, {P—J (n)}, {Pa—P (n)}
and {Pa—J (n)} have the following exponential representations, respectively:

g1 (z) = 2% exp <Zx71 (2+ 2z — 32" — 2x3)i) ,
1=1
% (1 + 27 — 22° — x4)i> ,

! 4
E 7 (2+2x—x — 32° —x))
and

ge (z) = x* exp

(
(5
g1 () = 2% exp (i%(S—i—x—E’)x — 2 5))
[
:

Z% (14 3z — 32° —2:10)).

Proof. Consider the sequence {P — F (n)}. Since In % ) = —In(1—3z+ 32+ 2*) and

ln(1—3x+3x3—|—x4):—[w(3—3x2—m3)+;x2(3—3x2—x3)2+~'+1xi(3—3x2—m3)i ,

by a simple calculation, we obtain the conclusion.
There are similar proofs for other sequences. ]

2.5 Combinatorial representations

Here we investigate the combinatorial representations for the Fibonacci—Jacobsthal, Padovan—
Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell, and Padovan—Jacobsthal numbers.

Let K (ky, ko, ..., ky) be av X v companion matrix as follows:
S O
1 0 --- 0

K (ky,koy. .., ky) =
0O --- 1 0
For more details on the companion type matrices, see [18, 19].
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Theorem 2.4. (Chen and Louck [3]). The (i,j) entry kfz) (k1,koy ..., ky) in the matrix
K" (kyi, ko, ..., k,) is given by the following formula:

ti+tiai+--+t, i+ +ty
k(n) k 7]{: 7“"kv _ 7 J+ % ktl,..ktv7 7
17.7(1 2 ) Z t1+t2++tv tla"'7tv ' ° ()

(t1>t2’~~-7tv)

where the summation is over nonnegative integers satisfying t; + 2ty + --- +vt, = n — 1 + J,

<t1+"~+tv) _ (it

T 18 a multinomial coefficient, and the coefficients in (7) are defined to be 1

t1y.. 0ty

ifn=1—7j.

Then we have the following Corollary.

bty + by + 1
Corollary22. (i) F—J(n)= Y <1+ 2l 4)2““2 (=3) (=2)" | (n > 3)

(t1,t2,t3,04) t17t27t37t4
where the summation is over nonnegative integers satisfying t1 + 2to + 3t3 + 4t4, = n — 3.
th+ty+t3+ts+1
(i) Pa—F(n)= > PR I ot (L) (—1) | (n > 5)
tla t27 t37 t47 t5
(t1,t2,t3,t4,t5)

where the summation is over nonnegative integers satisfying t1+2to+3t3+4t,+5t5 = n—4
and

Pa—F(n) = — ( > s x <t1 tia iy it t5) 22 (~2)" (—1)“), (n > 5)
(

t t t t t t1,ta,t3,t4,t
b1 ot darts) 1+t +it3+1ts+ 15 1,02,73,04,15

where the summation is over nonnegative integers satisfying t1+2to+3t3+4t4+5t5 = n+1.
. i1+t +1t3+1
(i) P—F(n)= Y (" 277 )3 (=3)" (=), (n>1)
ti,ta, 3,1y
(t1,t2,t3,t4)
where the summation is over nonnegative integers satisfying t1 + 2to + 3t3 + 4ty =n — 3

and

2 ti+to+ts+ta\ ., . .
P—F = — 31 _3 3 _1 4 > 1
(n) Z t1+t2+t3+t4( t17t27t37t4 ) ( ) ( ) ) (n— )

(t1,t2,t3,t4)

where the summation is over nonnegative integers satisfying t, + 2t + 3t3 + 4t, = n + 1.
th+ta+i3+7¢
(iv) P—J(n)= Y (7 27 g (=5)" (=2)" (n>1)
tla t?a t37 t4
(t1,t2,t3,t4)
where the summation is over nonnegative integers satisfying t, + 2ty + 3tz + 4ty =n — 3

and

1 ty4 t1+to+t3+1a) .4 1 ¢
P—Jn)=—= 31 (=52 (=2)"],(n>1
( ) 2 (( Z t1+t2+t3+t4( t1,to, 13,14 ) ( ) ( ) ( - )

t1,t2,t3,t4)

where the summation is over nonnegative integers satisfying t1 + 2t + 3ts + 4ty = n+ 1.
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(v) Pa— P(n) = Z <t1 +ity+t3+ 14+ t5) ot1-+t2 (_1)t3+t5 (_3)154 .(n>6)

t1,t9,t3,t4, ¢
(t1,t2,t3,ta,ts5) AR ES

where the summation is over nonnegative integers satisfying t1+2to+3t3+4t,+5t5 = n—4
and

Pa—P(n)——( Z t5 « (tl +t2+t3+t4+t5>2t1+t2 (_1)t3+t5 (_3)&)7 (TL 2 6)
(

t1+to+tg+ta+t t1,t9,t3,t4,t
b1t o tats) 1+ta+ts+ts+1s 1,12,13,%4,15

where the summation is over nonnegative integers satisfying t1+2to+3t3+4t4+5t5 = n+1.

t t t t t
(vi) Pa—J (n) = Z (1+2+3+4+5

tla t27 t37 t47 t5

)sm (=3)" (=2)", (n > 4)
(t1,t2,t3,ta,t5)

where the summation is over nonnegative integers satisfying t1+2to+3ts+4t4+5t5 = n—4

and

Pa—J)=—+ ( > - x (“ A ”5>3tz (~3)" (—2)“),<n>4>
2 (

t1,t2,t3,t4,t5)t1 + t2 + t3 + t4 + t5 t17t27t37t47t5

where the summation is over nonnegative integers satisfying t1+2to+3t3+4t4+5t5 = n+1.

Proof. Consider the case (iv). If we take ¢ = 4, 7 = 1 for first case and ¢ = 3, 7 = 4 for second
case in Theorem 2.4, then we can directly see the conclusions from (My)".

There are similar proofs for the sequences {F—J (n)}, {Pa—F (n)}, {P—F (n)},{Pa—P (n)}
and {Pa—J (n)}. [l

2.6 Permanental representations

Now we concentrate on finding the permanental representations of defined these sequences.

Definition 2.1. A u x v real matrix M = [m, ;| is called a contractible matrix in the k-th column
(respectively, row) if the k-th column (respectively, row) contains exactly two non-zero entries.

Suppose that z1, xo, . . ., z, are row vectors of the matrix M. If M is contractible in the k-th
column such that m;  # 0, m;; # 0 and 7 # j, then the (u — 1) X (v — 1) matrix M,;.;, obtained
from M by replacing the i-th row with m; 2 ; +m, ;x; and deleting the j-th row. The k-th column
is called the contraction in the k-th column relative to the ¢-th row and the j-th row.

In [2], Brualdi and Gibson obtained that per (M) = per (N) if M is a real matrix of order
«a > 1 and N is a contraction of M.

Now we consider the relationships among the Fibonacci—Jacobsthal, Padovan—Fibonacci,
Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell and, Padovan—Jacobsthal numbers and the
permanents of the certain matrices which are obtained by using the generating matrix of the
Fibonacci—Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci, Pell-Jacobsthal, Padovan—Pell, and
Padovan—Jacobsthal numbers. Let KV (m) = [kz(l)} K® (m) = [1@(2)] K® (m) = [/{:Z(?;)}

5] »J
KW (m) = [kffj)}, K® (m) = [kfi)} and K© (m) = [kfﬂ be the m x m super-diagonal
matrices as follows, respectively:
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ifi=tandj =1
t=tandj=t+1
ifi=t+1landj =1
ifi=tandj =t+3
ifi=tandj=t+2
otherwise.
ifi=tand j=t+1
ifi=tand j =1t
t=t+1landj =t
ifi=tandj =t+4
ifi=tandj=1t+3
otherwise.
ift=tandj =1
ifi=t+1landj =t
ifir=tand j=t+3
ift=tandj =1t+2
otherwise.
ifi=tand j =t
ifi=tandj=t+1
t=t+1landj =t
ifi=tandj =t+3
ifir=tandj =t+2
otherwise.
ifi=tand j =t
t=tandj=t+1
ifi=t+1landj =t
ift=tand j =1¢+2
t=tandj =t+4

otherwise.

ifi=tandj =1t

for1 <t <m,and
forl1 <t<m—1,
forl <t<m—1,

forl <t <m—3, form = 4,
forl <t<m—2,
forl <t<m-—1,
for1 <t <m,and
forl <t<m-—1,
forl <t <m—4, form = 5.
forl <t<m— 3,
forl <t <m,
forl <t<m-—1,
forl <t<m-—3, for m > 4,
forl <t <m— 2,
forl <t<m,
forl1<t<m—1,and
forl <t<m—1,

form > 4,

forl <t <m— 3,
forl <t <m—2,

for1 <t <m,and
forl1 <t<m-—1,
forl <t<m—1,

forl<t<m-—2,and form >5
forl <t <m —4,
ifit=tandj=t+3 forl <t<m-—3,
ifit=tandj=t+1 forl <t<m—1,
forl <t <m,and
t=t+landj=1t forl1 <t<m-—1,
for m > 5.

ifit=tandj=t+4 forl <t <m—4,
ifit=tandj=t+3 forl <t <m—3,

otherwise.
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Then we have the following Theorem.

Theorem 2.5. (i). Form > 4and k =1, 3,4,

per K (m) = 2¥,,

(ii). Form > 5and k = 2,5, 6,

per K® (m) = xfn+4'

Proof. Consider the subcase of k = 3 in case (i). Let us consider matrix K® (m) and let the
equation be holds for m > 4. Then we show that the equation holds for m + 1. If we expand the
per K® (m) by the Laplace expansion of permanent with respect to the first row, then we obtain

per K& (m +1) = 3.per K& (m) — 3.per K® (m — 2) — per K& (m — 3).

Since per K® (m) = a3 .5, per K® (m —2) = 22, and per K& (m — 3) = 23, we easily
obtain per K® (m + 1) = 23, .. So the proof is complete.
There are similar proofs for other matrices. ]

Let &) (m) =[], 2@ (m) = [1Z], LO (m) = 1€)], L8 (m) = |
[lf‘?] and L) (m) = [lg?} be the m x m matrices as follows, respectively:

( ifi=tandj=t forl1 <t <m —2,and

2
t=tandj=t+1 forl <t<m—2,
1 ifi=tandj =1 form—1<t<m,and
ll(’lj): t=t+1landj=t forl <t<m-—3, for m > 4,

-2 ifi=tandj=t+3 forl <t <m—3,
-3 ifi=tandj=t+2 forl <t <m—3,
0 otherwise.

(2 ifi=tandj=t+1 forl <t<m—2,

1 ifi=tand j =1t for1 <t <m,and
@ t=t+landj =1t forl <t <m—4, form > 5
J —1 ifi=tandj=t+4 forl <t <m—4, -7
—2 ifi=tandj=t+3 forl <t <m—3,
(0 otherwise.
(3 ifi=tandj=t¢ forl <t<m—2,
] ifi=tand j =1t form — 1<t <m,and
t=t+landj =1t forl <t <m—3,
lgf)’j): for m > 4,

—1 ifi=tandj=t+3 forl <t<m—3,
-3 ifi=tandj=t+2 forl <t<m—2,

0 otherwise.
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l(5) _

i7j 7

(6)
ll7]

\

3 ifi=tandj =1
ifir=tand j =1t

1 t=tandj =t+1
t=t+1landj =t

—2 ifi=tandj=1t+3
—5 ifi=tandj=1+2

0  otherwise.

ifit=tandj =1

2 t=tandj =t+1

1 ifi=tandj =1
t=t+1landj =1

1 ifi=tandj =1+ 2

t=tandj=t+14
-3 ifi=tandj=t+3

0 otherwise.

3 ifi=tandj=1t+1

ifi=tandj =t

t=t+1landj =1
—2 ifi=tandj=t+4
-3 ifi=tandj=t+3

0 otherwise.

Then we have the following Theorem.

Theorem 2.6. (i). Form > 4and k =1, 3,4,

forl <t <m—2,

form—1 <t<m,

forl1 <t <m—2,and

forl <t<m — 3, form > 4,
forl <t¢t<m -3,

forl <t<m—2,

forl <t¢t<m—2,and
forl <t<m— 2,
form —1 <t <m,and
forl <t <m— 3,

form > 5,
forl <t<m—3,and
forl <t <m —4,
forl <t<m-—3,
forl <t<m—2,
for1l <t <m,and
forl <t <m —4,

for m > 5.

forl <t <m —4,
forl <t<m— 3,

per LM (m) = ‘r]:n+1‘

(ii). Form > 5and k = 2,6,

(iii). Form = 5,

per L) (m) = b .

per L®) (m) = 23, .

Proof. Consider the subcase of k¥ = 6 in case (ii). Let us consider the matrix L© (m) and let
the equation holds for m > 5. Then we show that the equation holds for m + 1. If we expand
per L (m) by the Laplace expansion of permanent according to the first row, then we obtain:

per L (m + 1) = per L® (m) + 3per L (m

—1)=3per L (m — 3) —2per L® (m — 4).

Also, since per L(® (m) = 28 _,, per L(® (m —1) = 2%, per L(® (m —3) = 25 _, and

per L®) (m — 4) = 28 _,, itis clear that per L® (m + 1) = 25 _,.

There are similar proofs for other matrices.

m—2

O
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Assume that NO (m) = [n})], N® (m) = [n)], N® (m) = [2)], N® (m) = [22)].

NO) (m) = [n(E’)} and N©) (m) = [n(ﬂ are the m x m matrices as shown, respectively:

i,9 2%
(m —2)-th
- \L -
1 1 0 0
, form >4and k = 1,4,
N® (m)= |0
: L®) (m —1)
- 0 -
(m — 3)-th
\l/ —
[ 1 1 0 00
, form > 5and k = 2,6,
N®E) (m) =
(m) : L® (m —1)
0
L 0 -
(m — 3)-th
— \L —
1 1 0 0 0
, form > 4
N®G) (m)=10
: L® (m —1)
L. 0 -
and
(m — 2)-th
— l/ —
1 1 0 0
1 , form > 5,
N©®) (m) = 0
: LO) (m —1)
L 0 -

then we have the following results:

Theorem 2.7. (i). Form >4 and k =1, 3,4,

m

per N®) (m) = Z k.
(ii). For m > 5and k = 2,6,

per N (m) = Z k.
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(iii). For m > 5,
per N® (m) = Z 5,

Proof. Consider the subcase of k = 6 in case (ii). If we extend per N (m) with respect to the
first row, we write

per N (m) = per N (m — 1) + per L (m — 1)

Thus, by the results and an inductive argument, the proof is easily seen. ]

2.7 Certain related determinants

A matrix M is called convertible if there is an n x n (1, —1)-matrix K such that per M =
det (M o K), where M o K denotes the Hadamard product of M and K.

Now we give relationships among the Fibonacci—Jacobsthal, Padovan—Fibonacci, Pell-
Fibonacci, Pell-Jacobsthal, Padovan—Pell and Padovan—Jacobsthal numbers, and the determinants
of the certain matrices which are obtained by using the matrices K ¥) (m), L) (m) and N* (m).
Letk =1,2,...,6 and let R be the m X m matrix, defined by

11 1 - 1 1
1 -1 1 - 1
R: .
1 1 -1 1 1
1 1 -1 1|

Corollary 2.3. (i).
det (K™ (m)o R) = aF 5, form >4andk =1,3,4

and
det (K(k) (m)oR) =af ., form >5and k = 2,5,6.
(ii).
det (L(k) (m)oR) =k, form>4andk =1,34,
det (L(k) (m)oR) =aF ., form>5andk=2,6
and
det (L(5) (m)o R) = a),,, form > 5.
(iii). i
det (N(k) (m) o R) = fo, form >4and k =1,3,4,
=0
det (N(Q) (m)o R) = fo, form >bandk = 2,6
i=0
and
m+1
det (N(s) (m)oR) = Z x?, form > 5.
i=0
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Proof. Since per K®) (m) = det (K™ (m)o R), per L® (m) = det (L™ (m)o R) and
per N® (m) = det (N® (m)oR) for k = 1,2,...,6, by Theorem 2.5, Theorem 2.6 and
Theorem 2.7, we have the conclusion. O]

2.8 Related sums

Now we consider the sums of the Fibonacci—Jacobsthal, Padovan—Fibonacci, Pell-Fibonacci,
Pell-Jacobsthal, Padovan—Pell and Padovan—Jacobsthal numbers. Let

n
S, = g :L";C
i=0

forn > 1 and let T and T% be the 5 x 5 and 6 x 6 matrices as shown, respectively:

00 0 O

1
1
TF=10 ,fork=1,34
0 M,

0

and

, fork =2,5.6.

If we use induction on n, then we obtain

1 00 0 0

Sn+2
(TH)" = | Suna , fork =1,3,4,

and

(T5)" = , fork =2,5,6.
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