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Abstract: In this paper, by using elliptic curves theory, we study the quartic Diophantine equation
(DE)

∑n
i=1 aix

4
i =

∑n
j=1 ajy

4
j , where ai and n ≥ 3 are fixed arbitrary integers. We try to

transform this quartic to a cubic elliptic curve of positive rank. We solve the equation for some
values of ai and n = 3, 4, and find infinitely many nontrivial solutions for each case in natural
numbers, and show among other things, how some numbers can be written as sums of three, four,
or more biquadrates in two different ways. While our method can be used for solving the equation
for n ≥ 3, this paper will be restricted to the examples where n = 3, 4. Finally, we explain how
to solve more general cases (n ≥ 4) without giving concrete examples to case n ≥ 5.
Keywords: Quartic Diophantine equations, Biquadrates, Elliptic curves.
2010 Mathematics Classification: 11D45, 11D72, 11D25, 11G05, 14H52.

1 Introduction

Quartic Diophantine equations has been studied by many authors. Euler conjectured that the DE
A4+B4+C4 = D4, or more generally AN

1 +AN
2 + · · ·+AN

N−1 = AN
N , (N ≥ 4), has no solution

in positive integers (see [3]). Nearly two centuries later, a computer search (see [6]) found the
first counterexample to the general conjecture (for N = 5): 275 + 845 + 1105 + 1335 = 1445.
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In 1986, Noam Elkies, by using elliptic curves, found an infinite series of counterexamples
for the K = 4 case (see [4]). His smallest counterexample was:

26824404 + 153656394 + 187967604 = 206156734.

In [1] Bremner, Choudhry, and Ulas constructed several infinite families of diagonal quartic
surfaces ax4 + by4 + cz4 + dw4 = 0 (where a, b, c, d are non-zero integers) with infinitely many
rational points and satisfying the condition abcd is not a square.

In [2], we studied the DE A4+hB4 = C4+hD4 and express two different methods for solvig
it.

In this paper, we are interested in the study of the DE:

n∑
i=1

aix
4
i =

n∑
j=1

ajy
4
j , (1)

where ai, n ≥ 3 are fixed arbitrary integers. To the best of our knowledge the DE (1) has not
already been considered by any other authors.

We prove the following two theorems:

Theorem 1. Consider the DE

ax4 + by4 + cz4 = au4 + bv4 + cw4, (2)

where all the coefficients are fixed arbitrary integers. There exists a corresponding elliptic curve
of the form Y 2 = X3+fX2+ gX+h, in which the coefficients f , g, and h are all functions of a,
b, c and two other rational parameters A and B, to be found later. If the elliptic curve has positive
rank, depending on the values of A and B, the DE(2) has infinitely many integer solutions.

Proof. Let x = m + p, y = m − q, z = m − s, u = m − p, v = m + q and w = m + s, where
all variables are rational numbers. By substituting these variables in the DE (2), and after some
simplification, we obtain:

m2(ap− bq − cs) = −ap3 + bq3 + cs3.

Let ap − bq − cs = 1 and m2 = −ap3 + bq3 + cs3. Also let us take q = As + B, where
A, B ∈ Q.

By substituting q = As+B and p = b
a
q+ c

a
s+ 1

a
, into the equation m2 = −ap3 + bq3 + cs3,

and after some simplification, we arrive at the cubic elliptic curve:

m2 = (−a(bA+ c

a
)3 + bA3 + c)s3 + (−3a(bA+ c

a
)2.(

bB + 1

a
) + 3A2Bb)s2

+ (−3a(bA+ c

a
).(

bB + 1

a
)2 + 3AB2b)s+ (−a(bB + 1

a
)3 + bB3).

By multiplying both sides of this elliptic curve by (−a( bA+c
a

)3 + bA3 + c)2, and letting

Y = (−a(bA+ c

a
)3 + bA3 + c)m, (3)
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and
X = (−a(bA+ c

a
)3 + bA3 + c)s, (4)

we get the new elliptic curve
Y 2 = X3 + fX2 + gX + h, (5)

where

f = (−3a(bA+ c

a
)2.(

bB + 1

a
) + 3A2Bb),

g = (−3a(bA+ c

a
).(

bB + 1

a
)2 + 3AB2b).(−a(bA+ c

a
)3 + bA3 + c),

h = (−a(bB + 1

a
)3 + bB3).(−a(bA+ c

a
)3 + bA3 + c)2.

Then if the above elliptic curve has positive rank (for every a, b, c, this is done by choosing
appropriate values for A and B), by calculating m, s, q, p, m ± p, m ± q, m ± s, from the
relations (3), (4), q = As+ B and p = b

a
q + c

a
s+ 1

a
, after some simplification and canceling the

denominators of m ± p, m ± q, m ± s, we may obtain infinitely many integer solutions for the
DE (2). Now the proof is completed.

Now we are going to work out some examples.

Example 1. x4 + 2y4 + 3z4 = u4 + 2v4 + 3w4 we may assume that A = 4, B = 0, a = 1, b = 2,
c = 3. (For every arbitrary a, b, c, we may choose the other appropriate values for A and B so
that the rank of the elliptic curve (5) to be ≥ 1.)
Then the corresponding cubic elliptic curve is:

Y 2 = X3 − 363X2 + 39600X − 12002.

This has rank 1 and generator P = (X, Y ) = (3625
16

, 46525
64

), giving the solution

51694 + 2.(459)4 + 3.(1281)4 = 14474 + 2.(4181)4 + 3.(2441)4,

to (2).

Example 2. We now express the sum of three biquadrates in two different ways. Let us this time
take A = −10, B = 0, a = b = c = 1. Then the elliptic curve (5) becomes

Y 2 = X3 − 243X2 − 7290X − 2702,

which has rank 1 and generator P = (X, Y ) = (450, 6210).

The points P, 2P = (X ′, Y ′) = (606357
2116

, −115780401
97336

) and 3P = (X ′′, Y ′′) = (255306774610
164070481

,
−118288360159623370

2101578791129
) yield the solutions:

194 + 744 + 1174 = 214 + 644 + 1194,

179480134 + 438560694 + 97653314 = 436769914 + 181270914 + 159636474,

and

88288913602203134 + 150990604919418274 + 115018135683643884

= 148287806717043614 + 85586115399828474 + 121558584635602864.

3



By changing the value of A, and taking A = −11, B = 0, we get the new elliptic curve
Y 2 = X3 − 300X2 − 9900X − 108900, with rank 1 and generator P = (X, Y ) = (7241401

11664
,

13649431501
1259712

), giving the solution

54130134614 + 222522158894 + 128673601934

= 218858495414 + 50466471134 + 144315028094.

Example 3. A4 + hB4 = C4 + hD4.
If in the elliptic curve (5) we take c = 0, a 6= ±1, (If a = ±1, we do not get an elliptic curve, this
means that g = h = 0.), we can solve the DE’s of the form ax4 + by4 = au4 + bv4.
As an example, if we take A = 2, B = 0, a = 103, b = 1, c = 0, we get the elliptic curve
Y 2 = X3 − 12

10609
X2 − 509184

112550881
X − 7201898496

1194052296529
, with rank 1 and generator P = (X, Y ) =

( 8148673
22448644

, 21273981079
106361675272

), giving the solution:

43032957134 + 103.(2329537023)4 = 75762158794 + 103.(943383143)4.

Theorem 2. Consider the DE (1), where n ≥ 4, and all the coefficients are fixed arbitrary
integers. There exists a corresponding elliptic curve of the form Y 2 = X3 + fX2 + gX + h, in
which the coefficients f , g, and h are all functions of ai and the other rational parameters Ai, Bi,
to be found later. If the elliptic curve has positive rank, depending on the values of Ai, Bi, the
DE (1) has infinitely many integer solutions.

Proof. Let xi = m + pi and yi = m− pi, (For 1 ≤ i ≤ n), where m, pi ∈ Q. After substituting
these variables in the DE (1), we get:

m2(a1p1 + · · ·+ anpn) = −a1p31 − · · · − anp
3
n.

Set (a1p1 + · · ·+ anpn) = 1, and m2 = −a1p31 − · · · − anp
3
n.

Also let us take pi = Aipn +Bi (for 2 ≤ i ≤ n− 1).
By substituting p1 = −a2

a1
p2 − · · · − an−1

a1
pn−1 − an

a1
pn +

1
a1

= Gpn +H , where

G =
−a2A2 − a3A3 − · · · − an−1An−1 − an

a1
,

and
H =

−a2B2 − a3B3 − · · · − an−1Bn−1 + 1

a1
,

and pi = Aipn +Bi (for 2 ≤ i ≤ n− 1), into the Eq. m2 = −a1p31 − · · · − anp
3
n, and after some

simplification, we obtain the elliptic curve:

m2 = L1p
3
n + L2p

2
n + L3pn + L4, (6)

where

L1 = (−a1G3 − a2A
3
2 − a3A

3
3 − · · · − an−1A

3
n−1 − an),

L2 = (−3a1G2H − 3a2A
2
2B2 − 3a3A

2
3B3 − · · · − 3an−1A

2
n−1Bn−1),

L3 = (−3a1GH2 − 3a2A2B
2
2 − 3a3A3B

2
3 − · · · − 3an−1An−1B

2
n−1),

L4 = (−a1H3 − a2B
3
2 − a3B

3
3 − · · · − an−1B

3
n−1).
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By multiplying both sides of this elliptic curve by

L2
1 = (−a1G3 − a2A

3
2 − a3A

3
3 − · · · − an−1A

3
n−1 − an)

2,

and letting
Y = (−a1G3 − a2A

3
2 − a3A

3
3 − · · · − an−1A

3
n−1 − an)m, (7)

and
X = (−a1G3 − a2A

3
2 − a3A

3
3 − · · · − an−1A

3
n−1 − an)pn, (8)

we get the new elliptic curve Y 2 = X3 + fX2 + gX + h, where

f = (−3a1G2H − 3a2A
2
2B2 − 3a3A

2
3B3 − · · · − 3an−1A

2
n−1Bn−1),

g = (−3a1GH2 − 3a2A2B
2
2 − 3a3A3B

2
3 − · · · − 3an−1An−1B

2
n−1)

(−a1G3 − a2A
3
2 − a3A

3
3 − · · · − an−1A

3
n−1 − an),

h = (−a1H3 − a2B
3
2 − a3B

3
3 − · · · − an−1B

3
n−1)

(−a1G3 − a2A
3
2 − a3A

3
3 − · · · − an−1A

3
n−1 − an)

2.

Then if the above elliptic curve has positive rank (For every arbitrary integers ai, this is done by
choosing appropriate values for Ai and Bi), by calculating m, pi, m± pi, from the relations (7),
(8) and pi = Aipn + Bi (for 2 ≤ i ≤ n − 1), p1 = Gpn + H , after some simplification and
canceling the denominators of m ± pi, we may obtain infinitely many integer solutions for the
DE (1). Now the proof is completed.

Example 4. x4 + 1000y4 + 1000z4 + 1000t4 = u4 + 1000v4 + 1000w4 + 1000h4.

By letting x = m + p, y = m− q, z = m− s, t = m + r, u = m− p, v = m + q, w = m + s,
h = m− r, p− 1000q − 1000s + 1000r = 1, m2 = −p3 + 1000q3 + 1000s3 − 1000r3, q = 2s

and r = 3s, we get the corresponding elliptic curve Y 2 = X3 − 180002 which has rank 1 and
generator P = (X, Y ) = (1000, 26000), giving the solution

84 + 1000.(24)4 + 1000.(25)4 + 1000.(29)4 = 444 + 1000.(23)4 + 1000.(27)4 + 1000.(28)4.

It is interesting to note that 24 + 25 + 29 = 23 + 27 + 28.

Example 5. Let us show how to write the sums of four biquadrates in two different ways.
As the above example, by taking q = 3s, r = 7s, p− q− s+ r = 1 and m2 = −p3+ q3+ s3− r3,
the corresponding elliptic curve becomes Y 2 = X3−27X2−2592X−2882. This has rank 1 and
generator P = (X, Y ) = (328, 5608). The points P, 2P = (X ′, Y ′) = (48232180

491401
, 203244176836

344472101
),

and 3P = (X ′′, Y ′′) = (61771836632004160
797318963764569

, −3119953836085429109330528
22513765616829041228253

) yield the solutions:

2714 + 2894 + 3304 + 4944 = 2074 + 3714 + 4124 + 4304,

3254921514 + 127264877874 + 211791773324 + 549899355124

= 504855520584 + 380845564224 + 296318668774 + 41788913034,

and
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4636450681324307603372864 + 2610211775809693892830094

+ 1520060974454362362053894 + 2840542230966963761050914

= 2686479533770914410041284 + 660240628256300699498514

+ 429910173099030831277694 + 4790513378520356954382494.
By taking q = 7s and r = 4s, we get the new elliptic curve Y 2 = X3−48X2−2592X−46656,

with rank 1 and generator P = (X, Y ) = (4188
49

, 25488
343

), giving the solution:

180704 + 149774 + 3194 + 118964 = 138224 + 192254 + 45674 + 76484.

Remark. By choosing further points on the above elliptic curves such as 4P, 5P, . . . , we obtain
infinitely many solutions for each case of the above Diophantine equations.

The Sage software has been used for calculating the rank of the elliptic curves (see [6]).
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