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Abstract: For z large enough, there exists a primitive sequence .4, such that
1 1
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2 afloga+a) ~ Zzpllogp+a)

where P denotes the set of prime numbers.
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1 Introduction

A sequence A of positive integers is said to be primitive if there is no element of .4 which divides
any other. We can see directly that the set of primes P = (p,),,~, is primitive, as well as the
sequences of the form:
Al =4 ps? . ptsan, .o €Ny . 4o = d}
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Erd6s [2] showed that for a primitive sequence A # {1}, the series ) converges.
acA

. . . . . ., . 1 1
Later, in [3], he conjectured that if A # {1} is a primitive sequence, then ag TToga < p;) TTogp
Recently, in [4,5], the authors studied a translated sums of the form

1
S(A, z) = ; alloga T 1)

where € R,. In [5], the authors constructed a primitive sequence A, such that for all z > 81

S (A, z) > S(P, z). In this note, we prove the following result.
Theorem 1.1. Let X > 1 and t > 0, then for any x > 1656\%* (log(\?* + 2))3/2, there exists a

primitive sequence A such that

S(A x) > \N'S(P, ).

For a real x, the quantity | x| denotes the integer part of .

2 Lemmas

Lemma 2.1 (6, 8]). We have:

pn > nlogn (Vn > 2) Q)
pn < n(logn+loglogn) (Vn > 6) (2)
1
Z - > loglogx (x >1). 3)
pEP,pgxp

Lemma 2.2 ([1]). For k > 463,

1
< 1+ .
Pr+1 = Pk ( 2log2 pk)

Lemma 2.3. For any real number x > 0 and any integer k > 2 the following holds

Z 1 _ log(1 + @)
pu(logp, +x) ~ T

n>k

Proof. Let x > 0 be a real number and £ > 2 be an integer. By (1) and since the function

——decreases on |1, + c0), then we obtain:
tlogt(logt + x) 1. +00)

1 1
e T S 2
et pn(logp, + ) —n logn(logn + loglogn + z)

+oo

1 / dt
¥ : |
— nlog n(logn + x) tlogt(logt + x)
" k
We put u = logt, so

+oo +o0 +oo

/ dt _/ du _1/ 11N, los(t )
tlogt(logt +x) ) wlu+z) = v u+x B T '
ks

log k log k

This ends the proof. [
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Lemma 2.4. For any integer n # 0, we have:
n! < n"e'™"/n .

Proof. For n = 1, the inequality is verified. For n > 2, the result follows from

n! < n"e "\ 2mrnel/1?"

(see [7]). [l

3 Proof of Theorem 1.1

Let A > 1 and let ¢ > 0. To prove this theorem, we need the parameters «, c and 3 which satisfy:

5
ca > el + log1.008,0 < a < 2 (ChH
£ > 1.950 (C2)
those parameters will be chosen later, the real c is chosen to be the smallest possible value so
that; for any x > e\ (log(A\2 + 2))*?, there exists a primitive sequence A # {1} such that
;4 W > A Z;) m. Let p; be the largest prime satisfying p, < e**, then according

to Lemma 2.2 and (1), we obtain
Pe < €™ < pry < 1.008p. 4)

Assume that d = |8+ logA* + 3loglog (A% +2)], then from (CI) and (C2), we have
x> 1 (e? 4 1og 1.008) and from (3) and (4), we obtain

k

1 Pr41
Z p_n > loglog pr, > loglog 1008

ar

1.008

> log log > d. 4)

n=1

Now, we define the following sets of positive integers:
Pr = {n|Pn € P, pa >pk},A:A§UPk.

It is clear that A¥ N P* = & and the sets A%, P*, A are primitive sequences. Then, according to
the multinomial formula and (5), we have

1 1 Vp)™  (L/p)™
ZE = Y wmmw > Y, ((/i))! ...((/5:))!

ac Ak ar+otap=d P1 P27 Pi a1+..+ap=d
k k
1 1, d'g1
= —_— e > .
d! (; pn> d! ; Dn

So,

dd 1
Z - Z—. (6)

aE.A';
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Since x > cA* (log(\* + 2))3/ ?_then from (C1) and (C2) we obtain e®® > 3303 > pye,. Hence
using (4), we find pags < pr < € < pr1 < 1.008pg. By using (2), we get

log pr < ax < logpy + log 1.008 < log (k (log k + loglog k)) + log 1.008.

Now, since the function

N log (t (logt + loglogt)) + log 1.008
logt

decreases on [464, + co), then we have

log (t (logt + loglogt)) + log 1.008 < log (464 (log 464 + log log 464)) + log 1.008

~ 1.339
logt - log 464

that is,
ar < 1.3391log k. @)

By using inequality (7) and Lemma 2.3, we find

1 - log(1 + 157) g log(l+%§’9).

8
“ pu(logpn + ) x x ®

On the other hand, according to (4) and (5), we have for z # 0
k 1 k

1 1
- > > — 2
an(logpn—l-:v)_z (ax + ) — ( a—l—l xzpn_ a+1)

n=1 n=1 Pn n=1

and from (8) we obtain

k
1 d 1

> > ED -

pn(logp, +2) — (a4 1)log(1 + =22) —~ pn(logp, + )

n=1
Now we put h (a) = (a + 1) log(1 + 1232), then we obtain

k

d (& 1 : 1
> - - - -
2 Pn 1ogpn +x) ~ h(a) (; n(log pn + 1) ; pn(log pn + x))

n=1

therefore,

d \ < 1 R~ 1
(1 i W@)) 2 pe(ogpn +7) = hi(a) ; pa(logpn + )’

n=1

Thus

M=

d X 1
> > . 9
 Pn logpn+rc) ~ d+h(a) <= pa(logp, + 7) ®

Since p¢ is the largest element in A%, then according to (4), we have for any a € Ak
loga < dlogpi. < dax,

hence, from (6), we obtain:
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1 1 1 1
ga(loga%—az) B Z a(loga +x) Zk a(loga + x) * ;k a(loga + x)

ac AkUPk ac Ak
1 1 1
> g DY
(dax + x) oy a pn(logp, + 1)
g 1 1
> + —
d!(de + 1) nz::l pn(logp, + ) ;k pn(logp, + )
i1 k 1 o2 1
= (—/———-1 — + _—.
(d!(da+1) ) ;pn(logpn+x) ;pn(logpn—i-x)
n—1 _
According to (C1), and since the sequence (un)n22 where u,, = nninun' increases, then we
i1 o : : o
have d(da 1) —1 > 0 for d > 4. By using this last inequality and (9), we obtain
dé-1 i 1 d—1 +oo .
P I
d!(dor + 1) “— pp(logp, + ) — \dl(da+1) d+h(a) < pa(log p, + )
Therefore,
1 4 d = 1
vy )y )y b
“ a(loga + x) d!(da+ 1) d+ h(a) £~ pn(log p, + )
L dMrdi(da+ 1) (a) X 1
~di(da+1) (d+ N (a)) & pa(logp, + )’

by applying Lemma 2.4, we get

1 e 4 Vd(do + 1)h (@) | <= 1
;4 a(loga + x) ~ ( Vd(do +1) (d+ h(a)) ) nZ:; pn(logp, + ) 1o

It follows from the expression of d, that: d > S — 1 + logA\* + 3loglog(A\* + 2), then
el1 > eF=2)\2 (log (A2 + 2))%/%.

And since log A < log (A% 4 2), loglog (A% +2) < log (A* 4+2) — 1 and 8 > 1.950, we
have d < (8 + 1)log (A\* 4 2), then da + 1 < ((B + 1) + 1) log (A\* + 2).

So, the formula (10) becomes

1 — 1
——— > Jag (A _. 11
;a(loga+x) Jas ( >;pn(logpn+x) (b

where
2N + VB +1((B+1a+ Dh(a)
VBFL(B+1Da+1)((B+1)log (M2t +2) 4+ h(a))
Now, we must choose « and f3 so that, for any A > 1 and any ¢ > 0, j,3(A) > 1 and
e? 4+10g1.008 .
(6%

ja,ﬁ (/\) =

is the smallest possible. That is, for any A > 1 and for any ¢ > 0

ef=2 S log (A% + 2)
VB+T(B+1)((B+1Da+1) A%
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log (A** 4 2)

Since, for any ¢ > 0 the function \ — decreases on [1, + c0), then

A2t
6’872
> log 3.
VB+1(B+1)((B+1)a+1)
B-2 _ 3 B B 2
Hence, © (ﬁ—s;l) log 3 > qand © + log 1.008 > (e” +10g 1.008) (5:r1) log3.
(B+1)21og3 a ef=2 —(B+1)log3

(e +10g 1.008) (B +1)% log3

- is also the smallest
ef=2—(B+1)2log3

Finally, we will choose (3 so that the quantity

possible.
A computer calculation gives 5 ~ 6.264, o ~ 0.317 and ¢ ~ 1655.234. By replacing « and /3
in(11), we get

3 1 _ TLO94N* +19.381 *i 1
“alloga+xz) " 64.6591n (A +2) +19.381 £ p,(log p, + x)

n=1
But, for every A > 1 and every ¢ > 0, we have
71.094)\* + 19.381
64.6501In (A 1 2) + 19381 ~
which leads to the inequality our main theorem. Thus, for A\ > 1, ¢ > 0 and for any
z > 1656.30% (log(\% + 2))*?, since d = 6.264 + log A* + 31oglog (A* + 2)| and k is the
greatest integer such that p, < e%317% the sequence A is well defined. This ends the proof. [
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