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Abstract: In this paper by an arithmetic function we shall mean a real-valued function on the set 

of positive integers. We recall the definitions of some common arithmetic convolutions.  

We also recall the definitions of a multiplicative function, a generalized multiplicative function 

(or briefly a GM-function), an additive function and a generalized additive function (or briefly a 

GA-function). We shall study in details some properties of GM-functions as well as  

GA-functions using some particular arithmetic convolutions namely the Narkiewicz’s A-product 

and the author’s B-product. We conclude our discussion with some examples. 
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1 Introduction 

In this paper, by an arithmetic function we shall mean a real valued function on the set of positive 

integers. The early history of the theory of arithmetic functions is contained in the first volume 

of Dickson’s [13] monumental “History of the Theory of Numbers”. The convolution operation 

played a prominent role from the very beginning. Many results from early times involved the 

convolution of two or more particular arithmetical functions.  

Early in the 19th century the Dirichlet convolution, as well as addition and multiplication, 

began to be viewed as binary operations on the set of arithmetic functions. In the works of Cipolla 

[10] and Bell [2] it was recognized that the arithmetic functions form a commutative ring with 

unity with respect to addition and convolution. 
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The study of the structure of the ring of arithmetic functions has continued and we point out 

papers of, Vaidyanathaswamy [25], Cohen [11], Narkiewicz [19], Subbarao [22], Scheid [20], 

Apostol [1], Davison [12], Gioia [14], McCarthy [18], Sivaramakrishnan [21], Haukkanen [16], 

Tóth [23, 24], Lehmer [17], Bhattacharjee [3–7], Bhattacharjee and Saikia [8], and others. 

We now introduce some of the most common arithmetic convolutions to our readers. 

1. Natural product (usual product). If f and g are arithmetic functions, we define the natural 

product 𝑓𝑔 (also written as 𝑓 × 𝑔) as the arithmetic function whose value at any positive 

integer 𝑛 is given by: 

(𝑓𝑔)(𝑛) = 𝑓(𝑛)𝑔(𝑛) 

2. Dirichlet product (convolution). If 𝑓and 𝑔are arithmetic functions, we define the Dirichlet 

product (or Dirichlet convolution) 𝑓 ∗ 𝑔 as the arithmetic function whose value at any 

positive integer 𝑛 is given by: 

(𝑓 ∗ 𝑔)(𝑛) = ∑ 𝑓(𝑑)

𝑑|𝑛

𝑔 (
𝑛

𝑑
)    =  ∑ 𝑓(𝑑1)

𝑑1𝑑2=𝑛

𝑔(𝑑2) 

3. Unitary product (convolution). If 𝑓 and 𝑔 are arithmetic functions, we define the unitary 

product (or unitary convolution) 𝑓 ∘ 𝑔 as the arithmetic function whose value at any positive 

integer 𝑛is given by: 

(𝑓 ∘ 𝑔)(𝑛) = ∑ 𝑓(𝑑1)𝑔(𝑑2

𝑑1𝑑2=𝑛
(𝑑1,𝑑2)=1

) 

where (𝑑1, 𝑑2) stands for the greatest common divisor of𝑑1 and 𝑑2. 

4. L.C.M. product (convolution). If 𝑓and 𝑔are arithmetic functions, we define the L.C.M 

product (or L.C.M convolution)  𝑓 ⊕ 𝑔   as the arithmetic function whose value at any 

positive integer 𝑛 is given by 

(𝑓 ⊕ 𝑔)(𝑛) = ∑ 𝑓(𝑑1)𝑓(𝑑2)

 [𝑑1 ,𝑑2]=𝑛

 

where [𝑑1 , 𝑑2] stands for the least common multiple of 𝑑1 and 𝑑2. 

5. The k-product (convolution). If 𝑓and 𝑔 are arithmetic functions, we define the k-product 

𝑓 ∗𝑘 𝑔 as the arithmetic function whose value at any positive integer 𝑛 is given by: 

(𝑓 ∗𝑘 𝑔)(𝑛) = ∑ 𝑓(𝑎)𝑔(𝑏)𝑘((𝑎, 𝑏))

𝑎𝑏=𝑛

 

where 𝑘((𝑎, 𝑏))  is a function of  (𝑎, 𝑏), the greatest common divisor of 𝑎 and 𝑏.  

6. Davison’s product (convolution). If 𝑓 and 𝑔 are arithmetic functions, we define the 

Davison’s product 𝑓 ∗𝐷 𝑔  as the arithmetic function whose value at any positive integer n is 

given by: 

(𝑓 ∗𝐷 𝑔)(𝑛) = ∑ 𝑓(𝑎)𝑔(𝑏)𝐴(𝑎, 𝑏)

𝑎𝑏=𝑛

 

where  𝐴(𝑎, 𝑏) is a function of two variables 𝑎 and 𝑏, instead of being a function of their 

greatest common divisor as in  5. 
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7. The Lehmer 𝝍-product (convolution). Let 𝜓(𝑥, 𝑦) be a positive integral-valued function 

defined for a prescribed set  𝑇 of ordered pairs (𝑥, 𝑦) such that 𝑥, 𝑦 ∈ ℕ, where ℕ denotes 

the set of all positive integers. Then the  𝜓-product  𝑓⨀𝑔  of 𝑓 and𝑔 is defined by: 

(𝑓⨀𝑔)(𝑛) = ∑ 𝑓(𝑎)𝑔(𝑏),

𝜓(𝑎,𝑏)=𝑛

 

where 𝑛 ∈ ℕ. 

8. Narkiewicz’s A-product (convolution). For every positive integer n fix the set An of some 

divisors of n. For arithmetic functions f and g their A-product 𝑓 ∗𝐴 𝑔 is given by 

(𝑓 ∗𝐴 𝑔)(𝑛) = ∑ 𝑓(𝑑)

𝑑𝐴𝑛

𝑔 (
𝑛

𝑑
) 

for n = 1, 2, 3, … . 

We now recall the definitions of a multiplicative function, a generalized multiplicative 

function (or briefly a GM-function), an additive function and a generalized additive function 

(or briefly a GA-function). We shall study in details some properties of GM-functions as well  

as GA-functions using some particular arithmetic convolutions namely the Narkiewicz’s  

A-product and the author’s B-product as multiplicative binary operations. 

An arithmetic function F is said to be multiplicative if 𝐹(1) = 1 and  𝐹(𝑚𝑛) = 𝐹(𝑚)𝐹(𝑛), 

whenever  (𝑚, 𝑛) = 1, where (𝑚, 𝑛) stands for the greatest common divisor of m and n. 

There are several generalizations of multiplicative functions which can be found in 

McCarthy [18], Sivaramkrishnan [21]. Zafrullah in his paper [26] introduced a new 

generalization where he defined an arithmetic function 𝐹 to be a Generalized Multiplicative 

function (or briefly a GM-function) if F(1) = 1 and there exists a multiplicative function 𝑓 such 

that: 

 𝐹(𝑚𝑛) = 𝐹(𝑚)𝑓(𝑛)𝐹(𝑛)𝑓(𝑚) (1) 

whenever(𝑚, 𝑛) = 1. 

An arithmetic function  𝐹 is said to be an additive function if F(mn) = F(m) + F(n) whenever 

(𝑚, 𝑛) = 1. We call an arithmetic function F to be a Generalized Additive function (or briefly a 

GA-function) if there exists a multiplicative function f such that  

 𝐹(𝑚𝑛) = 𝐹(𝑚)𝑓(𝑛) + 𝐹(𝑛)𝑓(𝑚) (2) 

whenever (𝑚, 𝑛) = 1. 

Haukkanen in his paper [15] studied some properties of GM-functions and GA-functions 

considering Dirichlet convolution as the multiplicative binary operation. The present author in 

this paper tries to study some properties of GM-functions and GA-functions by considering the 

Narkiewicz’s A-product [19] and the author’s B-product [3] as multiplicative binary operation. 

We conclude our discussion with some examples. 

As mentioned earlier, Narkiewicz in his paper [19] defined A-product as follows: For every 

positive integer n fix the set An of some divisors of n. For arithmetic functions f and g their  

A-product 𝑓 ∗𝐴 𝑔 is given by: 

(𝑓 ∗𝐴 𝑔)(𝑛) = ∑ 𝑓(𝑑)

𝑑𝐴𝑛

𝑔 (
𝑛

𝑑
) (I) 

for  n = 1, 2, 3, … . 
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The author in his paper [3] defined B-product as follows: For every positive integer n, fix the 

set 𝐵𝑛 of some pairs of divisors of n. For arithmetic functions 𝑓 and 𝑔 their B-product 𝑓 ∗𝐵 𝑔 is 

given by: 

(𝑓 ∗𝐵 𝑔 )(𝑛)  = ∑ 𝑓(𝑢)𝑔(𝑣)

(𝑢,𝑣)∈𝐵𝑛

 (II) 

for n = 1, 2, 3, … . 

This B-product generalizes simultaneously the A-product of Narkiewicz [19] and the L.C.M. 

product and it has a non-void intersection with the Ψ-product of Lehmer [17]. The τ-product of 

Scheid [20] is also a particular case of B-product.  

Narkiewicz in his paper [19] called an A-product to be multiplicative if and only if  

𝐴𝑚𝑛=𝐴𝑚 × 𝐴𝑛 for every pair (m, n) of relatively prime positive integers (here 𝐵 × 𝐶 denotes the 

set of all integers, which can be represented in the form  𝑏𝑐, 𝑏  𝐵, 𝑐  𝐶).  

The present author in his paper [4] defined a B-product to be multiplicative if and only if 

𝐵𝑚𝑛 = {(𝑟1𝑟2,  𝑠1𝑠2) | (𝑟1, 𝑠1)𝐵𝑚, (𝑟2, s2)𝐵𝑛} for every pair (m, n) of relatively prime positive 

integers; in other words a B-product is multiplicative if and only if the following conditions hold: 

For every pair (m, n) of relatively prime positive integers we have (r, s)𝐵𝑚𝑛 if and only if 

(𝑟(𝑚), 𝑠(𝑚))𝐵𝑚  and (𝑟(𝑛), 𝑠(𝑛))𝐵𝑛, where 𝑟(𝑘) stands for the greatest common divisor of  

r and k. 

In the next section, we shall study in details some properties of GM-functions and 

GA-functions using Narkiewicz’s A-product and the author’s B-product as multiplicative binary 

operations. 

2 Main results  

2.1 GM-Function and its properties  

As mentioned in our discussion earlier, Zafrullah in his paper [26] introduced a new 

generalization of multiplicative functions where he defined an arithmetic function F to be a 

generalized multiplicative function (or GM-function) if F(1) = 1 and there exists a multiplicative 

function 𝑓such that 𝐹(𝑚𝑛) = 𝐹(𝑚)𝑓(𝑛)𝐹(𝑛)𝑓(𝑚), whenever (𝑚, 𝑛) = 1. We now prove some 

results related to GM-functions using Narkeiwicz’s A-product and the author’s B-product as the 

multiplicative binary operations. 

 

Theorem 2.1.1. Let F be a GM-function and h be a multiplicative function and let the  

A-product be multiplicative, then the arithmetic function H defined by  

𝐻(𝑛) = ∏ 𝐹(𝑑)ℎ(
𝑛

𝑑
)

𝑑∈𝐴𝑛

 

for all 𝑛 ∈ ℕ is a GM-function. 

Proof: We have  

𝐻(1) = ∏ 𝐹(𝑑)ℎ(
𝑛

𝑑
) = 𝐹(1)ℎ(

1

1
)

𝑑∈𝐴1

= 𝐹(1) = 1 

Let (𝑚, 𝑛)  = 1, then 
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𝐻(𝑚𝑛) = ∏ 𝐹(𝑑)ℎ(𝑚𝑛
𝑑

)

𝑑A𝑚𝑛

 

 

= ∏ 𝐹(𝑑1 𝑑2)
ℎ(

𝑚𝑛

𝑑1𝑑2
)

𝑑1  A𝑚,𝑑2  A𝑛

 

 

= ∏ ∏  [𝐹(𝑑1)𝑓(𝑑2)

𝑑2  A𝑛

𝐹(𝑑2)𝑓(𝑑1)] 
ℎ(

𝑚

𝑑1  
)ℎ(

𝑛

𝑑2  
)

𝑑1  A𝑚

 

(where f is a multiplicative function) 

=  [ ∏ 𝐹(𝑑1  )
ℎ(

𝑚

𝑑1  
)

𝑑1  A𝑚

]
∑ 𝑓(𝑑2  )ℎ(

𝑛

𝑑2  
)

𝑑2  A𝑛  [ ∏ 𝐹(𝑑2  )
ℎ(

𝑛

𝑑2  
)

𝑑2  A𝑛

]
∑ 𝑓(𝑑1  )ℎ(

𝑚

𝑑1  
)

𝑑1  A𝑚  

=  [ ∏ 𝐹(𝑑1  )
ℎ(

𝑚

𝑑1  
)
](𝑓∗𝐴ℎ)(𝑛)

𝑑1  A𝑚

 [ ∏ 𝐹(𝑑2  )
ℎ(

𝑛

𝑑2  
)
](𝑓∗𝐴ℎ )(𝑚)

𝑑2  A𝑛

 

=𝐻(𝑚)𝑣(𝑛) ⤫ 𝐻(𝑛)𝑣(𝑚), 

where 𝑣 = 𝑓 ∗𝐴 ℎ.  

Since 𝑓and ℎ are multiplicative functions and the 𝐴-product is multiplicative, therefore 𝑣  is 

a multiplicative function. 

Thus, H is a GM-function.   

 

Theorem 2.1.2. Let F be a GM-function and ℎ1 and ℎ2 be multiplicative functions and let the 

A-product be multiplicative, then the arithmetic function H defined by 

𝐻(𝑛) = ∏ 𝐹(𝑑)ℎ1(𝑑)ℎ2(
𝑛

𝑑
)

𝑑𝐴𝑛

 

for all 𝑛 ∈ ℕ is a GM-function. 

Proof: Let 𝐹(𝑑)ℎ1(𝑑) = 𝐾(𝑑). Then 

𝐻(𝑛) = ∏ 𝐾(𝑑)ℎ2(
𝑛

𝑑
)

𝑑𝐴𝑛

 

and 𝐾(1) = 𝐹(1)ℎ1(1) = 1. Let (𝑚, 𝑛)  = 1, then 

𝐾(𝑚𝑛) = 𝐹(𝑚𝑛)ℎ1(𝑚𝑛) 

=  [𝐹(𝑚)𝑓(𝑛)𝐹(𝑛)𝑓(𝑚)]ℎ1(𝑚)ℎ1(𝑛) 

(where 𝑓 is a multiplicative function) 

= 𝐾(𝑚)𝑓ℎ1(𝑛)𝐾(𝑛)𝑓ℎ1(𝑚) 

= 𝐾(𝑚)𝑣(𝑛)𝐾(𝑛)𝑣(𝑚) 

Since 𝑓 and ℎ1 are multiplicative functions, then 𝑣 = 𝑓ℎ1  is also a multiplicative function. 

Therefore,  𝐾 is a GM-function. 

Therefore, by Theorem 2.1.1 we conclude that H is a GM-function.   
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Theorem 2.1.3. Let F be a GM-function and h be a multiplicative function and let the  

B-product be multiplicative. Then the arithmetic function J(n) given by  

𝐽(𝑛) = ∏ 𝐹(𝑟)ℎ(𝑠)

(𝑟,𝑠)∈𝐵𝑛

 

for all  𝑛 ∈ ℕ is a GM-function. 

Proof: We have 

𝐽(1) = ∏ 𝐹(𝑟)ℎ(𝑠) =
(𝑟,𝑠)∈𝐵1

𝐹(1)ℎ(1) = 1 

Let (𝑚, 𝑛)  = 1. Then 

𝐽(𝑚𝑛) = ∏ 𝐹(𝑟)ℎ(𝑠)

(𝑟,𝑠)∈𝐵𝑚𝑛

 

= ∏ ∏ 𝐹(𝑟(𝑚)𝑟(𝑛))ℎ(𝑠(𝑚)𝑠(𝑛))

       (𝑟(𝑛),𝑠(𝑛))∈𝐵𝑛(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚

 

  = ∏ ∏  [𝐹(𝑟(𝑚))
𝑓(𝑟(𝑛))

𝐹(𝑟(𝑛))
𝑓(𝑟(𝑚))

]ℎ(𝑠(𝑚))ℎ(𝑠(𝑛))

       (𝑟(𝑛),𝑠(𝑛))∈𝐵𝑛(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚

 

(where f is a multiplicative function) 

=       ∏ ∏ [𝐹(𝑟(𝑚))
ℎ(𝑠(𝑚))

]
𝑓(𝑟(𝑛))ℎ(𝑠(𝑛))

(𝑟(𝑛),𝑠(𝑛))∈𝐵𝑛(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚

× [𝐹(𝑟(𝑛))
ℎ(𝑠(𝑛))

]
𝑓(𝑟(𝑚))ℎ(𝑠(𝑚))

 

=               [( ∏ [𝐹(𝑟(𝑚))
ℎ(𝑠(𝑚))

]  )
∑   f(r(n))h(s(n))

(r(n), s(n))∈Bn

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚

]

× [( ∏ [𝐹(𝑟(𝑛))
ℎ(𝑠(𝑛))

]  )
∑ 𝑓(𝑟(𝑚))ℎ(𝑠(𝑚))

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚

(𝑟(𝑛),𝑠(𝑛))∈𝐵𝑛

] 

=𝐽(𝑚)(𝑓∗𝐵ℎ)(𝑛) × 𝐽(𝑛)(𝑓∗𝐵ℎ)(𝑚) 

=  𝐽(𝑚)𝑣(𝑛) × 𝐽(𝑛)𝑣(𝑚) 

where  𝑣 = 𝑓 ∗𝐵 ℎ . 

Since 𝑓 and ℎ  are multiplicative functions and the 𝐵-product is multiplicative, therefore 

𝑣 is a multiplicative function. 

Hence, J is a GM-function.  

 

Theorem 2.1.4. Let F be a GM-function and let ℎ1 and ℎ2 be multiplicative functions and let the 

B-product be multiplicative. Then the arithmetic function J defined by  

𝐽(𝑛) =  ∏ 𝐹(𝑟)ℎ1(𝑟)ℎ2(𝑠)

(𝑟,𝑠)∈𝐵𝑛

 

for all 𝑛 ∈ ℕ is a GM-function. 

Proof: Let U(r) = 𝐹(𝑟)ℎ1(𝑟). Therefore, 
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𝐽(𝑛) =  ∏ 𝑈(𝑟)ℎ2(𝑠)

(𝑟,𝑠)∈𝐵𝑛

 

Clearly, 

𝑈(1) = 𝐹(1)ℎ1(1) = 1. 

Let (𝑚, 𝑛)  = 1.Then 

𝑈(𝑚𝑛) = 𝐹(𝑚𝑛)ℎ1(𝑚𝑛) = (𝐹(𝑚)𝑓(𝑛)𝐹(𝑛)𝑓(𝑚))
ℎ1(𝑚)ℎ1(𝑛)

 

(where 𝑓 is a multiplicative function) 

=  [𝐹(𝑚)𝑓(𝑛)]ℎ1(𝑚)ℎ1(𝑛) [𝐹(𝑛)𝑓(𝑚)]ℎ1(𝑚)ℎ1(𝑛) 

=  [𝐹(𝑚)ℎ1(𝑚)]𝑓(𝑛)ℎ1(𝑛) [𝐹(𝑛)ℎ1(𝑛)]𝑓(𝑚)ℎ1(𝑚) 

= 𝑈(𝑚)𝑣(𝑛)𝑈(𝑛)𝑣(𝑚) 

where 𝑣 = 𝑓ℎ1, is a multiplicative function. 

Therefore, 𝑈 is a GM-function. 

Hence, by Theorem 2.1.3 we conclude that 𝐽 is a GM-function.   

2.2 GA-Function and its properties 

An arithmetic function F is said to be additive if 𝐹(𝑚𝑛) = 𝐹(𝑚) + 𝐹(𝑛) whenever (𝑚, 𝑛) = 1. 

We define an arithmetic function F to be a generalized additive function (or briefly a GA-function) 

if there exists a multiplicative function f such that 𝐹(𝑚𝑛) = 𝐹(𝑚)𝑓(𝑛) + 𝐹(𝑛)𝑓(𝑚) 

whenever (𝑚, 𝑛) = 1. Chawla [9] calls such a function a distributive function. One can notice 

that the notion of GA-function is an additive analogue of GM-function. We now prove some 

results on GA-function in the context of Narkiewicz’s A-product and the author’s B-product. 

 

Theorem 2.2.1. Let F be a GA-function and ℎ be a multiplicative function and let the A-product 

be multiplicative. Then the arithmetic function H defined by  

𝐻(𝑛) = ∑ 𝐹(𝑑)

𝑑𝐴𝑛

ℎ(𝑑) 

for all  𝑛 ∈ ℕ, is a GA-function.   

Proof: Let U(d) = F(d)ℎ(𝑑) and (𝑚, 𝑛) = 1. Then 

𝑈(𝑚𝑛) = 𝐹(𝑚𝑛)ℎ(𝑚𝑛) 

= [𝐹(𝑚)𝑓(𝑛) + 𝐹(𝑛)𝑓(𝑚)]ℎ(𝑚)ℎ(𝑛) 

(where 𝑓 is a multiplicative function) 

=  𝐹(𝑚)ℎ(𝑚)𝑓(𝑛)ℎ(𝑛) + 𝐹(𝑛)ℎ(𝑛)𝑓(𝑚)ℎ(𝑚) 

= 𝑈(𝑚)𝑣(𝑛) + 𝑈(𝑛)𝑣(𝑚) 

(where 𝑣 = 𝑓ℎ is a multiplicative function). 

Therefore, 𝑈 is a GA-function. Now 
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𝐻(𝑚𝑛) = ∑ 𝑈(𝑑)

𝑑𝐴𝑚𝑛

= ∑ ∑ 𝑈(𝑑1𝑑2)

𝑑2𝐴𝑛𝑑1𝐴𝑚

 

As  𝑑1𝐴𝑚, 𝑑2𝐴𝑛so (𝑑1, 𝑑2) = 1, and since U is a GA-function, therefore there exists a 

multiplicative function f such that U(𝑑1𝑑2) = 𝑈(𝑑1)𝑓(𝑑2) + 𝑈(𝑑2)𝑓(𝑑1). Therefore, 

𝐻(𝑚𝑛) = ∑ ∑  [𝑈(𝑑1)𝑓(𝑑2) + 𝑈(𝑑2)𝑓(𝑑1)

𝑑2𝐴𝑛𝑑1𝐴𝑚

]  

= ∑ ∑ 𝑈(𝑑1)𝑓(𝑑2) + ∑ ∑ 𝑈(𝑑2)𝑓(𝑑1)

𝑑2𝐴𝑛𝑑1𝐴𝑚𝑑2𝐴𝑛𝑑1𝐴𝑚

 

= 𝐻(𝑚)𝑤(𝑛) + 𝐻(𝑛)𝑤(𝑚), 

where 

𝑤(𝑚) = ∑ 𝑓(𝑑1)

𝑑1𝐴𝑚

,   𝑤(𝑛 ) = ∑ 𝑓(𝑑2)

𝑑2𝐴𝑛

 

are multiplicative functions. 

Hence, 𝐻 is a GA-function.  

 

Theorem 2.2.2. Let F be a GA-function and ℎ1 and ℎ2  be multiplicative functions and let the  

A-product be multiplicative. Then the arithmetic function H defined by  

𝐻(𝑛) = ∑ 𝐹(𝑑)

𝑑𝐴𝑛

ℎ1(𝑑)ℎ2(
𝑛

𝑑
) 

for all 𝑛 ∈ ℕ, is a GA-function. 

Proof: Let U(d) = F(d)ℎ1(𝑑). Then from the proof of Theorem 2.2.1, U is a GA-function. Now  

𝐻(𝑛) = ∑ 𝑈(𝑑)

𝑑𝐴𝑛

ℎ2 (
𝑛

𝑑
) 

Let (𝑚, 𝑛) = 1. Then 

𝐻(𝑚𝑛) = ∑ 𝑈(𝑑)

𝑑𝐴𝑚𝑛

ℎ2(
𝑚𝑛

𝑑
) 

= ∑ ∑ 𝑈(𝑑1𝑑2)

𝑑2𝐴𝑛

ℎ2 (
𝑚𝑛

𝑑1𝑑2
)

𝑑1𝐴𝑚

 

As  𝑑1𝐴𝑚, 𝑑2𝐴𝑛 so (𝑑1, 𝑑2) = 1, and since U is a GA-function, therefore there exists a 

multiplicative function f such that  

U(𝑑1𝑑2) = 𝑈(𝑑1)𝑓(𝑑2) + 𝑈(𝑑2)𝑓(𝑑1). 

Therefore, 

𝐻(𝑚𝑛) = ∑ ∑  [𝑈(𝑑1)𝑓(𝑑2) + 𝑈(𝑑2)𝑓(𝑑1)

𝑑2𝐴𝑛𝑑1𝐴𝑚

] ⤫  [ℎ2(
𝑚

𝑑1
)  ℎ2(

𝑛

𝑑2
)] 

 

= ∑ ∑  [𝑈(𝑑1)𝑓(𝑑2)ℎ2(
𝑚

𝑑1
)  ℎ2(

𝑛

𝑑2
) + 𝑈(𝑑2)𝑓(𝑑1)

𝑑2𝐴𝑛𝑑1𝐴𝑚

ℎ2(
𝑚

𝑑1
)  ℎ2(

𝑛

𝑑2
)] 

 

= ∑ ∑ 𝑈(𝑑1)ℎ2(
𝑚

𝑑1
)𝑓(𝑑2)ℎ2(

𝑛

𝑑2
) + ∑ ∑ 𝑈(𝑑2)ℎ2(

𝑛

𝑑2
)𝑓(𝑑1)ℎ2(

𝑚

𝑑1
)

𝑑2𝐴𝑛𝑑1𝐴𝑚𝑑2𝐴𝑛𝑑1𝐴𝑚
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= ∑ 𝑈(𝑑1)ℎ2 (
𝑚

𝑑1
)

𝑑1𝐴𝑚

∑ 𝑓(𝑑2)ℎ2(
𝑛

𝑑2
)

𝑑2𝐴𝑛

+ ∑ 𝑈(𝑑2)ℎ2 (
𝑛

𝑑2
)

𝑑2𝐴𝑛

∑ 𝑓(𝑑1)ℎ2(
𝑚

𝑑1
)

𝑑1𝐴𝑚

 

 

= [(U∗𝐴 ℎ2)(m)]. [(f∗𝐴 ℎ2)(𝑛)] +  [(U∗𝐴 ℎ2)(n)]. [(f∗𝐴 ℎ2)(𝑛)] 

= H(m).𝑣 (n) + H(n).𝑣 (m) 

where 𝑣 (k) = (f∗𝐴 ℎ2)(𝑘). 

Now since f and ℎ2 are multiplicative functions and the 𝐴-product is multiplicative, therefore 

 𝑣 = f∗𝐴 ℎ2 is a multiplicative function. Consequently H is a GA-function.   

 

Theorem 2.2.3. Let F be a GA-function and let ℎ1 and ℎ2be multiplicative functions and let the 

B-product be multiplicative, then the arithmetic function H defined by 

𝐻(𝑛) = ∑ 𝐹(𝑟)

(𝑟,𝑠)𝐵𝑛

ℎ1(𝑟)ℎ2(𝑠) 

for  all 𝑛 ∈ ℕ is a GA-function. 

Proof: Let 𝑈(𝑑) = 𝐹(𝑑)ℎ1(𝑑). Then, from the proof of Theorem 2.2.1, U is a GA-function. 

Therefore, 

𝐻(𝑛) = ∑ 𝑈(𝑟)

(𝑟,𝑠)𝐵𝑛

ℎ2(𝑠) 

Let (𝑚, 𝑛) = 1.Then 

𝐻(𝑚𝑛) =  ∑ 𝑈(𝑟)

(𝑟,𝑠)𝐵𝑚𝑛

ℎ2(𝑠) 

                        =  ∑ ∑ 𝑈(𝑟(𝑚)𝑟(𝑛))

(𝑟(𝑛),𝑠(𝑛))𝐵𝑛

ℎ2(𝑠(𝑚)𝑠(𝑛))

(𝑟(𝑚),𝑠(𝑚))𝐵𝑚

 

As (𝑟(𝑚), 𝑠(𝑚))𝐵𝑚  and (𝑟(𝑛), 𝑠(𝑛))𝐵𝑛, so  (𝑟(𝑚), 𝑟(𝑛)) = 1 and (𝑠(𝑚), 𝑠(𝑛)) = 1 and since U 

is a GA-function, therefore, there exists a multiplicative function f such that  

𝑈(𝑟(𝑚)𝑟(𝑛)) = 𝑈(𝑟(𝑚))𝑓(𝑟(𝑛)) +  𝑈(𝑟(𝑛))𝑓(𝑟(𝑚)) 

Therefore 

𝐻(𝑚𝑛) =  ∑ ∑  [𝑈(𝑟(𝑚))

    (𝑟(𝑛),𝑠(𝑛))𝐵𝑛

𝑓(𝑟(𝑛)) + 𝑈(𝑟(𝑛))𝑓(𝑟(𝑚))] [ℎ2(𝑠(𝑚)𝑠(𝑛))

(𝑟(𝑚),𝑠(𝑚))𝐵𝑚

 ] 

= ∑ ∑  [𝑈(𝑟(𝑚))

(𝑟(𝑛),𝑠(𝑛))𝐵𝑛

𝑓(𝑟(𝑛))ℎ2(𝑠(𝑚))ℎ2(𝑠(𝑛))         

(𝑟(𝑚),𝑠(𝑚))𝐵𝑚

+  𝑈(𝑟(𝑛))𝑓(𝑟(𝑚))ℎ2(𝑠(𝑚))ℎ2(𝑠(𝑛))] 

= ∑ ∑ 𝑈(𝑟(𝑚))𝑓(𝑟(𝑛))ℎ2(𝑠(𝑚))ℎ2(𝑠(𝑛)))

     (𝑟(𝑛),𝑠(𝑛))𝐵𝑛(𝑟(𝑚),𝑠(𝑚))𝐵𝑚

+  ∑ ∑ 𝑈(𝑟(𝑛))𝑓(𝑟(𝑚))ℎ2(𝑠(𝑚))ℎ2(𝑠(𝑛)))

(𝑟(𝑛),𝑠(𝑛))𝐵𝑛(𝑟(𝑚),𝑠(𝑚))𝐵𝑚
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= ∑ 𝑈(𝑟(𝑚))ℎ2(𝑠𝑚)

(𝑟(𝑚),𝑠(𝑚))𝐵𝑚

∑ 𝑓(𝑟(𝑛)ℎ2(𝑠(𝑛)))

(𝑟(𝑛),𝑠(𝑛) )∈𝐵𝑛

+ ∑ 𝑈(𝑟(𝑛))ℎ2(𝑠(𝑛))

(𝑟(𝑛),𝑠(𝑛))𝐵𝑛

∑ 𝑓(𝑟(𝑚)ℎ2(𝑠(𝑚)))

(𝑟(𝑚),𝑠(𝑚) )∈𝐵𝑚

 

= H(m)(f∗𝐵 ℎ2)(n)  +H(n)(f∗𝐵 ℎ2)(𝑚). 

Now since f and ℎ2 are multiplicative functions and the𝐵-product is multiplicative, therefore,  

f∗𝐵 ℎ2 is a multiplicative function. Consequently, H is a GA-function.  

 

We conclude our discussion with some examples. 

3 Examples 

Example 1. If 

𝐻(𝑛) = ∏ 𝑑𝑑

𝑑𝐴𝑛

 

for all 𝑛 ∈ ℕ, and the 𝐴-product is multiplicative, then 𝐻 is a GM-function. 

Proof. We have  

𝐻(𝑛) = ∏ 𝑑𝑑

𝑑𝐴𝑛

. 

Let F(𝑑) = 𝑑𝑑, then for every relatively prime positive integers m, n we have 

𝐹(𝑚𝑛) = (𝑚𝑛)𝑚𝑛 =𝑚𝑚𝑛𝑛𝑚𝑛 = (𝑚𝑚)𝑛(𝑛𝑛)𝑚 = 𝐹(𝑚)𝑛𝐹(𝑛)𝑚 = 𝐹(𝑚)𝑓(𝑛)𝐹(𝑛)𝑓(𝑚), 

Where 𝑓(𝑢) = 𝑢 for every 𝑢 ∈ ℕ, is a multiplicative function. Therefore, F is a GM-function. 

Now  

𝐻(𝑚𝑛) = ∏ 𝐹(𝑑)

𝑑∈𝐴𝑚𝑛

= ∏ 𝐹(𝑑1𝑑2

𝑑1𝑑2∈𝐴𝑚𝑛

),  

(where 𝑑 = 𝑑1𝑑2,   𝑑1|𝑚   and  𝑑2|𝑛) 

= ∏ 𝐹(𝑑1)𝑔(𝑑2)𝐹(𝑑2)𝑔(𝑑1)

𝑑1𝑑2∈𝐴𝑚𝑛

 

(where 𝑔 is a multiplicative function) 

= { [ ∏ 𝐹(𝑑1) ]∑ 𝑔(𝑑2)𝑑2∈𝐴𝑛 }

𝑑1∈𝐴𝑚

× { [ ∏ 𝐹(𝑑2) ]∑ 𝑔(𝑑1)𝑑1∈𝐴𝑚

𝑑2∈𝐴𝑛

} 

= 𝐻(𝑚)𝑢(𝑛) × 𝐻(𝑛)𝑢(𝑚) 

where 𝑢(𝑚) = ∑ 𝑔(𝑑1)𝑑1∈𝐴𝑚
  and  𝑢(𝑛) = ∑ 𝑔(𝑑2)𝑑2∈𝐴𝑛

 

Since g is a multiplicative function and the A-product is multiplicative, therefore, 𝑢 is a 

multiplicative function. Hence, 𝐻 is a GM-function. 

 

Example 2. If  

𝐻(𝑛) = ∏ 𝑟𝑠

(𝑟,𝑠)𝐵𝑛
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for all 𝑛 ∈ ℕ, and the 𝐵-product is multiplicative, then 𝐻 is a GM-function. 

Proof. Let 𝐹(𝑟) = 𝑟 and ℎ(𝑠) = 𝑠, then 𝐹(𝑚𝑛) = 𝑚𝑛 = 𝑚𝜂(𝑛)𝑛𝜂(𝑚) = 𝐹(𝑚)𝜂(𝑛)𝐹(𝑛)𝜂(𝑚), 

where 𝜂(𝑘) = 1 for every 𝑘 ∈ ℕ is a multiplicative function and therefore 𝐹 is a GM-function. 

Now since ℎ(𝑠) = 𝑠 is a multiplicative function, and the B-product is multiplicative, therefore by 

Theorem 2.1.3 

𝐻(𝑛) = ∏ 𝑟𝑠

(𝑟,𝑠)𝐵𝑛

= ∏ 𝐹(𝑟)ℎ(𝑠)

(𝑟,𝑠)∈𝐵𝑛

 

is a GM-function. 

 

Example 3. If  

𝐻(𝑛) = ∑ 𝑑 log 𝑑

𝑑𝐴𝑛

 

for all 𝑛 ∈ ℕ, and the A-product is multiplicative, then H is a GA-function.  

Proof. Let (𝑚, 𝑛) = 1, then 

𝐻(𝑚𝑛) = ∑ 𝑑log 𝑑

𝑑𝐴𝑚𝑛

 

= ∑ (𝑑1𝑑2) log(𝑑1𝑑2)

𝑑1∈𝐴𝑚,𝑑2∈𝐴𝑛

 

= ∑ (𝑑1𝑑2) [

𝑑1∈𝐴𝑚,𝑑2∈𝐴𝑛

log𝑑1 + log𝑑2 ] 

= ∑ (𝑑1𝑙𝑜𝑔

𝑑1∈𝐴𝑚,𝑑2∈𝐴𝑛

𝑑1)𝑑2  +   ∑ (𝑑2

𝑑1∈𝐴𝑚,𝑑2∈𝐴𝑛

𝑙𝑜𝑔𝑑2)𝑑1 

= ∑ 𝑑1𝑙𝑜𝑔𝑑1

𝑑1∈𝐴𝑚

∑ 𝑑2

𝑑2∈𝐴𝑛

+   ∑ 𝑑2𝑙𝑜𝑔𝑑2

𝑑2∈𝐴𝑛

∑ 𝑑1

𝑑1∈𝐴𝑚

 

= 𝐻(𝑚) ∑ 𝑑2

𝑑2∈𝐴𝑛

 + 𝐻(𝑛) ∑ 𝑑1

𝑑1∈𝐴𝑚

 

= 𝐻(𝑚)𝛼(𝑛)  + 𝐻(𝑛)𝛼(𝑚) 

where 

 𝛼(𝑘) = ∑ 𝑑

𝑑∈𝐴𝑘

= ∑ ℎ(𝑑)

𝑑∈𝐴𝑘

 

and ℎ(𝑠) = 𝑠 for every 𝑠 ∈ ℕ. Since ℎ is a multiplicative function and the A-product is 

multiplicative, therefore 𝛼 is a multiplicative function. Hence 𝐻 is a GA-function. 

 

Example 4. If 

𝐻(𝑛) = ∑ 𝑟log 𝑠
(𝑟,𝑠)𝐵𝑛

 

for all n ∈ ℕ, and the B-product is multiplicative, then H is a GA-function. 

Proof. Let (𝑚, 𝑛) = 1. Then 

𝐻(𝑚𝑛) = ∑ 𝑟 log 𝑠

(𝑟,𝑠)𝐵𝑚𝑛
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= ∑ 𝑟(𝑚)𝑟(𝑛) log(𝑠(𝑚)𝑠(𝑛))

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚,(𝑟(𝑛), 𝑠(𝑛))∈𝐵𝑛

 

= ∑ 𝑟(𝑚)𝑟(𝑛) [log (𝑠(𝑚)) + log (𝑠(𝑛))]

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚,(𝑟(𝑛), 𝑠(𝑛))∈𝐵𝑛

 

= ∑ 𝑟(𝑚)log (𝑠(𝑚))

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚,(𝑟(𝑛), 𝑠(𝑛))∈𝐵𝑛

𝑟(𝑛) + ∑ 𝑟(𝑛)

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚,(𝑟(𝑛), 𝑠(𝑛))∈𝐵𝑛

log (𝑠(𝑛))𝑟(𝑚) 

= ∑ 𝑟(𝑚) log(𝑠(𝑚))

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚

∑ 𝑟(𝑛)

(𝑟(𝑛), 𝑠(𝑛))∈𝐵𝑛

   + ∑ 𝑟(𝑛)

(𝑟(𝑛), 𝑠(𝑛))∈𝐵𝑛

log(𝑠(𝑛)) ∑ 𝑟(𝑚)

(𝑟(𝑚),𝑠(𝑚))∈𝐵𝑚

 

 

= 𝐻(𝑚)𝛼(𝑛) + 𝐻(𝑛)𝛼(𝑚) 

where 

𝛼(𝑘) = ∑ 𝑟(𝑘)

(𝑟(𝑘), 𝑠(𝑘))∈𝐵𝑘

= ∑ ℎ(𝑟(𝑘))

(𝑟(𝑘), 𝑠(𝑘))∈𝐵𝑘

,  

and ℎ(𝑠) = 𝑠 for every 𝑠 ∈ ℕ. 

Since ℎ is a multiplicative function and the B-product is multiplicative, therefore 𝛼 is a 

multiplicative function. Hence 𝐻 is a GA-function.  
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