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Abstract: In this paper, we consider some triple sums that involve Fibonacci numbers with three
binomial coefficients. We chose the indices of Fibonacci numbers as linear combination of the
summation indices. Moreover, various types of alternating analogues of them whose powers
depend on the index or indices are computed. These sums are evaluated in nice multiplication
forms in terms of Fibonacci and Lucas numbers.
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1 Introduction

The generalized second order sequences {U,} and {V,,}, are defined for n > 0 and nonzero
integer number p by U,,1 = pU, + U, and V1 =pV,, + V,_1,in which Uy = 0, U; =1
and V) = 2, V; = p, respectively. If p = 1, then U,, = F,, (n-th Fibonacci number) and V,, = L,
(n-th Lucas number). The Binet formulas for these sequences are given by

an_ﬁn

a—p
where « and [ are (1 + \/5) /2. By the Binet formulas for F,, and L,

Fn:

F .= (-1)""FE, and L_, = (—1)"L,.
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Many identities related to binomial or generalized binomial coefficients, the numbers obtained
by using linear homogeneous recurrence relations have been extensively studied in great detail
by many authors such as [1-4, 12, 13, 15-19]. Carlitz [1] considers some sums that involve
Fibonacci or Lucas numbers with one binomial coefficient. Kili¢ et. al. [9] introduce the sums and
alternating sums of products of terms of sequences {Uy,, } and {V}, } with binomial coefficients.
They study the sums have the form:

n

n "\ /n ;
Z <Z.)Uk(a+bi)‘/k(c+di) and ; (Z) (—=1)" Uk(atbi) Vi(erai)-

=0
Kilig et. al. [6] prove formulas for the sums and alternating sums of powers of terms of sequences
{F,} and {L,} with binomial coefficients. Kili¢ and Belbachir [8] consider various double
binomial sums related to certain second-, third- and fourth-order recursions. Also they derive a
new binomial sums with complex coefficients related with a generalized second order recursion.
Kili¢ and Arikan [7] present many interesting sums with two binomial coefficients. As double
binomial sums examples, they present the following new special results:

Z (n B 2) (Z +‘7) (—1)' = Fp41 and Z (n + Z> (Z) 2 = Fypi1.

0<i,j<n J J 0<i,j<n 2] J

Kili¢ and Tagdemir [10] compute various sums including {U,} or {V,,} with one binomial
coefficient. Kili¢ and Tagdemir [11] also derive some different special binomial and alternating
binomial double sums with the Fibonacci numbers. Tasdemir and Toska [21] consider some
special binomial and alternating binomial double sums with the Lucas numbers. For example, for
t # —1, they present the following result:

i Lon(t+1) Fane1)t+1)
Z ) Latt2yivg = :

0<i,j<n Faeey

Recently, Omiir and Duran [14] compute binomial triple sums with two binomial coefficients.
They consider certain binomial triple sums given by

Z (Z) (‘7>Fm‘+j+k.
o<ijk<n M k

More recently, Tagsdemir [20] consider various binomial and alternating binomial triple sums
including two binomial coefficients and the Lucas numbers. As a binomial triple sum example,
the following new result is given:

3 N Np L
j k (4t+1)i+j+k — 3+2L4t+3

0<i,5,k<n

2n+l 2L(4t+3)n L(4t+3)n + 5F(4t+3)(n+1)—3 F(4t+3)(n+1)+3 + 2L2t+1 L2t+2 if nis even,
2 2 2 2

2n+1 10F(4t+3é)n+1 F(4t+?;)n71 + L(4t+3)2(n+1) L(4t+3)2(n+1) -+ 2L2t+1 L2t+2 if n is odd.

In this study, the binomial triple sums involving three binomial coefficients and the Fibonacci
numbers are considered. Besides, some alternating analogues of them whose powers depend on
the index or indices are computed. Moreover, these sums we shall compute are evaluated in nice
multiplication form in terms of again {F,} and {L,, }.
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2 Binomial triple sums with the Fibonacci numbers

In this section, we will present some new triple binomial sums. Before them, we will need the
following two auxiliary lemmas for further use.

Lemma 2.1. For any real numbers x,y and z

2 (n) (Z) (é) wy 2t = (Lo +ay+ayz)".
0<i,j,k<n ! J

Proof. From Binomial Theorem, it can be clearly obtained. ]

Also we give the following lemma without proof that could be easily derived from the Binet
formulas for Fibonacci and Lucas numbers (see [22] ).

Lemma 2.2. Lett be an integer. Then,
L+ (=D'a® = (1)
L+ (=18 = (-1
1 + (_1>t+la2t — (_1)t+10étFt\/g,
1+(_1)t+152t —_ ( )
We can give the first of the results now.
Theorem 2.3. For nonnegative integer n and integer t

. n\[(t\/[J o 5%F(2t+3)n if n is even
E j - F n—1
(i) Z (z) <]> (k) +(4t+1)j+k 2t4+1 { 5TL(2t+3)n if n is odd

0<i,jk<n
5 n
(ii) § Fivatr3)yjrre = Loy o Flotrayn

Fiiojir = 2"Fy,

Fiijisr = 5"Fy,

(iv) Y

) n\[(it\/[(J B
(vi) OSMZ;@ (Z) (j) (k> Fyp = Fu,

Proof. We only prove the first claim. The others could be similarly proven. Consider the left-hand
side of the first claim, by the Binet formula, equals

1 N\ (DN (T [ i@tk pitatrn)ick
5,2 (D)) () oo,
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which, by Lemma 2.1, equals

a—3 [(1 +a+ ottt 4 a4t+3)n _ (1 Ty 54t+2 +B4t+3)n}
o i ﬂ [(1 +a)n(1 +Oé4t+2)n . (1 _'_5)n<1 +B4t+2)n]

which, since o? = o + 1, 32 = 8 + 1 and by Lemma 2.2 equals

1
— 5 [ 2”5204(2t+1)nF2T2+1 ( 1)n52n52ﬁ(2t+1)nF£+1]
N (2t+3)n __ —1)" (2t+3)n
= 5§F21;+1 {Od S ]
a—f
Thus,
n\[(t\/(J 5%F(2t+3)n if n is even,
E i = Fn n— . .
5 ()@= { Bl e
as claimed. O

3 Alternating analogues of binomial triple sums
with the Fibonacci numbers

Now we will give alternating analogues of the results given in the previous section. We shall
present our results but for later use, we recall with two auxiliary lemmas from [5].

Lemma 3.1. Let t be any integer.
i) For odd k,

(—1)ta kCHD _gF = (C1) ) B,
(—1)t5_k(2t+1) _Bk = (—1)t+1Vk(t+1)a
ii) For even k,
—k(2t+1) _ ko —\/ZUk(tH)ﬁkt’
8- k(2t+1) ﬁk — \/ZUk(t+1)()5
Lemma 3.2. Let t be an integer.
i) For odd k,
(=1)ia*1=2) _ ok = (_1)tUkt5k(t71)\/z7
( 1)t5k (1-2t) 51: _ (_1)t+1Uktak(t—1)\/Z.
ii) For even k,

k(1-2t) of = —Uktﬁk(t_l)\/Z,
/Bk(l—Qt)) . 5k _ Uktak(t—l) \/Z
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Theorem 3.3. For nonnegative integer n and integer t

. n ) j 7 R 5%F § l‘fn i oven
(i) Z (Z) () (k) (=1 Fir@er2)j+r = (—1)"Fopig { (2t+2)

n—1 . .
0<i,j,k<n J 57 Loty ifnisodd

(=1 Frparjon = (=1)" L, o Fot1yn

; " 52 Fy, ifniseven
(=1)'Fiy; = (-1) na oD
572 Lo, ifnisodd

v D

0<i,j,k<n

vi) D

0<i,jk<n

(—=1)' F3ipjyr = (—=1)"5"F3,

ool
ool
w > ()0
ool
ool

i 3 () ()b = cvrm,

Proof. We only prove the first claim. The others could be similarly proven. Consider the left-hand
side of the first claim, by the Binet formula, equals

B ——
o — ? J

0<i,j,k<n

which, by Lemma 2.1 and since o® = « + 1 and 3? = 3 + 1, equals

o i 3 [(1 o — Mt a4t+4)n _ (1 _ B g ﬁ4t+4)"}
= 5 i /B [(1 —a— a4t+5)n o (1 . 5 . 54t+5>n]
= 5 i 6 [(—a—l . a4t+5)n . (_5—1 . B4t+5>n]

_ [<a4t+5 ta ) - (ﬁ4t+5 —l—ﬁfl)n]
which, from Lemma 3.2 by taking £ = —1 and ¢t = 2t 4 3, equals
|:Oé(2t+2)n _ (_1)nﬁ(2t+2)n:|

—1)"52 [
( ) 2t+3 o — 6

Finally, we write

n\[{t\/(J , - 5%F(2t+2)n if n is even,
—1)'F; = (—D"F ne1
0<§<n <Z) (J) (k) (D Fertaszns = (1) @+3) { 52 Ligttayn ifnis odd,

as claimed. L]
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Now, we give the other results.

Theorem 3.4. For nonnegative integer n and integer t

) n\[(t\[(J - 5%F(2t+4)n if n is even
_1 ]F’i . — _1 nFn o
(i) OquKn (z) (]) (k>( ) +(4t+3)j+k ( ) 2t+2 { 5TlL(2t+4)n if n is odd

(i) Y

0<i,jk<n

(_1)jFi+(4t+1)j+k = (_1)nL§t+1F(2t+3)”

(=1 Faigjir = (—1)"5"F3,

ool
ool
w > (O
ool
ool

vi) D

0<i,jk<n

o, 32 ()0 @)=

Proof. We only prove the second claim. The others could be similarly proven. Consider the
left-hand side of the second claim, by the Binet formula, equals

B I m—
o — ? J

which, by Lemma 2.1 equals

a_3 [(1 4o — ottt a4t+3)n _ (1 43— gtz 54t+3)n}

e 5 [M+a)" 1 =a®™2)" = 1+ 8) (1 - 5"+)]

which, by Lemma 2.2 and since o> = a + 1 and 3? = 3 + 1, equals

1
a—p
(_1>nL3t+l[ (2t+3)n 6(2t+3)n]

a—f «
= (_1)nLgt+1F(2t+3)n

[a2n(_1>n&(2t+l)nL121t+1 . ﬁ2n<_1)nﬁ(2t+l)nLgt+J

as claimed. Hence, the proof of the second claim finishes. ]

By using previously given lemmas the next results could be proved similarly.
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Theorem 3.5. For nonnegative integer n and integer t

. n\(i\(J k " n 5%F(2t+2)n if n is even
E —1)"F; = (—1)"F -
(i) o (Z) (]) (k>( ) +(4t+2)j+k ( ) 2t { 5 21L(2t+2)n ifn is odd

(i) Z (ZL) (;) (}1) (=1 Fiyatjen = (=1)"Lige—1yFlatryn
0<i,j,k<n
NN (I\, vk _(qym 52 Fy, ifniseven
(iii) 0<§<n (z) (]) (k>( 1) Fiyjysr = (—1) { 5% Loy, ifn is odd
G0
0<ijh<n N0/ NJ
v) Z (n) (l) (}1) (_1)kFi+j+4k = (_1)n3nF3n
0<ijh<n N0/ N
vi) 2 (TZL) <Z) (@ (=D)*Fipjpon = (=1)"F,
0<i,j.k<n J
O
0<ij,k<n J
(viii) Z (n) <Z) (;) (—1)*Fiyj = Fon
0<igh<n N/ N
(ix) Z (ZL) (;) (2) (=1)"Fyisjpr =0

Theorem 3.6. For nonnegative integer n and integer t

. n\(t\(J it o 5%F(2t+1)n if n is even
(i) Z (z) (]) (k>(_1) T atjrn = F2t+2{ 5T Ligty1yn  if 0 is odd

0<i,5,k<n

(i) D

0<4,5,k<n

(=)™ Fiyer2)jer = Florran Ly,

n . .
52 F3, ifniseven

_1 Z+jFZ 1 = n—1
=) BT {52L3n if n is odd

(=1 iy = 5"Fy,

v >



Theorem 3.7. For nonnegative integer n and integer t
. n\ (i\(J ik n 5%F(2t+1)n if n is even
—1) ™ Fiarjn = F. n—
(i) 0<§;<n (Z) (j) (k>( ) +4tj+k 2t—1 { 571[,(2,5“)” if n is odd
(_1)j+sz'+(4t+2)j+k = Florom Ly,

n . .
52 F3, ifniseven

—1 j+kF7; 1 - n—
(=17 Bk {521L3n if n is odd

n\[(t\(J ,
(iv) Z (Z) < ) (k) (_1)]+kﬂ+3j+k = F4n
0<i,j,k<n J
w2 ()66
0<i,j,k<n
Theorem 3.8. For nonnegative integer n and integer t
) n\[(t\[(J itk " 5%F(2t+1)n if nis even
—1)"""F; = F e
© 0<;<n (z) (;) (k) CUT Fsarraian = Faury { 5°% Liaiprn  if nis odd

(i) D

0<i,jk<n

(_1)i+kFi+(4t+1)j+k = F2tnLgt+1

4 52 F, ifniseven
-1 H_kE . _ . n
(=)™ Fore { 5" L, ifnisodd

0<i,jk<n

)

)

/ ) (=1 Frpja = 3"F,
v Y )

)

olol
olol
w 3 006
olol
olol

Theorem 3.9. For nonnegative integer n and integer t
- ny\(i\(J i+j+k n pn 52 Fyy  ifnis even
—1)"TEE; k= (—1)"F n—
(i) OquKn (z) (j) (k>( ) +(4t+1)j+k ( ) 2t+1 { 5TIL2m ifnis odd

195



(id) Z (TZL) (Z> (i:) (_1)i+j+kﬂ+(4t+3)j+k = (_1)nF(2t+1)nLgt+2
0<i,jk<n J

(i) D (”) () (;) (— 1) Fyyag = (-1)"2F
o<igh<n N/ N
o<ijh<n N/ NJ

(v) Z (n) (l> (}1) (=) i = (= 1)"5" Fs,
o<ijh<n N/ N

(vi) Z (ZL) <Z) (2) (—1)+7* Foivjir = (—1)"Fy,
0<i,jk<n J
o<ijh<n N/ NJ

(viii) Z (n) (Z> (}1) (=1) T Fyjpar = (=1)"3"F,

o<ijh<n N/ NJ

; WAV S A VNS T

w 2 (0@ =r

Finally, we would like to mention that we consider the sums including Fibonacci numbers
rather than Lucas numbers. Similarly sums including the Lucas numbers could be computed and
it could be shown that they have nice multiplication forms.
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