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Abstract: A divisor d of a positive integer n is called a unitary divisor if ged(d,n/d) = 1;
and d is called a bi-unitary divisor of n if the greatest common unitary divisor of d and n/d is
unity. The concept of a bi-unitary divisor is due to D. Surynarayana (1972). Let 0**(n) denote
the sum of the bi-unitary divisors of n. A positive integer n is called a bi-unitary multiperfect
number if 0**(n) = kn for some k£ > 3. For k = 3 we obtain the bi-unitary triperfect numbers.
Peter Hagis (1987) proved that there are no odd bi-unitary multiperfect numbers. The
present paper is part IV(b) in a series of papers on even bi-unitary multiperfect numbers. In
parts I, IT and III we considered bi-unitary triperfect numbers of the form n = 2%u, where
1 < a <6 and uis odd. In part IV(a) we solved partly the case a = 7. We proved that if n is
a bi-unitary triperfect number of the form n = 27.5°.17¢.v, where (v,2.5.17) = 1, then b > 2.
We then solved completely the case b = 2. In the present paper we give some partial results
concerning the case b > 3 under the assumption 3 { n.
Keywords: Perfect numbers, Triperfect numbers, Multiperfect numbers, Bi-unitary analogues.
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1 Introduction

Throughout this paper, all lower case letters denote positive integers; p and ¢ denote primes.
The letters u, v and w are reserved for odd numbers.

*Prof. Varanasi Sitaramaiah passed away on 2 October 2020.
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A divisor d of n is called a unitary divisor if gcd(d, n/d) = 1. If d is a unitary divisor of n,
we write d||n. A divisor d of n is called a bi-unitary divisor if (d,n/d)** = 1, where the symbol
(@, b)** denotes the greatest common unitary divisor of @ and b. The concept of a bi-unitary
divisor is due to D. Suryanarayana (cf. [7]). Let 0**(n) denote the sum of bi-unitary divisors
of n. The function o**(n) is multiplicative, that is, c**(1) = 1 and 0**(mn) = o**(m)o**(n)
whenever (m,n) = 1. If p® is a prime power and « is odd, then every divisor of p® is a
bi-unitary divisor; if « is even, each divisor of p® is a bi-unitary divisor except for po‘/ 2 Hence

atl_q . .
o(p*) = B—— if o isodd,
I Ly (13)
o(p®) —p*/? if a iseven.

If «v is even, say o = 2k, then o™ (p®) can be simplified to

Pt —1
o™ (p®) = (F) (PP +1). (1.4)

From (1.3), it is not difficult to observe that 0**(n) is odd only when n = 1 or n = 2.

The concept of a bi-unitary perfect number was introduced by C. R. Wall [8]; a positive
integer n is called a bi-unitary perfect number if c**(n) = 2n. C. R. Wall [8] proved that there
are only three bi-unitary perfect numbers, namely 6, 60 and 90. A positive integer 7 is called
a bi-unitary multiperfect number if 0**(n) = kn for some k£ > 3. For k = 3 we obtain the
bi-unitary triperfect numbers.

Peter Hagis [1] proved that there are no odd bi-unitary multiperfect numbers. Our present
paper is part VI(b) in a series of papers on even bi-unitary multiperfect numbers. In parts I, IT
and III (see [2, 3, 4]) we considered bi-unitary triperfect numbers of the form n = 2%u, where
1 <a <6 and uis odd. In part IV(a) we solved partly the case a = 7. We proved that if n is
a bi-unitary triperfect number of the form n = 27.5.17¢.v, where (v,2.5.17) = 1, then b > 2.
We then solved completely the case b = 2. We proved that in this case ¢ has to equal 1 and
further showed that n = 27.32.52.7.13.17 = 44553600 is the only bi-unitary triperfect number
of the form considered there. In this paper we examine the case b > 3 with the restriction that
3 1 n. We present some necessary conditions for triperfect numbers.

For a general account on various perfect-type numbers, we refer to [6].

2 Preliminaries
We assume that the reader has parts I, 11, III, IV(a) (see [2, 3, 4, 5]) available. We, however,
recall Lemmas 2.1 to 2.6 from part IV(a), because they are so important also here.
Lemma 2.1. (I) If « is odd, then for any prime p,
*k (o wok (o1
o) _ o)
pa paJrl

(Il) For any o > 2{ — 1 and any prime p,

O.**pa 1 1 1 1 p2€+1_1
. )2(—>(P—Te>—7:—2e — )
p p—1 p p-p p—1
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(I111) If p is any prime and « is a positive integer, then

0(p)< P
pe p—1

Remark 2.1. (I) and (III) of Lemma 2.1 are mentioned in C. R. Wall [8]; (II) of Lemma 2.1
has been used by him [8] without explicitly stating it.

Lemma 2.2. Let a > 1 be an integer not divisible by an odd prime p and let o be a positive

T =

integer. Let r denote the least positive integer such that a (mod p%); then r is usually

denoted by ordy. a. We have the following properties:

(i) If r is even, then s = 1 /2 is the least positive integer such that a* = —1 (mod p®). Also,
a' = —1 (mod p®) for a positive integer t if and only if t = su, where u is odd.

(ii) If r is odd, then p* { a' + 1 for any positive integer t.

Remark 2.2. Leta, p, r and s = r/2 be as in Lemma 2.2 (o« = 1). Then p|a® — 1 if and only
if r|t. If ¢ is odd and r is even, then r  t. Hence p  a' — 1. Also, p|a’ + 1 if and only if ¢t = su,
where u is odd. In particular if ¢ is even and s is odd, then p { a’ + 1. In order to check the
divisibility of a® — 1 (when ¢ is odd) by an odd prime p, we can confine to those p for which
ord, a is odd. Similarly, for examining the divisibility of a’ + 1 by p when ¢ is even we need to
consider primes p with s = ord, a/2 even.

Lemma 2.3. Let k be odd and k > 3. Let p # 5.

(a) If p € [3,2520] — {11,19,31,71,181,829, 1741}, ord,5 is odd and p|5* — 1, then we
can find a prime p' (depending on p) such that p’ |5k4—_1 and p’ > 2521.

(b) If q € [3,2520] — {13,313,601},s = ord 5 is even and q|5" + 1, then we can find a
prime ¢ (depending on q) such that q | +1 and q' > 2521.

Lemma 2.4. Let k be odd and k > 3. Let p # 7.

(a) If p € [3,2520] — {3,19, 37,1063}, r = ord,7 is odd and p|T* — 1, then we can find a
— 1 and p > 2521.

k
prime p' (depending on p) such that p'| !

(b) Ifq € [3,1193] — {5,13, 181,193,409}, s = —OT’d 7 is even and q| 7" + 1, then we can
find a prime ¢’ (depending on q) such that q | +1 and ¢’ > 1193.
Lemma 2.5. Let k be odd and k > 3. Let p # 13.

(a) Ifp € [3,293] — {3,61}, r = ord,13 is odd and p|13* — 1, then we can find a prime p'
131;1 and p’ > 293.

(depending on p) such that p/'|

(b) Ifq € [3,293] — {5,17}, s = —ord 13 is even and q|13*™! + 1, then we can find a prime
q' (depending on q) such that ¢'|**~+1 +1 and ¢’ > 293.
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Lemma 2.6. Let k be odd and k > 3. Let p # 17.

(a) If p € [3,519] — {307}, r = ord,17 is odd and p|17* — 1, then we can find a prime p'
171(;1 and p’ > 519.

(depending on p) such that p'|

(b) Ifq € [3,519] — {5,29}, s = —OTd 17 is even and q| 17" + 1, then we can find a prime
q' (depending on q) such that ¢'|*“=+* +1 and ¢ > 519.

Corollary 2.1. (1) If k is odd and k: > 5 then 17
(II) If k is odd and k > 3, then *—=+1 2 Lis dwtszble by an odd prime ¢’ > 519.

_1 is divisible by an odd prime p' > 519.

Proof. (I) Let Si7 = {p|17* — 1 : p € [3,519] — {307} and r = ord,17 is odd}. By Lemma
2.6 (a), if Sy7 is non-empty, the statement in (I) above holds.

Let S;7 be empty. Since p 1 17% — 1if ord,17 is even, it follows that 17% — 1 is not divisible
by any prime in [3,519] except for possibly by 307. As 32|17t — 1 if and only if ¢ is even,
32 17 — 1 since k is odd. Hence 16/[17" — 1. Thus Z=L is odd; also it is > 1, since k > 5.

If 307 1 17% — 1, then 17 — is divisible by none of the primes in [3,519]. If p’ |17f6 , then

p’ > 519. This proves (I) in thls case.

Assume that 307|17% — 1. We claim that 17* — 1 is divisible by an odd prime # 307. On the
contrary, let 17k‘ = 307 If > 2, then 3072|17* — 1; this holds if and only if 921 = 3.307|.
In particular, 307]1«; But 7036178437]17”7 L1121 — 307, which is impossible. Hence a = 1
so that 17 _1 = 307 or £ = 3. But k£ > 5, by hypothesis. Hence we can find an odd prime
p \17 —1 andp £ 307. Also, p’ > 519.

The proof of (I) is complete.
(IT) Consider the factor 17+ + 1, where k is odd and > 3. Let

1
17 ={q17"™ +1 :¢q€[3,519] — {5,29} and s = F0rdy17 is even}.

By Lemma 2.6 (b), if 717 is non-empty, then the statement in (II) holds. So we may assume
that Ty7 is empty. Since ¢ 175! + 1if s = 1ord,17 is not even, it follows that 17" + 1 is
not divisible by any prime in [3, 519] except for possibly 5 and 29.

We may note that 5]17k+1 + 1 <:> k+1=2u<= 29|17%*! 4 1. Hence if 5 { 17**! 4 1,
then 29 1751 + 1 so that 1241 s not divisible by any prime in [3,519]. So if ¢ |17k+1+1
then ¢’ > 519.

Suppose that 51751 4 1. Hence 29|17%+1 + 1 We now claim that 2+ g divisible by
an odd prime ¢’ ¢ {5,29}. On the contrary, let 7>+ — 52298 If o > 2, then 52|17’“+1 + 1;
this holds if and only if £ + 1 = 10u. Hence 17 + 1|17k+1 + 1.

Also, 171 4+ 1 = 2.5%.20.21881.63541. Thus, 21881| 7+ 1711 — 52 295 which is not
possible. Hence o = 1.

Suppose that 3 > 2. Then 29%|17%*! + 1; this is equivalent to & + 1 = 58u. Hence,
1758 + 1175+ + 1. Also,

179 1 ={{2,1}, {5, 1}, {29, 2}, {4908077, 1},
{5627688836691687811685586936872121257317104508544673081805033, 1}}.
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Thus 4908077|%|L21Jr1 = 5%.29° which is impossible. Hence 3 = 1.

We now have L;“ = 5.29 or £ = 1. But £ > 3. This contradiction proves that we can

find an odd prime q’]w and ¢’ ¢ {5,29}. It follows that ¢’ ¢ [3,519]. Hence ¢’ > 519. [

3 Further results on bi-unitary triperfect numbers
of the form n = 2"u

Let n be a bi-unitary triperfect number divisible unitarily by 27 so that 0**(n) = 3n and
n = 27.u, where u is odd. Since 0**(27) = 28 — 1 = 255 = 3.5.17, using n = 27 in

o**(n) = 3n, we get the following equations:
n=27.5°17°, (3.1a)
and
2751 177w = o (5Y).0™ (17%).0™* (v), (3.1b)

where (v,2.5.17) = 1. Considering the parity of the function values of o** and applying
multiplicativity of o**, we conclude that v has at most five odd prime factors.

In part IV(a) we proved that b > 2 in (3.1a) and solved completely the case b = 2. These
results were presented in Theorem 3.1.

Theorem 3.1. (a) If n is as in (3.1a) and n is a bi-unitary triperfect number, then b > 2.
(b) If b =2, then c = 1 and n = 44553600 = 27.32.52.7.13.17.

In part IV(a) we also presented the following remark.

Remark 3.1. Let n be as given in (3.1a) and b > 3. Assume that n is a bi-unitary triperfect
number. Then (3.1b) is valid. Further suppose that n is not divisible by 3. If b is odd or 4/b,
then 3|o**(5%). Also, if ¢ is odd or 4|c, then 9|o**(17¢). These are not possible in (3.1b), and
therefore it follows that b = 2k and ¢ = 2/, where k£ > 3 and ¢ are odd. Hence b > 6 and ¢ > 2.

In this paper we consider the case b > 3 with 3 1 n in more detail. In Theorems 3.2, 3.3 and
3.4 we present some necessary conditions for such triperfect numbers.

Theorem 3.2. Let n be as given in (3.1a), where b > 3 and 3 { n. Then n is not a bi-unitary
triperfect number,

(a) if n is divisible by 7> and 173;

(b) if 172||n and 73|n;

(c) if 17%||n and d = 1 or d = 2, where T¢|
(d) if 17%|n and 7|
(e) if 173|n, T*||n and n is not divisible by 11 and 13.

n,

n,
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Proof. We assume that n is not divisible by 3, 7¢||n and n is a bi-unitary triperfect number.
From (3.1b), it follows that v = 7¢.w, from (3.1a) and (3.1b), we have

n = 27.5°.17°.7%w, (3.2a)

and
27 5T 1w = 0% (5°).0™ (17).0™ (77).0™ (w), (3.20)

where
(w,2.3.5.7.17) = 1 and w has not more than four odd prime factors. (3.2¢)

Proof of (a). By Remark 3.1, we can assume that b > 6. We have < 5&,5) > 125, (b > 5);

1(71(,76) > ggggf, (¢ > 3), and Al (7 ) > gzgf, (d > 3). Hence for ¢ > 3 and d > 3, by (3.2a),

we have

o**(n) _ 255 19406 88452 2752
=~ 128 — 3.0034882
n = 128 15625 83521 2401 _ o 04880 =5,

a contradiction. This proves (a).

3 =

Remark 3.2. In view of Theorem 3.2(a), we need to investigate the following cases. Case I:
c=2,d>3;Casell: c=2,d=1o0r2; Caselll: c > 3,d=1or?2.

Proof of (b). By hypothesis, ¢ = 2 and d > 3, we are dealing with Case I mentioned above.
We have o**(17%) = 290 = 2.5.29. Taking ¢ = 2 in (3.2b), we see that 29|w. Let w = 29¢.w’
From (3.2a) and (3.2b), we have

n = 275" 172.7%.29¢ /', (3.3a)
and
20 5072 17.79.29°7 ' = o™ (5°).0™* (7%).0**(29°).0** (w'), (3.30)
where
(w',2.3.5.7.17.29) = 1 and w' has no more than three odd prime factors. (3.3¢)

b ** (=d
(By) Lemma 21.1, we have 220 > 87656 p, > 7y, 00D > LG g > 5): and
29¢ 731700
26c — = 7orsi (€ = 3).

Hence when b > 7, ¢ =2, d > 5and e > 3, from (3.3a), we obtain

o 955 487656 290 136914 731700
a™(n) , 255 — 3.004585627 > 3,

5= n 1287390625 289 117649 707281

a contradiction. Hence when b > 7, ¢ =2, d > 5, wehavee =1 ore = 2.

If e = 1, from (3.3b) it follows that its left-hand side is divisible by 3. This is false.

Let e = 2. Since 0**(29?) = 842 = 2.421, taking e = 2 in (3.3b), we see that 421 |w’. Let
w' = 4217 w". From (2.4a) and (2.4b), we have

n=275°17274292 4217 ", (b>7, d>5) (3.4a)
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and
2°.5072.17.7%.29.4217 7 " = o™ (5°).0™ (7%).0* (4217) .0 (w"), (3.4b)

where
(w”,2.3.5.7.17.29.421) = 1 and w" has not more than two odd prime factors. (3.4¢)

We obtain a contradiction by examining the prime factors of o**(7%).
(i) If d is odd or 4|d, then 8|o**(7%). From (3.3b), we at once have w” = 1, so that from
(3.3a), n = 27.5°.17%.74.292 4217 and so

) £ 2555290 7 842 421, ot i5003 < 3

3= — 12847289 6 841 420

a contradiction.
(i1) Let d = 2u, where v is odd and > 3 since d > 5. We have

o () (7u 1

) (7" +1), (u >3 andodd).

We prove that
(A) T is divisible by an odd prime p'|w” and p’ > 73,
(B)™*L is divisible by an odd prime ¢'|w” and ¢’ > 73.
Proof of (A). We apply Lemma 2.3(a) replacing the interval [3, 2520] by [3, 73]. Let

Sp={p|7" —1 :pe[3,73] — {3,19,37} and ord,7 is odd}.

By Lemma 2.3 (a), if .S, is non-empty, then we can find an odd prime p’ |% and p’ > 73;
and by (3.4b), p'|w”. In this case (A) follows quickly.

(iii) Suppose that S} is empty. Since p 1 7% — 1 if ord,7 is even, it follows that 7* — 1 is
not divisible by any prime p in [3, 73] except for possibly p € {3,19,37}. We now discuss the
divisibility of 7* — 1 by p € {3, 19, 37}.

(iv) Since u is odd, 2||7* — 1. Also, 3|7 — 1 but 9 1 7* — 1. In fact, if 9|7% — 1, then
3| 55 (7). It follows from (3.4b) that 3|w”. This is false. Hence 3||7* — 1.

(v) We have 19|7" — 1 <= 3|u <= 9|7* — 1. By (iii) above since 9 t 7* — 1 it follows that
1947 — 1.

(vi) We have 37|7% — 1 <= 9|u. Also, 79 — 1 = 2.33.19.37.1063. Hence 37|7“ — 1 implies
that 9|7° — 1|7* — 1. This cannot happen by (iii).

Thus from (iii)—(vi), % is > 1, odd and not divisible divisible by any prime in [3, 73].
Hence if p/| =, then p’ > 73 and from (3.4b), p'|w”. This proves (A).

Proof of (B). We apply Lemma 2.3(b) replacing the interval [3, 2520] by [3, 73]. Let

1
T, ={q|7™"™ +1: q€[3,73] — {3,5,13} and s = Eordq'Y is even}.
If 77 is non-empty, (B) follows immediately (cf. Lemma 2.3(b)).
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(vii) Assume that 77 is empty. Since ¢ f 7“1 + 1 if s = %ordq7 is not even, it follows that
%1“ is divisible by any prime ¢ in [3, 73] except for possibly ¢ = 3, 5, 13.

(viii) Clearly, 2||7“** + 1 and 34 7%"! 4 1.

(ix) We have 13|74 + 1 <= u + 1 = 6v <= 181|7*"! + 1, v being odd. Assume that
13|7“*! + 1. Hence 181|7“™ + 1. From (3.4b), w” is divisible by 13 and 181. By (A), p/|w”.
Thus w” in (3.4b) is divisible by three distinct odd primes p’, 13 and 181. This violates (3.4c).
Hence 13 4 741 + 1.

(x) It remains to discuss the divisibility of 74! +1 by 5. If 5 7“1 4-1, then from (vii)—(ix)
it follows that ““2*L is not divisible by any prime in [3, 73]. If ¢/| "5 *L, then ¢’ > 73 and by
(3.4b), ¢'|w". ThlS proves (B) in the case 5 1 7% + 1.

We may assume that 5/7“"! + 1. This is equivalent tou + 1 = 2v. Hence 7% + 1|7 + 1
and so 5%|7“*! + 1. We now prove that “*L is not divisible by 5 alone. Let 7+ = 57,
where a@ > 2. If a > 3, then 53| 74" + 1. ThlS is possible if and only if © + 1 = 10v. Hence
710 41|74+ 1. Also, 710 + 1 = 2.5%.281.4021. It follows that 281|724 | T4 — 5a and this
cannot happen. Hence o« = 2. Thus 7u+1+1 = 520ru = 1. But u > 3. Hence Z-*L will be
divisible by an odd prime say ¢’ # 5. From (vii)—(x), it follows that ¢’ ¢ [3, 73]. It is clear that
¢'|w". This proves (B) completely.

The odd primes p’ and ¢’ are distinct and hence we may assume that p’ > 79 and ¢/ > 83.
From (3.4¢), w” = (p/)9.(¢')". From (3.4a), we have n = 27.5°.17%2.74.29%.4217 (p')9.(¢")".

Hence “(n) _ 2555290 T 842 421 79 83
o n
w128 128076 RALA20 TR Ry M0 <5,

3 =

a contradiction.

Thus when ¢ = 2, we cannot have b > 7 and d > 5. Hence we have either
{c = 2,b =6,d >5}or{c=20b2>7d=3o0rd}or{c =2b=6,d= 3or4},
since already b > 6 and d > 3.

Let {c =2,b=6,d > 5}. We have 0**(5°) = 2.31.313. Taking b = 6 in (3.3D), it follows
that w’ is divisible by 31 and 313. Let w’ = 31/.313%.w". Hence from (3.3a) and (3.3b) we
obtain (after simplification),

n=27.55172.7.29°31/ 3139 w", (d >5) (3.5a)
and
2°.5%.17.74.29°71 31771 3139w = o**(7%).0*%(29%).0**(317).0**(313%) 0™ (w"), (3.5b)
where

(w”,2.3.5.7.17.29.31.313) = 1 and w" has not more than one odd prime factors . ~ (3.5¢)

**(55) _ 19406 . ( 4 136914 . 0(299) 731700
We have = = 752 by Lemma 2.1, = > Tren (@ =5) 75— = Tomer (€2

31/
3)and T > SR (£ > 3).
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From (3.5a), for e > 3 and f > 3, we have

o 255 19406 290 136914 731 44
o (n)>ﬁ 9406 290 136914 731700 9533 _ 3.08567307873 > 3,

3= T 2 128'15625 289 117649 707231 923521

a contradiction.

Hence (e =1or 2)or (f =1 or 2).

Let f = 1. We have 0**(31) = 32 = 2°. Hence taking f = 1 in (3.5b), we see that its
right-hand side is divisible by 2% whereas 2° is a unitary divisor of its left-hand side.

Let f = 2. We have 0**(31%) = 962 = 2.13.37. Taking f = 2in (3.50), we find that w” is
divisible by 13 and 37. This contradicts (3.5¢).

Let e = 1. We have 0**(29) = 30. Taking e = 1 in (3.5b), we see that its left-hand side is
divisible by 3. This cannot happen as 3 t n by our assumption.

Let e = 2. We have 0**(29%) = 842 = 2.421. Taking ¢ = 2 in (3.5b), we find that 421 |w".
Let w” = 421". From (3.5a) and (3.5b), we obtain

n = 27.50.17%.7%.292.31/.3139.421",  (d > 5) (3.6a)
and
20.54.17.79.29.31771 313971 42171 = o™ (7). (317).0 (3139)0** (421™). (3.60)

We obtain a contradiction by examining o**(7%) as follows.

If d is odd or 4|d, then 8|c**(7?). This is not possible as in such a case 2° is a factor of the
right-hand side of (3.6b), while 2* is a unitary divisor of its left-hand side.

Let d = 2u, where u is odd. Then u > 3, since d > 5. We have

o** (7% = (7u6_ 1) (T ).

(xi) Note that WT’l > 1 and odd. Also, it is not divisible by 5, 17, 313 and 421, since u is
odd (see Appendix C in [2]). It is not divisible by 7 trivially.
(xii) Assume that 29|7% — 1. This is equivalent to 7|u. Hence 77 — 1|7 — 1 so that

77—1|7“—1
6 6

This is not possible from (3.6b). Hence 29 { 7% — 1.

(xiii) We have 31|7% — 1 <= 15|u. Hence 31|7" — 1 implies that 3| 71| 7= |o**(79). Tt
follows that 3 is a factor of the left-hand side of (3.5b). This is false. Hence 31 1 7% — 1.

From (xi)—(xiii) it follows that % > 1, is odd and is not divisible by 5, 7, 17, 29, 31, 313
and 421. But this cannot happen from (3.5b), since T |o**(7%).

Thus ¢ = 2,b = 6,d > 5 leads to a contradiction.

Let c = 2 and d = 3. We have 0**(73) = 2%.5%. Taking d = 3 in (3.3)), we infer that
w’ = 1. Hence from (3.3a) and (3.3b), we have

4733| o (7%).
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n = 275" 17%.7%.29¢, (3.7a)

and
22574 172.73.29° = 0™ (5%).0**(29°). (3.7b)

We obtain a contradiction by examining o**(5°). By Remark 3.1, we can take b = 2k where k

1s odd and > 3. We have .
5 —1
o™ (5%) = < 7 ) (5" +1).

The factor 5’17’1 > 1, is odd and is not divisible by 7, 17 and 29, since £ is odd and > 3; it is
not divisible by 5, trivially Thus % is not divisible by 2,5, 7,17 and 29. This is not possible
from (3.7b), since >—|o**(5"). This contradiction proves that ¢ = 2, d = 3 is not admissible.
Let ¢ = 2 and d = 4. We have o**(71) = 2°.43. Taking d = 4 in (3.3b), we find an
imbalance in powers of 2 between both sides of (3.3b). Hence these values of ¢ and d are not

admissible.
The proof of part (b) of Theorem 3.2 is complete.

Proof of (c). By hypothesis in this case ¢ = 2 and d = 1 or 2.
Let c =2 and d = 1. By taking d = 1 in (3.3a) and (3.3b), we get

n = 27.5°17%.7.29°w’, (3.8a)
and
23.572.17.7.29° 7 ' = o**(5°).0*(29°).07* (w'), (3.80)
where
(w',2.3.5.7.17.29) = 1 and w' has no more than one odd prime factor, (3.8¢)

where b = 2k, k is odd and > 3. Also, 0**(5") = (5’“—1) (551 + 1),

The factor 21 —1 > 1is odd and i Is not divisible by 7,17 and 29, since k is odd and > 3;itis
not divisible by 5, trivially. Thus 2 T is not divisible by 2,5, 7,17 and 29. Since 2 T > 1, let
p’\L‘:l. Then p’ is odd and from (3.8b), p/|w'.

Consider the factor 5**! + 1. We have (i) 2||5%*1 + 1. (ii) 5**! + 1 is not divisible by 7 or
29, since k + 1 is even. (iii) Suppose 17|51 + 1. Then k + 1 = 8u. Hence 5% + 1|51 + 1.
Also, 5% + 1 = 2.17.11489. It follows that 11489|5**! + 1. From (3.8b), we have 11489|w’.
Already p’|w’. Thus w' is divisible by two odd primes p’ and 11489. This contradicts (3.8¢) and
so 17458 + 1.

From (i1)—(ii1), it follows that 5ht +1 > 1, is odd and not divisible by 5, 7, 17 and 29. Let
q’|%. Then from (3.80), ¢'|w'.

Thus w’ is divisible by two distinct odd primes p’ and ¢’. This contradicts (3.8¢).

Hence the case ¢ = 2,d = 1 is not admissible.

Let ¢ = 2 and d = 2. We have 0**(7%) = 50 = 2.5%. Taking (d = 2), in (3.3a) and (3.3b),
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we get

n = 275" 17%.7%.29° w0/, (3.9a)
and
25 504 17.72.29° L’ = 0**(5%).07*(29%).0%* (w'), (3.90)
where
(w',2.3.5.7.17.29) = 1 and w' has no more than three odd prime factors. (3.9¢)

In (3.9a) and (3.9b), we can assume that b = 2k where k is odd and > 3. We have

o (5P = (5k4_ 1) (5 4 1),

We prove that
(I) there exists an odd prime p/| k4_ , P'|w" and p’ > 67,
(IT) there exists an odd prime ¢ |5 +1, ¢'|w" and ¢ > 67.
Proof of (I). Let

St={pl5* =1 : pe[3,67] —{11,19,31} and ord,5 is odd }.

By Lemma 2.3(a) (by replacing the interval [3,2520] by [3,67]), if St is non-empty, then (I)
holds. Also, 11]|5% — 1 if and only if 5|k: Further, 5> — 1 = 22.11.71. Hence if 11]5F — 1,
then 71|5* — 1. Thus p’ = 71|w', p ]5 and p’ > 67. Thus (I) holds. In a similar manner,
19|55 — 1 <= 9|k. Also, 829|% 1|1 4—1. Thus if 19|5* — 1, then p’ = 829|% -1, p/|w’ and
p’ > 67. Hence (I) holds in this case. It follows that if

St ={p|5* —1: pe[3,67] — {31} and ord,5 is odd },

then S7 is non-empty implies that (I) holds.

Assume that S? is empty. Since 5% — 1 is not divisible by p if ord,5 is even, it follows that
5% — 1 is not divisible by any prime in [3, 67] except for possibly 31.

If 311 5% — 1 it follows that 5° — 1 is not divisible by any prime in [3, 67]. The same is true
with respect to > which is odd and > 1. Let p | —L_ Then p’ ¢ [3,67] and so p’ > 67. Also,
from (3.90), p |w . This proves (I) in this case.

We assume that 31|5F — 1. We claim that % is divisible by a prime p’ # 31. If this is
not so, then we must have L‘:l = 31¢ for some positive integer . If o > 2, then 312|5% — 1.
Hence 93|k. In particular 31|k. Hence 1861|53! — 1|5F — 1. Thus 1861|¥4—1 = 31%. This is not
possible. Hence o = 1 and so % =3lork=3orb=6.

We prove that b = 6 is not admissible. Since o**(5%) = 2.31.313, taking b = 6 in (3.90),
it follows that w’ is divisible by 31 and 313. Let w’ = 31/.313%.w" Hence from (3.9a), n =
27.50.17%2.72.29¢.31/.3139.w", where w” is 1 or a prime power. Let w” = p”, where p > 11.
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‘We have

o 9255 19406 290 50 29 31 313 11
o™ (n) o 200 T 2 0T 2T 2D 000 T 9992148375 < 3,

3=— 128 15625 289 49 2830 31210

a contradiction. This proves that b = 6 is not admissible.

Thus if 31|5F — 1, then % is divisible by a prime p’ # 31. It follows that p’ ¢ [3,67] and
p'|w' from (3.95).

The proof of (I) is complete.

Proof of (Il). Let

1
T ={q|5"™ +1 :q€[3,67] — {13} and s = Eorqu) is even}.

In Lemma 2.3(b), if we replace the interval [3,2520] by [3,67], it follows that (IT) holds
whenever 77 is non-empty.

Let T} be empty. Since ¢ 1 557! + 1if s = Sord,5 is not even, it follows that 5*™ + 1 is
not divisible by any prime in [3, 67] except for possible 13.

Suppose 13 1 5¥*1 + 1. Then % > 1, is odd and is not divisible by any prime in [3, 67].
If ¢'| 2 *L, then ¢’ > 67 and ¢'|w’ by (3.9b). Thus (II) holds in this case.

Suppose that 13|55+ + 1 We claim that 5 +1 is divisible by an odd prime ¢’ # 13. On the
other hand, assume that Z-+1 2 = 13%, for some posmve integer ov. If @ > 2, then 132|581 + 1.
This is equivalent to k + 1 = 26u. Hence 52 4 1|5%+! 4 1, and so 53| 221|241 — 132, This
is not possible. Hence @ = 1 so that ik +1 =13ork =1.Butk > 3 Hence we can find an
odd prime ¢ |5 L and ¢ # 13. It now follows that ¢’ ¢ [3,67]. Also, from (3.90), ¢'|w'.

The proof of (II) is complete.

Since w’ is divisible by p’, ¢’ and p’ # ¢/, we can assume that p’ > 71 and ¢’ > 73.
If r denotes the possible third prime factor of w’, we can assume that » > 11. From (3.9¢),
w' = (p').(¢")9.r". From (3.9a), we have n = 27.5°.172.72.29¢.(p')/ .(¢')9.r". Hence
o™(n) 2555290 50 29 71 73 11

i = 2.98742924 < 3,

3= = < 13'1289°19°® 70' 72 10

a contradiction.
The case ¢ = 2,d = 2 is complete. The proof of Theorem 3.2(c) is complete.
Proof of (d). By hypothesis ¢ > 3 and d = 1. Since c is even and 4 1 ¢, we may assume that

¢ > 5. By Lemma 2.1, we have Z 1(71078) > 32?3;523 (¢ > 5). From (3.2a), we have

o**(n) _ 255 19406 25641254 8
> —

3= . = 123'15625 24137569 7

= 3.003889074 > 3,

a contradiction.
This completes the proof of (d).
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Proof of (e). By hypothesis, ¢ > 3 and d = 2. Taking d = 2 in (3.2a) and (3.2b), we get

n = 27.5°.17°.7% w, (3.10a)

and
26 53 177 2w = 0™ (5Y).0™* (17°) .0 (w), (3.100)

and
(w,2.3.5.7.11.13.17) = 1 and w has no more than four odd prime factors. (3.10¢)

By Remark 3.1, we can assume that b = 2k, where k is odd and > 3. Also, ¢ = 2¢, where ¢ is
odd and > 3, since ¢ > 3.
We have

We prove that
(C) there exists an odd prime p ]5 , p'lwand p’ > 2521,
(D) there exists an odd prime ¢ | +1, ¢'|w and ¢ > 163.
First we prove (D).
Proof of (D). Let

1
T:={q|5"™ +1 : ¢ [3,157] — {13} and s = §0rdq5 is even}.

Applying Lemma 2.3(b) (replacing the interval [3,2520] by [3, 157]) we conclude that if 77 is
non-empty, then (D) holds.

Assume that T} is empty. Since ¢ { 5*™! + 1 when s = %ordqf) is not even, it follows
that 5“1 L is not divisible by any prime ¢ in [3, 157] except for possibly ¢ = 13. Since (by
hypothe51s) 13 J( n it follows that 13 ¥ 5**! + 1 and thus >~ is not divisible by any prime in
[3,157]. Let ¢/| 2141 %41 Then ¢ > 157 (and so ¢’ > 163) and q'w.

This proves (D).

Proof of (C). Let

= {p|5* =1 : pe[3,2520] — {11,19,31,71,181,829,1741} and ord,5 is odd}.

If S5 is non-empty, then (C) holds.
Let S5 be empty. Since p 5 — 1 if ord,5 is even, it follows that ot _1 is not divisible by
any prime p € [3,2520] except for possibly p € {11, 19,31, 71, 181, 829, 1741}.
By hypothesis, 11 1 n. Hence 11 1 5 — 1; also, 11|5* — 1 <= 71|5* — 1. Hence 71 1 5* — 1.
Further, 181|5* — 1 if and only if 15|k. Hence 181|5F — 1 implies 11|5'% — 1|5* — 1. But
114 5% —1. Hence 181 { 5F — 1. Since 181|5F — 1 <= 1741|5* — 1, it follows that 1741 5% —
We may note that 19|5* — 1 <= 9|k <= 829|5" — 1. Suppose 19|5k — 1. Hence 9|k and
consequently 5% — 1|5% — 1. Also, 57 — 1 = 22.19.31.829. Hence 2> and consequently o**(5°)
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is divisible by 19, 31 and 829. From, (3.100), it follows that w is divisible by 19, 31 and 829.
Hence w = 19°.317.(829)9.w’, so that from (3.10a) and (3.10b), we have

n=27.5".17°.72.19°.317 8299 ./, (3.11a)
and

205573 17¢71 . 72.19°.317 .8299 ' = o™ (5°) o™ (179)0™* (19%) 0™ (317)o**(8299) o™ (w),
(3.11b)
and

(w',2.3.5.7.11.13.17.19.31.829) = 1 and v’ has no more than one odd prime factor. (3.11c¢)

By what we have proved in (D), ¢'|w and ¢’ > 157 (that is, ¢ > 163). By (3.11¢), w’ = (¢')".
Hence n = 27.5°.17¢.72.19°.317.(829)9.(¢')", so that by Lemma 2.1,
a**(n) 255 5 17 50 19 31 829 163

116 49 1830 828 = 2.9666164
N S IRTI6 101830828 1oz ool0Hss <5,

3=

a contradiction.

Hence 19 and consequently 829 cannot divide 5* — 1.
Till now, 31 _1 > 1, is odd and is not divisible by any prime in [3, 2520] except for possibly
by 31. If 31 ¢ 5’C 1, then Z-1(> 1) will not be divisible by any prime in [3, 2520]. If p'| "1
then p’ ¢ [3,2520] and p'|w. This would prove (C).

Suppose that 31|5F — 1. We claim that we can find an odd prime p | Land p’ # 31. If this
is not so, then we must have 2 4’1
this is equivalent to 93| k. In particular, 31|k and so 53! —1|5F — 1. Thus 1861
This is impossible. Hence o = 1 and consequently % =3lork=3o0rb= 6.

We now show that b = 6 is not possible. We have ¢**(5°) = 2.31.313. Taking b = 6 in
(3.10b), we find that 31 and 313 are factors of w. Let w = 31°.313/.w’. Now, from (3.10a) and

(3.100), we have

= 31%, where « is a positive integer. Ifa > 2 then 312|5k —
531 1
= 31«

n = 27.5°.17°.72.31°.313% 1w/, (3.12a)

and
2°.5°73 1771 7231971 3137w’ = ™ (179).0*%(31%).0**(3137).0™ (w), (3.12b)

and
(w',2.3.5.7.11.13.17.31.313) = 1 and w’ has no more than two odd prime factors. (3.12c¢)

From Remark 3.1, we can assume that ¢ = 2¢, where ¢ is odd and > 3 (since ¢ > 3). We
have a**(l?c) = (174 1) .(17° + 1). We obtain a contradiction by showing that

(E) 17 L is divisible by an odd prime p’ > 127.
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Let
Siz = {p|17* =1 : p € [3,127] and ord,17 is odd}.

By Lemma 2.6(a), if S;7 is non-empty, then we can find an odd prime p/| %ﬁ_l and p’ > 127.
Hence (E) follows in this case.

Suppose that S;7 is empty. Since p t 17° — 1 if ord, 17 is even, it follows that 17° — 1 is
not divisible by any prime in [3,127].
in [3,127], if p/|+5=2, then p’ > 127 or p/ > 131 Further since 313[17¢ — 1 <= 312|(, it
follows that 313  17° — 1 since £ is odd. Hence p’ # 313. From (3.12b), it is clear that p/|w’.
By (3.12¢), w’ has no more than two odd prime factors. If r # p’ denotes the possible second
prime factor of w’, then r > 19. From (3.12a), we have n = 27.5°.17¢.72.31¢.313/.(p')9.r" so
that by Lemma 2.1,

o 955 5 17 50 31 313 13119
() _ 2 L2l 20T 0 9 977023814 < 3,

5= n 128 416 49 30 312 13018

a contradiction. Hence (E) holds.

We thus finally proved that b = 6 is not admissible. This means that >~ is divisible by
an odd prime p’ # 31. Also, as 2~ is not divisible by any prime in [3, 2520] — {31}, it now
follows that p’ ¢ [3,2520]. Also, p ]w by (3.10b). This proves (C).

By (3.10¢), w has no more than four odd prime factors; p’ and ¢’ are two prime factors of
w. Let the other two possible prime factors be  and ¢. We can assume that » > 19 and s > 23.
From (3.10a), we have n = 27.5°.17¢.72.(p").(¢')/ .r/ .t" and so by Lemma 2.1,
o™(n) 255 5 17 50 2521 163 19 23

51750 2521 163 19 23 _ oo
n S 128116402500 162 1822 oI <3

3 =

a contradiction.
This completes the proof of Theorem 3.2 (e). ]

Theorem 3.3. Let n be as given in (3.1a), where b > 3 and 3 | n. Assume that 7?||n and 17%|n.
Let n be a bi-unitary triperfect number. Let s = 11 or s = 13. Assume that s|n, so that from
(3.10b), w = s®.w'" and consequently from (3.10a),

n =275 177 s w'. (3.13a)

Then
(a) ¢ = 6 is not admissible.
If ¢ = 20, where { is odd, then

(b) =L is divisible by an odd prime p' > 519 and p/|w!,
(c) &;rl is divisible by an odd prime ¢' > 519 and ¢'|w'.

Proof. Substituting w = s°.w’ in (3.10b), we obtain

26503177 L2 s = 0 (B).0™ (179).0™ (5%).0™ (w'); (3.13b)
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also,
(w',2.3.5.7.5.17) = 1 and w’ has no more than three odd prime factors. (3.13¢)

By Remark 3.1, we can assume that b = 2k, where k is odd and > 3. Also, ¢ = 2/, where / is
odd and > 3 since ¢ > 3.

Proof of (a). We have o**(17°) = 2.307.41761. Hence taking ¢ = 6 in (3.13b), we obtain
2° 5073 1757 s ' = 307.41761.07*(5°).0™*(5%).0™* (w'). (3.13d)
From (3.13d), w' is divisible by 307 and 41761. Hence we may assume that
w' = (307)7.(41761)9.w";

using this in (3.13a) and (3.13d), we get

n = 27.5°.17°.7%.5°.(307)7 . (41761)9.w", (3.14a)
and
2° 5573 17°.7.5°.(307) 1. (41761)9~ "
= 0™ (5%).0™(5%).0™ ((307)7).0™* ((41761)9) 0™ (w"), (3.14b)
where
(w"”,2.3.5.7.5.17.307.41761) = 1 and w” is 1 or a prime power. (3.14c)

We obtain a contradiction by examining the factors of o**(5°) as follows.

We have b = 2k, where k is odd and > 3. Also, 0**(5°) = (%) (5% 4+ 1). We claim
that we can find two distinct odd primes p and ¢ such that

(D) p| %L and plw” and (11) ¢| 2+ and gluw”.

e Proof of (I).

(i) Since k is odd, we have 4[|5* — 1. Hence % is odd; also, it is > 1, since k > 3.

(ii) We have 7|5t —1 <= 6t; 17|5t—1 <= 16t; 13]5!—1 <= 4t; 307|5!—1 <=
306t and 41761|5" — 1 <= 4176|t. In all these cases, first of all ¢ must be even.
Since k is odd, 5* — 1 is not divisible by any of the primes in {7, 13,17, 307,41761};
and is not divisible by 5 trivially.

(iii) We have 11|5F — 1 <= 5|k <= 71|5* — 1. Hence if 11|5" — 1 from (3.14b), it
follows that 71|w”. Hence (I) holds in this case. We may assume that 11 { 5% — 1.
Then L‘:l is odd, is > 1 and is not divisible by 5,7,11,13,17,307 and 41761
or it is not divisible by 5,7,s,17,307 and 41761. It follows that if p|5k4—_1, then
p ¢ {5,7,517,307,41761}. From (3.14b), we conclude that p|w".

This proves (I).
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e Proof of (II). Consider the factor 5**! + 1, where k is odd and > 3.

(iv) 2||5**! + 1 and so >+ is odd and clearly > 1.

(v) For any positive 1nteger t, 5"+ 1 is not divisible by 11 and trivially not divisible by
5. In particular, 5! 4 1 is not divisible by 5 and 11.

(vi) 7|5 +1 <= k+1 = 3u; 307|5* +1 <= k+1 = 153u. Since k + 1 is even
551 4+ 1 is not divisible by 7 or 307.

(vii) 17]5¥ +1 < k+1 = 8u; 41761|5**! +1 <= k+1 = 2088u = 8u/, where /
is odd. If either 17|5**! +1 or 41761|5**! + 1, it follows that 5% + 1|5**1 + 1. Also,
5841 = 2.17.11489. Hence 11489|5*"1 +1. From (3.14b), it follows that 11489|w".
In both the cases it follows that (II) holds with ¢ = 11489. In what follows, assume
that 5**! 4 1 is neither divisible by 17 nor 41761.

(viii) Assume that 13 1 5%+1 1. From (iv) to (vii), it follows that >—+1 5" 41 is not divisible by
5,7,11,13,17,307 and 41761; in partlcular it is not d1V1Slble by any of the primes
5,7,5,17,307 and 41761. Hence if q\5 1 then g ¢ {5,7,5,17,307,41761}.
From (3.14b), g|w”. This proves (II) in thlS case.

(ix) Assume that 13|5**! + 1. Assume that %J is divisible by 13 alone so that
E’kgi = 13%, « being a positive integer. Suppose o > 2. Hence 132|5**! + 1;
this holds if and only if £ + 1 = 26u and so 5% + 1|51 + 1. Also, 5% +
1 = 2.13%.53.83181652304609. Thus 53|22 |5 41 — 13 which is impossible.
Hence o« = 1 and so % = 13 so that £k = 1. But k > 3. It follows that %J
is divisible by an odd prime ¢ # 13. Clearly, ¢ ¢ {5,7,s,17,307,41761}. From
(3.14b), q|w”.

This proves (II).

Thus p and ¢ are factors of w”. This violates (3.14c). This proves that ¢ = 6 is not
admissible.
The proof of Theorem 3.3(a) is complete.

Proof of (b). By (a), ¢ # 6. Hence ¢ > 5. Now from (I) of Corollary 2.1, it follows that 17 i
divisible by an odd prime p’ > 519; that p'|w’ readily follows from (3.13b). Hence (b) follows.

Proof of (c¢). By (II) of Corollary 2.1, it follows that 17 +1 is divisible by an odd prime
q' > 519. By (3.34b), p'|w’. Hence (c) follows.

This completes the proof of Theorem 3.3. [

Theorem 3.4. Let n be as given in (3.1a), where b > 3 and 3 t n. Assume that 7?||n and 17%|n.
Let n be a bi-unitary triperfect number.

(a) Then n is not divisible by 11 and 13 simultaneously.

(b) Suppose that n is divisible by 11 or 13. Let s = 11 or 13. Then we have

4.5349 x 101°,  jf s = 11,
n >
3.43 x 10114, if s = 13.
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Proof. The relevant equations are (3.10a) and (3.100).

Proof of (a). We assume that n is divisible by 11 and 13. From (3.10a), we find that 11 and 13
divide w. Let w = 11¢.13 ', where (w’,2.3.5.7.11.13.17) = 1. From (3.10a) and (3.10b),
we obtain

n=27.5°.17°.72.11°.13" W/, (3.15a)
and
205073 17071 72119137 ' = 0% (5%).0™* (179).0™* (119).0** (137).0™* (v), (3.15b)
where
(w',2.3.5.7.11.13.17) = 1 and w' has no more than two odd prime factors. (3.15¢)

We recall that b = 2k and ¢ = 2/, where k, ¢ are both > 3 and odd. We can take b > 5 and
¢ > 3 by hypothesis. We have by Lemma 2.1,

*% (b *ok c
o**(5%) . 19406’ b>5): C (179) . 88452’ (c>3)
50 15625 17¢ 83521
o™ (11¢) _ 15984 o™ (137) _ 30772
> >3); > > 3).
e Z e Y T Zamer V2P

Hence for e > 3 and f > 3, from (3.15a), we have

* 255 194 452 15984 2
o (n)>ﬁ 9406 88452 50 15984 3077 _ 3145061575,

= n 12815625 83521 49 14641 28561

a contradiction.
Thus e > 3 and f > 3 cannot hold. The following cases arise:
i) {e>3, f=12}G){e=1,2, f>3}and(ii) {e=1,2, f=1,2}.

(i) Lete > 3 and f = 1. From (3.15a), we have

o™ (n) _ 255 19406 88452 50 15984 14
B — 3.14 1
3 T 7 123 15625 83521 49 14641 13 o P030TOL =,

a contradiction.

Let f = 2. We will not be using that e > 3. By (b) and (c) of Theorem 3.3, w’ is
divisible by two distinct odd primes p’ and ¢’ exceeding 519. We may assume that
p’ > 521 and ¢ > 523. Also, by (3.15¢), v’ = (p')?.(¢')"*. Hence from (3.15a),
n = 27.5°.17¢.72.11°.13%.w’ and so we have

0**(n) 255 5 17 50 11 170 521 523

= = 2.998910842 < 3,

= n 128 416749710169 520 522

a contradiction.
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(ii)

(iii)

Let e = 1. Since 3|12 = ¢**(11), taking e = 1 in (3.15b), it follows that 3 is a factor of
its left-hand side. This cannot happen. Hence e = 1 is not admissible (independent of
[ =3).

Let e = 2. We have 0**(11?) = 122 = 2.61. Taking e = 2, in (3.15b), we find that
61|w’. By (b) and (c) of Theorem 3.3, w' is already divisible by two odd primes p’ and
¢ exceeding 61. Thus w’ is divisible by three odd primes, namely, 61, p’ and ¢’. This
cannot happen in view of (3.15¢). Thus e = 2 is not admissible (independent of f > 3).
Thus (ii) cannot hold.

This case will not occur as neither e = 1 nor e = 2 is admissible.

This proves part (a) of Theorem 3.4.

Proof of (b). We have n = 27.5°.17¢.7%.s°.w’, and n satisfies (3.13b) and (3.13c).
We prove that b > 54 and ¢ > 54. We recall that b = 2k and ¢ = 2¢, where k and ¢ are odd
and > 3.

)

(2)

3)

We have 0**(5%) = 2.31.313. Taking b = 6 in (3.13b), we see that w' is divisible by 31
and 313. By Theorem 3.3 (b) and (c¢), w’ is divisible by p’ and ¢’ both exceeding 519.
Hence w’ must be divisible by four odd prime factors namely, 31, 313, p’ and ¢'. This
contradicts (3.13¢). Hence b = 6 is not possible.

We have o**(5'%) = 2.11.13.71.601. Taking b = 10 in (3.13b), we infer that w’ is
divisible by 11 and 13. By (a) of the present theorem this is not possible. Hence b = 10
is not admissible.

Leth = 14. We have o**(5') = 2.17.11489.19531; and 11489|17/—1 <= 11488|(. This
is not possible since ¢ is odd. Hence 11489 { 17° — 1. Let p = 11489 and r = ord,17
so that r = 11488. Hence /2 = 5744 = 2%.379. Hence p|17°*! + 1 if and only if
(+1=7%u=16.379.u = 16.«/, where v’ is odd. Thus p|17°" + 1 implies that 17'® + 1
is a factor of 17! 4- 1. We have

17 + 1 = {{2,1}, {257, 1}, {1801601, 1}, {52548582913, 1} }.

It now follows from (3.13b) that w’ is divisible by five odd prime factors, namely, 257,
1801601, 52548582913, 11489 and 19531. This contradicts (3.13c). Hence p t 171 + 1
and so p { o™ (17°).

Let ¢ = 19531. Then v’ = ord,17 = 9765 = 3%.5.7.31. Hence 31|r" and so 17%' —
117° — 1if g[17° — L. Also,

178 — 1={{2,4}, {4093,1}, {6123493,1}, {347340647626008901939025023,1}} .

It now follows from (3.13b) that w’ is divisible by five odd prime factors, namely, 11489,
19531, 4093, 6123493 and 347340647626008901939025023. This contradicts (3.13c).
Hence ¢ 1 17° — 1.
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“4)

&)

(6)

Since 7' = 9765 is odd, ¢ 1 17 + 1 for any positive integer ¢. In particular, ¢ { 177! + 1.
Hence from the above discussion it follows that g { o**(17¢). Let p’ and ¢’ be as given in
(b) and (c) of Theorem 3.3. Then the four distinct primes p, ¢, p’ and ¢’ are factors of w’
by (3.13b). This is a contradiction to (3.13c). Hence b = 14 is not admissible.

We have 0**(5'8) = 2.13.19.31.41.829.9161. Taking b = 18 in (3.13b), we see that w’
is divisible by five odd primes, namely, 19, 31, 41, 829 and 9161. This violates (3.13c).
Hence b = 18 is not admissible.

We have 0**(5%?) = 2.313.390001.12207031. Taking b = 22 in (3.13b), we find that
W' = (313)7.(390001)9.(12207031)". Hence from (3.13a),

n = 27.5°.17¢.7%.5°.(313)7.(390001)7.(12207031)",

so that

* 955 5 17 50 11 313 390001 12207031
a(n) 2L — 2.979385259 < 3,

3=—, < 128°1°16°49 10°312°390000 12207030

a contradiction. Hence b = 22 is not admissible.

Let b = 26. We have o**(526) = {{2, 1}, {13, 1}, {234750601, 1}, {305175781, 1} }. Let
p = 234750601 and ¢ = 305175781. We now prove that o**(17¢) is not divisible by
either p or q. We have

17" —1
*(17°) = (A7 4+ 1),
o) = (5 ) a7
Letr = ord,17. Then r|p—1=234750600={{2,3}, {3,2}, {5,2},{7.1}, {31,1}, {601,1}}
and hence r takes 288 choices. Verifying these choices, we can show that » = 5868765.

Since 45|r, we have 174 — 1|17" — 1. Assume that p|17° — 1. Hence r|¢ so that 1745 —
117" — 1]17° — 1. Also,

17% — 1= {{2,4}, {19, 1}, {307,1}, {3691, 1}, {33931, 1}, {88741, 1}, {316531, 1},
{1270657, 1}, {1674271, 1}, {5113320301, 1}, {6566760001, 1} }.

It follows from (3.13b) that w’ will be divisible by ten odd prime factors. This violates
(3.13¢).Thus p 1 17¢—1. Since r is odd, p f 17+ 1 for any positive integer ¢. In particular,
p 17 + 1.

Letr’ = ord,17. Then'|q—1=305175180={{2, 2}, {3, 1}, {5, 1}, {367, 1}, {13859, 1 }}.
Hence 1’ takes 48 choices. Verifying these choices it can be shown that ' = 21798270.
As 1’ is even and / is odd, q 1 17° — 1. Also, if s’ = /2 = 10899135, then s’ is odd.
Hence q t 17! + 1 since £ + 1 is even.

It follows that o**(17¢) is not divisible by either p or ¢. If p’ and ¢’ are as in (b) and (c)
of Theorem 3.3, it is clear from (3.13b) that p, p’, ¢ and ¢’ are four distinct odd prime
factors of w’. This is a contradiction to (3.13c¢). Thus b = 26 is not admissible.
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(7) Since o**(5%°) = 2.11.31.71.181.1741.2593.29423041, taking b = 30 in (3.13b), we
infer that v’ will be divisible by six odd prime factors and this violates (3.13¢). Hence
b = 30 is not admissible.

In a similar way we have

o (5%) = 2.13.37.409. 601 . 6597973 . 466344409,

o (5%) = 2.191.241.313.6271. 3981071 . 632133361,

o™ (5%2) = 2.13.31.89.379.19531 . 519499 . 1030330938209,

o (5%) = 2.17.8971. 11489 . 152587500001 . 332207361361,

o™ (5°0) = 2.11.13.53.71.101.251.401 . 9384251 . 83181652304609.

Hence if b = 34, 38, 42,46 or 50, from (3.13b), we infer that (3.13c) is violated. Hence
b > 54.

We now show that ¢ > 56.

(8) We recall that ¢ = 2/, where ¢ is odd and > 3. By (a) of Theorem 3.3, ¢ = 6 is not
admissible.

(9) Let ¢ = 10. We have o**(17'%) = 2.5.29.83233.88741. Let p = 83233 and ¢ = 88741.
Then r = ord,5 = 9248. Since 7 is even, p 1 5 — 1. Let s’ = r/2 = 4624. Suppose
that p|5**! + 1. This is equivalent to k + 1 = s'u = (4624)u = 16u/, where v’ is odd.
Hence 5' + 1|58 + 1. Also, 5! + 1 = 2.2593.29423041. From (3.13b), we infer that
w’ will be divisible by the five odd primes 2593, 29423041, 29, 83233 and 88741. This is
not possible in virtue of (3.13c). Hence p { 55+ + 1.

We have ' = ord,5 = 44370. Since r’ is even, ¢ { 5¥ — 1. Also, s’ = 7//2 = 22185 and
so 5" is odd. Hence q { 5%! + 1.

Thus neither p nor g divides o**(5%).

We now prove that we can find a prime t|L‘:1 and t ¢ {5,7,11,13,29}. Since k is odd,
5% — 1 is not divisible by 7, 13 and 29. Suppose that 11 { 5¥ — 1. If ¢ is any prime factor
of % which is > 1 and odd, then t ¢ {5,7,11,13,29}. Suppose that 11|5% — 1. This
is equivalent to 71|/5* — 1. Hence we can take ¢ = 71. From (3.13b), in both the cases
tlw"and t ¢ {p, q}. Hence 29, ¢, p, ¢ would be four prime factors of w’ in (3.13b) and this
violates (3.13c).

Thus ¢ = 10 1s not admissible.

(10) We have o**(17') = 2.18913.184417.25646167. Taking ¢ = 14 in (3.13b), we find that
w' = (18913)7.(184417)9.(25646167)". Hence

n = 27.5°.17°.7%.5s°.(18913)/ .(184417)9.(25646167)"

so that
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3=

o*(n) 255 5 17 50 11 18913 184417 25646167

< 12817167497 10° 18912 184416 25646166 - 00oIBo4 <3,

a contradiction. Hence ¢ = 14 is not admissible.

(11) We have
o™ (17'%) =

**(1722) —

o
0_**(1726) —

O_**(1730) —

o (17H) =

**(1738) —
0,**(1742) —

**(1746> _

o (177) =

{{2,1}, {5, 2}, {19, 1}, {29, 1}, {307, 1}, {21881, 1}, {63541, 1},
{1270657,1} }:

{{2,1},{73,1}, {1321, 1}, {41761, 1}, {72337, 1}, {2141993519227, 1} };

{{2,1}, {5, 1}, {29, 1}, {212057, 1}, {5766433, 1}, {100688449, 1},
{2919196853, 1}}:

{{2,1}, {257, 1}, {307, 1}, {88741, 1}, {1801601, 1}, {6566760001, 1},
(52548582913, 1}};

{{2,1}, {5,1}, {29, 1}, {37,1},{109, 1}, {181, 1}, {2089, 1}, {10949, 1},
{83233, 1}, {382069, 1}, {1749233, 1}, {2699538733, 1} }:

{{2,1}, {41, 1}, {229, 1}, {1103, 1}, {41761, 1}, {202607147, 1},
(291973723, 1}, {1186844128302568601, 1} };

{{2,1}, {5, 1}, {29, 1}, {43, 1}, {89, 1}, {307, 1}, {13567, 1}, {25741, 1},
(25646167, 1}, {256152733, 1}, {940143709, 1}, {6901823633, 1} };

{{2,1}, {47, 1}, {18913, 1}, {184417, 1}, {48661191868691111041, 1},
{26552618219228090162977481, 1} }:

{{2,1}, {5,1}, {29, 1}, {2551, 1}, {5351, 1}, {88741, 1}, {19825313, 1},
{26278001,1}, {1224199237,1}, {11330289301,1}, {13938043025453,1} }.

From the above it follows from (3.13b) that for ¢ = 18, 22, 26, 30, 34, 38, 42, 46, 50, w’ is
divisible by at least four odd primes which violates (3.13c). Hence ¢ > 54.

Let s = 11. We note that when e is odd or 4|e, then 3|c**(11¢). From (3.13b), it follows
that 3|w’. But this not possible. Hence we may assume that e = 2m, where m is odd.

(12) If e = 2. Since 0**(11%) = 122 = 2.61, from (3.13a) and (3.13b), we get

and

n=27.5"17¢72.112.617 .w" (3.16a)

2° 5073 177 72 112,617 L’ = 0% (5°).0* (17%).0** (61) .o™ (w”), (3.160)

where

(w",2.3.5.7.11.17.61) = 1 and w” has no more than two odd prime factors. (3.16¢)
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(13)

(14)

(15)

By (b) and (c) of Theorem 3.3, w’ and consequently w” is divisible by primes p’ and ¢
each exceeding 519. Hence from (3.16¢), w” = (p')?.(¢')", so that

n=27.5".17¢.72.112.617.(p")?.(¢")".
We can assume p’ > 521 and ¢’ > 523. We have

o*™(n) 255 5 17 50 122 61 521 523
— = ——.——.——.——— = 2.778188424 < 3
n = 128 4 16 49 121 60 520 522 =

3 =

a contradiction. Thus, e = 2 is not admissible.

Let e = 6. We have 0**(11°) = 2.7.19.7321. Taking e = 6 in (3.13b), we see that w’ is
divisible by 19 and 7321. We now examine whether o**(17¢) is divisible by 7321. Let
p = 7321. Then r = ord,17 = 2440. Since r is even and ¢ is odd, p 1 17¢ — 1. Also,
r/2 = 1220 = 20.61. Hence if p|17°"" + 1, then 172° + 1|17°"! 4 1. We have

1729 + 1 = 2.41.41761.1186844128302568601.

It now follows from (3.13b) that w’ is divisible by the four odd primes 19, 7321, 41761
and 1186844128302568601. This violates (3.13¢). So, p { 17"! + 1. From (b) and (c) of
Theorem 3.3, we infer that 19, 7321, p/, ¢’ are four distinct odd prime factors of w’. Again
this violates (3.13c¢). Thus e = 6 is not admissible.

Let e = 10. We have o**(11'%) = 2.5.13.61.1117.3221. Taking ¢ = 10 in (3.130),
we find that w’ is divisible by four odd primes, namely, 13,61,1117 and 3221. This
contradicts (3.13¢). Hence e = 10 is not admissible.

When e = 14, we have 0**(11¢) = 2.17.43.45319.6304673. Since r = ord,317 = 6 is
even, 431 17° — 1. Also, r/2 = 3 is odd. Hence 43 { 17! + 1.

Let p = 45319. Then 7' = ord,17 = 45318. Hence p { 17° — 1 since r’ is even.
Also, 1'/2 = 22654 = 2.47.241 = 94w/, where v’ is odd. Hence if p|17¢™! + 1, then
179 + 117! 4 1. We have

17 +1={{2,1},{5,1},{29,1}, {8837,1},
{179265103693349709880136365395087273880137628400303290349204841
92380077903123625556163033417839614972209382061, 1} }.

Taking into account of the factors of o**(11'4) and 17°* + 1, from (3.13b), we see that
w' is divisible by six odd prime factors contradicting (3.13c). Hence p 1 177! + 1. Let p/
and ¢’ be as given in (b) and (c) of Theorem 3.3. Then from the above discussion either
p ¢ {43,45319,6304673} or ¢’ ¢ {43,45319,6304673}. From (3.13b) it now follows
that w’ is divisible by at least four odd primes contradicting (3.13c). We conclude that
e = 14 is not admissible.
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(16) We have

o (11") = {{2,1},{7,1}, {19, 1}, {61, 1}, {1772893, 1}, {212601841, 1} };

o™ (11%%) = {{2,1},{7321,1}, {10657, 1}, {15797, 1}, {20113, 1}, {1806113, 1} };

o™ (11%9) = {2,1},{29,1}, {61,1}, {1093,1}, {1933,1}, {55527473,1}, {3158528101,1} };
o™ (11%%) = {{2,1}, {5, 1}, {7, 1}, {19, 1}, {3221, 1}, {51329, 1}, {195019441, 1},

{447600088289,1}};

o (113 = {{2,1},{13,1}, {61, 1}, {1117, 1}, {3138426605161, 1},
{50544702849929377, 1} };

o™ (11%) = {{2,1}, {41, 1}, {7321, 1}, {1120648576818041, 1},
{6115909044841454629, 1} };

o (11"%) = {{2,1},{7,2},{19,1}, {43, 1}, {61, 1}, {1723, 1}, {8527, 1}, {27763, 1},
{45319, 1}, {251857, 1}, {2649263870814793, 1} };

o™ (11%%) = {{2,1}, {17, 1},{97, 1}, {241, 1}, {829, 1}, {1777, 1}, {6304673, 1},
{28878847,1}, {1106131489, 1}, {3740221981231,1}};

o™ (11°) = {{2,1}, {5, 2}, {61,1}, {3001, 1}, {3221, 1}, {24151, 1},
{1856458657451, 1}, {9768997162071483134919121, 1} }.

It now follows that none of e = 18,22, 26, 30, 34, 38,42, 46 and 50 is admissible as in
each case w’ will be divisible by at least four odd prime factors (which follows from
(3.13b)) contradicting (3.13c).

Thus e > 54.
We may note that by (b) and (c) of Theorem 3.3, w’ > 521.523. Thus if s = 11,
n = 2751772 11°w' > 128.5°4.17° 115 .521.523 > 4.5349 x 10'%,
and if s = 13,
n =27.5°17¢.72.13°w > 128.5°4.17°4.13.521.523 > 3.43 x 10"

This proves (b) of Theorem 3.4. The proof of Theorem 3.4 is complete. ]
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