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Abstract: In this paper by an arithmetic function we shall mean a real-valued function on the set
of positive integers. We recall the definitions of some common arithmetic convolutions.
We also recall the definitions of a multiplicative function, a generalized multiplicative function
(or briefly a GM-function), an additive function and a generalized additive function (or briefly a
GA-function). We shall study in details some properties of GM-functions as well as
GA-functions using some particular arithmetic convolutions namely the Narkiewicz’s A-product
and the author’s B-product. We conclude our discussion with some examples.
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1 Introduction

In this paper, by an arithmetic function we shall mean a real valued function on the set of positive
integers. The early history of the theory of arithmetic functions is contained in the first volume
of Dickson’s [13] monumental “History of the Theory of Numbers”. The convolution operation
played a prominent role from the very beginning. Many results from early times involved the
convolution of two or more particular arithmetical functions.

Early in the 19" century the Dirichlet convolution, as well as addition and multiplication,
began to be viewed as binary operations on the set of arithmetic functions. In the works of Cipolla
[10] and Bell [2] it was recognized that the arithmetic functions form a commutative ring with
unity with respect to addition and convolution.
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The study of the structure of the ring of arithmetic functions has continued and we point out
papers of, Vaidyanathaswamy [25], Cohen [11], Narkiewicz [19], Subbarao [22], Scheid [20],
Apostol [1], Davison [12], Gioia [14], McCarthy [18], Sivaramakrishnan [21], Haukkanen [16],
Toth [23, 24], Lehmer [17], Bhattacharjee [3—7], Bhattacharjee and Saikia [8], and others.

We now introduce some of the most common arithmetic convolutions to our readers.

1. Natural product (usual product). If f and g are arithmetic functions, we define the natural
product fg (also written as f X g) as the arithmetic function whose value at any positive
integer n is given by:

(fg) () = f(n)g(n)

2. Dirichlet product (convolution). If fand gare arithmetic functions, we define the Dirichlet
product (or Dirichlet convolution) f * g as the arithmetic function whose value at any
positive integer n is given by:

Fepm =) fDg(3) = D fd)g(d)

lel didy=n
3. Unitary product (convolution). If f and g are arithmetic functions, we define the unitary
product (or unitary convolution) f o g as the arithmetic function whose value at any positive
integer nis given by:

Fepm= D fd)g(d)
(nis

where (d4, d,) stands for the greatest common divisor ofd; and d,.
4. L.C.M. product (convolution). If fand gare arithmetic functions, we define the L.C.M

product (or L.C.M convolution) f @ g as the arithmetic function whose value at any
positive integer n is given by

FOPMm= ) fADf(d)

[dl ,d2]=1’l
where [d; , d,] stands for the least common multiple of d; and d,.

5. The k-product (convolution). If fand g are arithmetic functions, we define the k-product
f *1 g as the arithmetic function whose value at any positive integer n is given by:

Fam =) f@gbk(a b))

ab=n
where k((a, b)) is a function of (a, b), the greatest common divisor of a and b.

6. Davison’s product (convolution). If fand g are arithmetic functions, we define the
Davison’s product f *, g as the arithmetic function whose value at any positive integer n is
given by:

F oo =) f@gb)A@,b)
ab=n

where A(a, b) is a function of two variables a and b, instead of being a function of their
greatest common divisor as in 5.
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7. The Lehmer y-product (convolution). Let ¥(x, y) be a positive integral-valued function
defined for a prescribed set T of ordered pairs (x,y) such that x,y € N, where N denotes
the set of all positive integers. Then the -product f©g of f andg is defined by:

FoOm = ) fl@g®),
PY(a,b)=n
where n € N.

8. Narkiewicz’s A-product (convolution). For every positive integer n fix the set A, of some
divisors of n. For arithmetic functions f and g their A-product f *, g is given by

Frapm= ) fDg(3)

deAn

forn=1,2,3, ....

We now recall the definitions of a multiplicative function, a generalized multiplicative
function (or briefly a GM-function), an additive function and a generalized additive function
(or briefly a GA-function). We shall study in details some properties of GM-functions as well
as GA-functions using some particular arithmetic convolutions namely the Narkiewicz’s
A-product and the author’s B-product as multiplicative binary operations.

An arithmetic function F is said to be multiplicative if F(1) = 1 and F(mn) = F(m)F(n),
whenever (m,n) = 1, where (m, n) stands for the greatest common divisor of m and n.

There are several generalizations of multiplicative functions which can be found in
McCarthy [18], Sivaramkrishnan [21]. Zafrullah in his paper [26] introduced a new
generalization where he defined an arithmetic function F to be a Generalized Multiplicative
function (or briefly a GM-function) if F(1) = 1 and there exists a multiplicative function f such
that:

F(mn) = F(m) (VF (n)/ ™ 1)

whenever(m,n) = 1.

An arithmetic function F is said to be an additive function if F(mn) = F(m) + F(n) whenever
(m,n) = 1. We call an arithmetic function F to be a Generalized Additive function (or briefly a
GA-function) if there exists a multiplicative function f such that

F(mn) = F(m)f(n) + F(n)f (m) )

whenever (m,n) = 1.

Haukkanen in his paper [15] studied some properties of GM-functions and GA-functions
considering Dirichlet convolution as the multiplicative binary operation. The present author in
this paper tries to study some properties of GM-functions and GA-functions by considering the
Narkiewicz’s A-product [19] and the author’s B-product [3] as multiplicative binary operation.

We conclude our discussion with some examples.

As mentioned earlier, Narkiewicz in his paper [19] defined A-product as follows: For every
positive integer n fix the set A, of some divisors of n. For arithmetic functions f and g their
A-product f *, g is given by:

Framm=) fDg(5) )

deApn

forn=1,23,....

34



The author in his paper [3] defined B-product as follows: For every positive integer n, fix the
set B,, of some pairs of divisors of n. For arithmetic functions f and g their B-product f *5 g is
given by:

(Frs9)m) = Y fagw) an

(u,v)E€By

forn=1,2,3,....

This B-product generalizes simultaneously the A-product of Narkiewicz [19] and the L.C.M.
product and it has a non-void intersection with the W-product of Lehmer [17]. The t-product of
Scheid [20] is also a particular case of B-product.

Narkiewicz in his paper [19] called an A-product to be multiplicative if and only if
A=A, X A, for every pair (m, n) of relatively prime positive integers (here B X C denotes the
set of all integers, which can be represented in the form bc,b € B,c € C).

The present author in his paper [4] defined a B-product to be multiplicative if and only if
Bpn = {(r112, 5152) | (11, 51) €Bm, (12, 52) € B, } for every pair (m, n) of relatively prime positive
integers; in other words a B-product is multiplicative if and only if the following conditions hold:
For every pair (m, n) of relatively prime positive integers we have (r, s)eB,,, if and only if
(r™), sM)eB, and (r™,s™)eB,, where r® stands for the greatest common divisor of
r and k.

In the next section, we shall study in details some properties of GM-functions and
GA-functions using Narkiewicz’s A-product and the author’s B-product as multiplicative binary
operations.

2 Main results

2.1 GM-Function and its properties

As mentioned in our discussion earlier, Zafrullah in his paper [26] introduced a new
generalization of multiplicative functions where he defined an arithmetic function F to be a
generalized multiplicative function (or GM-function) if F(1) = 1 and there exists a multiplicative
function fsuch that F(mn) = F(m)’™F(n)/™), whenever (m,n) = 1. We now prove some
results related to GM-functions using Narkeiwicz’s A-product and the author’s B-product as the
multiplicative binary operations.

Theorem 2.1.1. Let F be a GM-function and h be a multiplicative function and let the
A-product be multiplicative, then the arithmetic function H defined by
H(n) = H F(d)"@

deA,
for all n € N is a GM-function.
Proof: We have

n 1

H(1) = 1_[ F(@)"@ = F(1)'® = F(1) = 1
deA,

Let (m,n) =1, then
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H(mn) = 1_[ F(d)h(%)

deAmn

= 1—[ F(d, dz)h(m)
dl GAm,dz EAn

) 1_[ 1_[ [F(dy)/ @) F(dy)/ @] @G,

d]_ EAm dz EAn

(where f is a multiplicative function)

= 1_[ F(d, )h(ﬁ)]z@ a1 ") [ l_[ F(d, )h(%)]zdl A n(z)

di eAm d, €Ay
— [ 1_[ F(dy )@ oamm | 1_[ F(d, )@ oran)am
dl EAm dz EAn

=H(m)"™ x H(n)*™,
where v =f %4 h.
Since fand h are multiplicative functions and the A-product is multiplicative, therefore v is
a multiplicative function.
Thus, H is a GM-function. [

Theorem 2.1.2. Let F be a GM-function and h, and h, be multiplicative functions and let the
A-product be multiplicative, then the arithmetic function H defined by

Ho = | | Py @@

deAn
for all n € N is a GM-function.

Proof: Let F(d)@ = K(d). Then
H(n) = 1_[ K(d)"=@

deAp
and K(1) = F(1)"® =1, Let (m,n) = 1, then

K(mn) = F(mn)hl(mn)
= [F(m) ™ F (n)f (] mh. ()
(where f is a multiplicative function)

= K(m) MK (n) ham)
= K(m)*"™K (n)"™
Since f and h; are multiplicative functions, then v = fh, is also a multiplicative function.

Therefore, K is a GM-function.
Therefore, by Theorem 2.1.1 we conclude that H is a GM-function. L]
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Theorem 2.1.3. Let F be a GM-function and h be a multiplicative function and let the
B-product be multiplicative. Then the arithmetic function J(n) given by

jw =] Foye

(r,s)eB,

for all n € N is a GM-function.
Proof: We have

J(1) = 1_[ F(r)h(s) :F(l)h(l) =1

(r,5)EB;
Let (m,n) = 1. Then
J(mn) = 1_[ F (1)
(r,S)EBmn
- F(r(m)r("))h(s(m)s(n))

rm,stmhep, FMsM)ep,

= 1_[ (F(rm) ™ p (@) T u(smnsm)
(r(m),s(m))EBm (r(n),s(n))EBn

(where f is a multiplicative function)

h(s(m))]f(r(n))h(s(n)) h(s(n))]f(r(m))h(s(m))

[T [e

(M) (M) eBy, (M s eBy,

X [F (r(”))

] ‘ TN Do g, TCIE)
= ( F(T(m))h ) (' )8 )63,1
(r(m),‘s‘(_mI))EBm - ]

(m) )

r n Fr)n(s
< ¢ HEDR (2 sy

| (r,s())e,,
=] (m) s x 1 (n)*sRm)

= J(m)™ x J (n)™

where v=f xg h.

Since f and h are multiplicative functions and the B-product is multiplicative, therefore
v is a multiplicative function.

Hence, J is a GM-function. O

Theorem 2.1.4. Let F be a GM-function and let h; and h, be multiplicative functions and let the
B-product be multiplicative. Then the arithmetic function J defined by

J(n) = n F (r)hha(s)

(r,s)EBy

for all n € N is a GM-function.
Proof: Let U(r) = F(r)™ ™). Therefore,
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jw=|] vey=e

(r,s)EBp

Clearly,
U(l) = F()® =1,
Let (m,n) = 1.Then

U(mn) = F(mn)m0m = (F(m)f™ F(n)f(m))hl(m)hl(n)

(where f is a multiplicative function)
= [F(m)f Mm@ [F(n)f(m)]hamha(m)
= [F(m)Mm]mhi®) [F(p)ha(m)]fmhy(m)

where v = fhy, is a multiplicative function.
Therefore, U is a GM-function.
Hence, by Theorem 2.1.3 we conclude that J is a GM-function. [

2.2 GA-Function and its properties

An arithmetic function F is said to be additive if F(mn) = F(m) + F(n) whenever (m,n) = 1.
We define an arithmetic function F to be a generalized additive function (or briefly a GA-function)
if there exists a multiplicative function f such that F(mn) = F(m)f(n) + F(n)f(m)
whenever (m,n) = 1. Chawla [9] calls such a function a distributive function. One can notice
that the notion of GA-function is an additive analogue of GM-function. We now prove some
results on GA-function in the context of Narkiewicz’s A-product and the author’s B-product.

Theorem 2.2.1. Let F be a GA-function and / be a multiplicative function and let the A-product
be multiplicative. Then the arithmetic function H defined by

H(n) = Z F(d) h(d)
deAp

forall n € N, is a GA-function.
Proof: Let U(d) = F(d)2(d) and (m,n) = 1. Then

U(mn) = F(mn)h(mn)
= [Fm)f(n) + F(n)f (m)]h(m)h(n)
(where £ is a multiplicative function)
= F(m)h(m)f (m)h(n) + F(n)h(n)f (m)h(m)
=U(m)v(n) + Un)v(m)

(where v = fh is a multiplicative function).
Therefore, U is a GA-function. Now
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H(mn) = z U(d) = Z Z U(dyd,)

deAmn di€eApy dyely
As d,€A,,, d,€A,s50 (dy,d,) = 1, and since U is a GA-function, therefore there exists a
multiplicative function f such that U(d,d,) = U(d,)f(d;) + U(d,)f(d,). Therefore,

Hom = ) > [U(d)f(d) + Udo)f (dy)]

d]_ EAm dz EAn

= > Y vafEd+ Y > ulfE)

dleAm dz GAn d1 EAm dz EAn
= Hm)w(n) + H(n)w(m),
where

wim) = ) fd), win) = ) f(dy)

dleAm dz EAn
are multiplicative functions.
Hence, H is a GA-function. 1

Theorem 2.2.2. Let F be a GA-function and h, and h, be multiplicative functions and let the
A-product be multiplicative. Then the arithmetic function H defined by

n
H) = ) F(d) b (@hy(3)
deAn
forall n € N, is a GA-function.

Proof: Let U(d) = F(d)h,(d). Then from the proof of Theorem 2.2.1, U is a GA-function. Now
n
H = ) U@ (3)

deAn
Let (m,n) = 1. Then

Hom) = > U(d) hy(0)

deAmn

= Z Z U(d1d2)hz(%)

di€Apy dyeAy
As d €A, d,eA, so (di,dy) = 1, and since U is a GA-function, therefore there exists a
multiplicative function f such that

U(did;) = U(d)f(d3) + U(d)f (dy).
Therefore,

Hamy= ) ) UEDF(E) +UEIF @))% () ha()]

di€eApy dyely

= z 2 [U(dl)f(dz)hz(dﬂl) hz(d%)+u(d2)f(d1)h2(dﬂl) hz(dlz)]

dl EAm dz EAn

m n n m
= ) D V@R + ) ) Uddh (D dha(g)

di€eAym dyely di€Apym dyely
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= > Uk, (dﬂl) > f(dz>hz(d32)+ IRACHE (d%) > f(dl)hz(dﬁl

d]_ EAm dz EAn dz EAn d1 EAm

= [(Uxy hp)(M)]. [(Fxa ho) ()] + [(Ux4 hy)(N)]. [(Fx4 hp) ()]
= H(m).v (n) + H(n).v (m)
where v (K) = (fx4 hy) (k).

Now since f and h, are multiplicative functions and the A-product is multiplicative, therefore
v = fx, h, is a multiplicative function. Consequently H is a GA-function. O

Theorem 2.2.3. Let F be a GA-function and let h, and h,be multiplicative functions and let the
B-product be multiplicative, then the arithmetic function H defined by

Hm = ) FG)hy(hy(s)
(r,s)eB,
for alln € N is a GA-function.
Proof: Let U(d) = F(d)h,(d). Then, from the proof of Theorem 2.2.1, U is a GA-function.
Therefore,

Hm = ) U0 k()
(r,s)eBn

Let (m,n) = 1.Then
Hom = )" U0 hy(s)

(r,s)eBmn
= Z Z U(rm Y py (s0m )
(rm,st) By, (r™,s™) By,
As (r™, sm)ep, and r™,s™)eB,, so (r™,r™) =1 and (s, s™) = 1 and since U
is a GA-function, therefore, there exists a multiplicative function f such that
U(r(m)r(")) = U(r(m))f(r(")) + U(r(”))f(r(m))
Therefore
H(mn) = 2 Z [U(re™) £(r®) + U(r®)F(rm)] [hy(sTs™) |

(r (m),s(m)) €By, (r (n),s(n)) €By

= Z Z [U(r™) £ (r™)hy (s )y (s™)

(r(m),s(m)) €Bm (r(n),s(n)) €Bp

+ U(r(n))f(r(m))hz(s(m))hz (S(n))]
= Z Z U(rm™)F (™) hy (s )y (s™9)

(rm sM)eB,, @M,sM)ep,

Y D UM () hy(s0))

(rm),sm)ep,, (r™M,sM)yeB,
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= Z U(r(m))hz (s™) Z f(r(n)hz(s(n)))
(r(m),s(m))eBm @™, sM)Hep,
+ U(T(n))hz (S(n)) f(r(m)hz (S(Tfl)))
(r("),;)eBn (r<m>,s<zm> )EBm
= H(m)(fxz h,)(n) +H(n)(fxg hy)(m).

Now since fand h, are multiplicative functions and the B-product is multiplicative, therefore,
fxg h, is a multiplicative function. Consequently, H is a GA-function. [

We conclude our discussion with some examples.

3 Examples

Example 1. If

Hn) = 1_[ d®

deAp
for all n € N, and the A-product is multiplicative, then H is a GM-function.

Proof. We have
H(n) = 1_[ e

deAn
Let F(d) = d¢, then for every relatively prime positive integers m, n we have
F(mn) = (mn)™ =m™n™ = (m™)*(n™)™ = F(m)"F(n)™ = F(m)/ WFn) ™,

Where f(u) = ufor every u € N, is a multiplicative function. Therefore, F is a GM-function.

Now
H(mn) = ﬂ F(d) = 1_[ F(d,d,),

d€Amn di1d,€EAmn
(whered = dqd,, di|m and d;|n)
= || ravecar@yo@w
did;€EAmn
(where g is a multiplicative function)

={] 1_[ F(d,) ]ZdzeAng(dz)} x{[ 1_[ F(d,) ]ZdleAmg(dﬂ}

d1€Am d,€A,
= H(m)*™ x H(n)“™
where u(m) = X4,e4, 9(d1) and u(n) = Xg,ea, 9(d>)
Since g is a multiplicative function and the A-product is multiplicative, therefore, u is a
multiplicative function. Hence, H is a GM-function.

Example 2. If

H(n) = 1_[ rs
(r,s)eBy
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for all n € N, and the B-product is multiplicative, then H is a GM-function.

Proof. Let F(r) =rand h(s) =s, then F(mn) = mn = m"™n1M = F(m)T™F (n)10m),
where n(k) = 1 for every k € N is a multiplicative function and therefore F is a GM-function.
Now since h(s) = s is a multiplicative function, and the B-product is multiplicative, therefore by
Theorem 2.1.3

H(n) = 1_[ rs = 1_[ F(r)"®

(r,s)eBy, (r,s)EBy
is a GM-function.

Example 3. If
H(n) = z dlogd

deAn
for all n € N, and the A-product is multiplicative, then H is a GA-function.

Proof. Let (m,n) = 1, then
H(mn) = z dlog d

deAmn
= ) (didplog(ddy)
dleAm,dzeAn
= > (didy)[logd, + logd, ]
d1€Am,dzE€A,
= ) (dlogdyd, + Y (dylogdyd,
dleAm,dzeAn dleAm,dzeAn

- 2 d,logd, z d, + z d,logd, z d,

d1€Am d,EAn d,EAn d1€Am,

= Hm)a(n) + Hm)a(m)

a(k) = Z d = Z h(d)

deAg deAy
and h(s) = s for every s € N. Since h is a multiplicative function and the A-product is
multiplicative, therefore a is a multiplicative function. Hence H is a GA-function.

where

Example 4. If

H(n) = Z rlog s
(r,s)eBy
for all n € N, and the B-product is multiplicative, then H is a GA-function.
Proof. Let (m,n) = 1. Then

H(mn) = Z rlogs

(r,s)eBmn
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= r(m)y.(n) log(s(m)s("))
(rm) sm)ep,, (r™), s()eB,
= r™r™ [log(s™) + log(s™)]
(rm) stm)ep,, (r), s(M)eB,

= r(m)log(s(m)) r(n) + r(n) log(s(n))r(m)
(rm) stm)ep,, (r), s(M)eB, (rm) stm)ep,, (rm, sM)ep,

= z r(m 1og(s™) Z NON. z r( Jog(s™) Z (m)
(r(m) 5T eB, (r®,s)ep, (r®,'s)e, (r(m) ST eB,

= H(m)a(n) + Hn)a(m)
where
ay= Y@= N he®),
(r®,s®))esy, (r®,s®)eBy,
and h(s) = s forevery s € N.
Since his a multiplicative function and the B-product is multiplicative, therefore « is a
multiplicative function. Hence H is a GA-function.
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