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present Binet’s formulas, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity and
generating functions for the k-Fibonacci and k-Lucas hyperbolic octonions.

Keywords: Fibonacci sequence, k-Fibonacci sequence, k-Lucas sequence.

2010 Mathematics Subject Classification: 11B39, 11B37.

1 Introduction

Fibonacci sequence is a well-known sequence which satisfy the second order recurrence relation.
The Fibonacci sequence is generalized in different ways by changing initial conditions or
recurrence relation. The k-Fibonacci sequence is one generalization of Fibonacci sequence which
is first introduced by Falcon and Plaza [10]. For properties and applications of k-Fibonacci and
k-Lucas numbers one can refer the articles [2, 6-9, 11, 12, 27]. The quaternions were first
introduced by the Irish mathematician William Rowan Hamilton in 1843. Hamilton [18] in-
troduced the set of quaternions which form a 4-dimensional real vector space with a multiplica-
tive operation. The quaternions have many applications in applied sciences such as physics,
computer science and Clifford algebras in mathematics. They are important in mechanics [16],
chemistry [13], kinematics [1], quantum mechanics [24], differential geometry and pure algebra.
In [19], Horadam defined the n-th Fibonacci and n-th Lucas quaternions.

In [23], Ramirez defined and studied the k-Fibonacci and k-Lucas quaternions. Quaternions
of sequences have been studied by many researchers. Such as Iyer [20, 21] obtained various
relations containing the Fibonacci and Lucas quaternions. Halici [17] studied combinatorial
properties of Fibonacci quaternions. Akyigit et al. [25, 26] established and investigated the
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Fibonacci generalized quaternions and split Fibonacci quaternions. Catarino [5] obtained
properties of the h(z)-Fibonacci quaternion polynomials. Polatli and Kesim [22] have introduced
quaternions with generalized Fibonacci and Lucas number components.

In [15], the hyperbolic k-Fibonacci and k-Lucas quaternions Q7 kn and Qﬁkm are defined as

Q" kn = Frnin + Frng1te + Fipyots + Fngsia
- <Fk,n7 Fk,n—l—h Fk,n—l—Q; Fk,n+3>
and
C . . . .
Q% = Lyt + Lyng1ta + Ly niots + Ly nisia
= <Lk’,na Lk,n+17 Lk,n+27 Lk,n+3>7

respectively, where Fj ,, is the n-th k-Fibonacci sequence and Ly, is n-th k-Lucas sequence.
Here, 11, 72, 13, 74 are hyperbolic quaternion units which satisfy the multiplication rule

io® =iy = iy® = igigia = +1, i1 =1,
loly = 1y = —iglo, 130y = lo = —i4l3, I4lp = i3 = —lgly.
In [3,4], A. Cariow, G. Cariow and J. Knapiski defined hyperbolic octonions. A hyperbolic
octonion O is an expression of the form
O = hg + hyty + hoiy + hgiz + haeq + hses + hgeg + hrer
= <h0, hi, ha, hs, ha, by, he, h7>,

with real components hg, hi, ho, hs, hy, hs, hg, h7 and 41, 5, i3 are quaternion imaginary units,
es(es® = 1) is a counter imaginary unit, and the bases of hyperbolic octonions are defined as
follows:

. - ~ 2 9 2 2
1164 = €5, 12€4 = €g, 1364 = €7, €4 =e5° =e¢eg° =e;” = 1.

The bases of hyperbolic octonion O appeared in [3,4] have multiplication rules as in Table 1.

i [ [is [ea[es [eo [ er |
’il -1 ig —’ig €x €4 —€r €g
’iQ —€3 —1 il €g €7 €4 —€5
ig ig —il —1 €7 —E€g (&1 €4
€y —€5 | —€g | —€7 1 il iQ ig
€5 —€4 | —€7 € —il 1 i3 —ig
€g €7 —€4 | —€5 —ig —ig 1 il
€7 —E€g €5 —€4 —ig ig —il 1

Table 1. Rules for multiplication of hyperbolic octonion bases

In [14], we derived some properties of the hyperbolic k-Fibonacci and k-Lucas octonions.

In the current paper, our main aim is to prove the well-known identities like Binet’s
formulas, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity and generating functions for
the k-Fibonacci and k-Lucas hyperbolic octonions.
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2 Hyperbolic k£-Fibonacci and %-Lucas octonions

In this section, some elementary properties of the hyperbolic k-Fibonacci and k-Lucas octonions
are obtained.

Definition 2.1. For n > 0, the hyperbolic k-Fibonacci and k-Lucas octonions O kn and Oﬁ;m
are defined by

F . . .
O kn = Fion + Frnt1t1 + Finyoto + Finists + Fipyaes + Fngses + Finie€6 + Fipiver
- <Fk,n7 Fk,n—l—lu Fk:,n+27 Fk:,n+37 Fk:,n+47 Fk,n+5; Fk,n-{—ﬁ; Fk‘,n-‘r7>7

and

Vi . . .
O%kn = Lin + Lini1t1 + Ligpiois + Ly pysis + Ly pyaes + Ly nyses + Ly nye€6 + Linirer
= <Lk,n7 Lk,n+17 Lk,n+27 Lk,n+37 Lk,n+47 Lk,n+57 Lk,n+67 Lk,n+7>7
respectively, where F}, ,, is the n-th k-Fibonacci sequence and Ly, , is the n-th k-Lucas sequence.

Here, iy, s, i3 are quaternion imaginary units, e,(e,> = 1) is a counter imaginary unit, and the

bases of hyperbolic octonions O kn and Oﬁkvn are defined as i1e4, = e5,19e4 = e€g,

izeq = e7,e4? = e5? = eg2 = e;2 = 1. The bases of hyperbolic octonions O, and 0%}, ,,

have multiplication rules as in Table 1.

Definition 2.2. For n > 0, the conjugate of hyperbolic k-Fibonacci and k-Lucas octonions OF ke
and O~ k.n are defined by

O% n = Fion — Fion1i1 — Fongoto — Fipisis — Finya€s — Finises — Frnye€6 — Finirer
= <Fk’,n7 _Fk'm,-i-la _Fk,n+27 _Fk,n+37 _Fk,n+47 _Fk’,n-i-f)a _Fk7n+67 _Fk,n+7>;

and

O%%n = Ly — Lin+1i1 — Ligniois — Lgnysls — Lk ntas — Lgnis€s — Lgnt6€6 — Lk nir€7

- <Lk,n7 _Lk,n+17 _Lk,n+27 _Lk,n+3’ _Lk,n+47 _Lk,n+57 _Lk,n+67 _Lk,n+7>7

respectively, where F}, ,, is the n-th k-Fibonacci sequence and Ly, ,, is the n-th k-Lucas sequence.

Here, 71,19, 73 are quaternion imaginary units, 64(642 = 1) is a counter imaginary unit, and the

bases of hyperbolic octonions O kn and Oﬁk,n are defined as ije4 = e5,172e4 = e€g,

izeq = e7,e4? = e5> = eg2 = e;2 = 1. The bases of hyperbolic octonions 07, and O},

have multiplication rules as in Table 1.

Theorem 2.3. For alln > 0, we have

(i) O pnss = kO i1 + O i,
(i1)  OF%ni2 = kO i1 + O
(ii))  O%%p =0T i1 + Oy
(iv) OF pnso = kOF iy + OF .,
(V) Ofnsz = kOC i1 + Oy,
(

UZ) Oﬁk,n = O]:k,n—i-l + O}—k,n—l-
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Proof. (i). Using Definition 2.1, we have

kO i1 + Ok = k(Fions1 + Fynaoit + Fiongsia + Finrats

+ Frnises + Finiees + Fynires + Frnyser)
+ (Fin + Frpa1in + Fypaoiz + Fiongsis + Fipiaes
+ Fnis€s5 + Fontees + Finsrer)

= (kFyns1 + Fon) + (Fins2 + Fins1)ia
+ (kFinss + Fins2)ia + (kFynia + Fings)is
+ (kFynss + Finsa)ea + (kFgpi6 + Frpnis)es
+ (kFrnsr + Finse)es + (kFynis + Finir)er

= Fing2 + Frngstn + Frpnqatio + Fypysiz + Finqeéa
+ Frnyres + Finyses + Fipior

f
=0 kn+2-

The proofs of (ii), (iii), (iv), (v) and (vi) are similar to (i), using Definition 2.1. O
Theorem 2.4 (Binet Formulas). For all n > 0, we have

. riry" — rare”

iy of,=— ==

Q w Ty — T2

(¢1) Oﬁk,n ="+ rary”,

(iii) OF, = B rars"
’ ry—7ry

(

iU) Oﬁkz,n = fg’f’ln + 7;47,2717
where

r=1+mre+ T12i2 + T13’i3 + 7’1464 + 7”1565 + T1666 + T1767 = <1, r1, 7"127 T13, T14, 7’15, 7"167 T17>,
o = 14 raiy + ro’iy + ra’is 4+ rates + raes + raleg + 1o’ er = <17 ro,ro°, 1%, 7”25,7“2677’27>,
7y =1—ryiy — 1%y — 11y — ri'es — ri°es — 7 %es — 117 e7

= <1, T, —7“12, —T‘13, —T‘14, —T‘15, —T‘16, —T‘17>,
T4 = ]. + 7”27:1 — T22i2 — T23i3 — 7’2464 — 7”2565 — T2666 — 7”2767

= <1> T2, —7"22, —7"23, —7"24, —7"25, —7"26, —7"27>-
Here, iy, iy, i3 are quaternion imaginary units, e4(e,*> = 1) is a counter imaginary unit, and the

bases of hyperbolic octonions OF kn and Oﬁk,n are defined as 11e4, = es5,i2e4 = e,

iseqs = e7,e42 = e5° = eg2 = e;2 = 1. The bases of hyperbolic octonions Of,w and Oclm

have multiplication rules as in Table 1.

Proof. (1). Using Definition 2.1 and the Binet formulas of k-Fibonacci and k-Lucas sequences,
we have

f . . .
O kn = Fiop + Frni1t1 + Fipyoto + Fingsts + Fipyaes + Fnqses + Fipi6€6 + Fipirer
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" — o T1n+1_r2n+1 ‘ r1n+2_r2n+2 ‘ 1n—|—3 7,271—1—3
= [ ] i [ iyt | is
™ —T2 ™ —T2 T —T2 T —T2
T1"+4—T2n+4 7‘1”+5—T2"+5 —+ — 1y +6 n+7_T2n+7
+[—}€4+[ ]€5+[ ]€6+[ }67
rn —"Te r —T2 r —T2 rn —"Te
7“1”
. 2 3, 4 5 6 7
= (1+T‘1’Ll+7"1 19 + 74 23+T‘1 es+ 1 65+T1 €6+’I"1 67)
=T
ro" . 2 3, 4 5 6 7
— (1—|—T221+T2 19+ 12713+ 1o €q +To €5 + T €6 + T2 67)
™ —T2

rir" — Tary"”
rn —r2

(i1). We have,

Oﬁk,n = Ly + Ly p191 + Ly pyoio + L ny3is + Ly npa€s + Ly nises + Ly 666 + L nyrer
= (7“1" + 7“2”) + (T1n+1 + T’2n+1)i1 + (7“1n+2 + T2n+2)i2 + (7’1n+37“2n+3)i3
+ (T1n+4r2n+4) eq + (T1n+57‘2n+5)65 + (T1n+67,2n+6) s + (T1n+7T2n+7) er
= 7"1”(1 + Tlil + 7’1%2 + T13i3 + 7“1464 + 7“1565 + 7"1666 + 7'1767)
+ 19" (1 + raiy + o%in + 1975 + rotes + ro’es 4+ 1% 4 o er)

= T’_l’l”ln + Fg?”gn.
The proofs of (iii) and (iv) are similar to these of (i) and (ii) using Definition 2.1. [l

Some interesting properties of 77, 75, 73 and 74 are listed in [14]. Some of these are listed in
Lemma 2.5.

= 2 .3 .4 .5 .6 .7\ = _ 2 ,.3 .4
Lemma 2.5. Forr; = <1,7"1,r1 s, T, 0, r 0,y > ro = <1,7’2,r2 , 797, 9",

5 6 7 o 2 3 4 5 6 7 T
T2™, T2, T2 >) r3 = <17_7a17_7n1 y T, ", T, o, N >and7"4— <17_T2

— 7“22, —7“23, —7“24, —7“25, —7“26, —7“27>, we have

(1) 71— 1= V30T,
(2) 71472 = 0%y,
(3) i = (2, =2(r1 — 2ra), —2(r1® — 2r9%),2(r1 — 1o + 15%), 2",

2(r® — 1) + 25, —2(r 2 — o ), T — (= o) (-t — 1)> = Uy,
(4) 72 = (2,=2(ry — 2r1), —2(r2” — 2r1%),2(ry — 11 + %), 2ryt,
2(re® — 113 4 290, —2(ro2 — r 2+ r8) T T — (ry — ) (At — 1)> = Uy,
72 = (—1—T12—T’14—7‘1 +r 8+ 14) + 2r; = us,

(5)
(6) —22:(_1_7~2 — 1t =S g !0 ! 4yt )+27“_2=u_4,
(7)
(8)

775 — 1o = 2v/6(0, =3, =3k, (1 — k%), k(k* + 2),
k* 4 5k* + 3,k° + 4K° + k, —(k* + 4k + 1)) = us,
(9) 72— = V(K" + 13k™ + 66k° + 165" + 208k> + 116k> + 16k + 207 ) = s,
(10) 7 +p® = (K" + 15k™ 4+ 90k™ + 275k + 448k° + 364k + 112k* 4+ 207, ) = uz,
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7’3:2—7:1 and 7"74:2—7:2,

_ _ 2 4 6 8 10 12 14\ __
rrg =mrmTs 1—(1+T’1 +ri4+ry —r"—=ry 0 —r1 =" )—Ug,

)

)

13)  rory = rara = (L4 ro® + 1ot + 10 — 1 — 110 — ™2 — M) = wyg,

) TiTa = <Oa4(T1 - 7”2)>4(7”12 - 7’22)7 —2(ry — 1y — e — 7”23)70,

—2(r® = 12%),2(r? = r® +2r1%), 1T — T+ (1 — ) (et = 1)) = i,

(15) 7y = <O, —2(ry — 1), —2(r1% — 192),2(r1 — 1ra), =2(r1* — 1ry*), 2(r — 1ro?
=71+ 11°), =2(r* —r® = =0T =T = (r =) (mt et — 1)) = un,

(16) rarg = <O, —2(r1 —19), —2(r1% — 19%),2(r1 — ro — 11° + 1%, —2(r* — ro?),
2(r1® —193), =2(r12 — 1o — 2r0), = T T — (1 — o) (rt ot — 1)) = 1o,

(17) 73719 = <O, 2(r1 —13),2(r1? — 19?), —2(r1 — o), —2(r1* — ro*), —2(r® —ry?
+71° = 12°),2(r% = 2+ i %), =T+ (=) (et — 1)) = s,

(18) 73y = 4 — 20%0 + 1,

(19) 77y =4 — 20% 0 + 1z,

(20)  7rary — ryT3 = Uy — Ug,

(21) 73y = <O, —2(ry — 1), —2(r1% — 19?), =2(r1® — 1%, —4(r* — ),

—2(r1° = 15°),2(r1% + 3ry°%), —2(r, " — r27)> = Uy4,

(22)  raro — rary = (0,6(r1 — 12),6(r1® — 1o?), —2(2r1 — 275 — 11 4+ 15%), 0,

—2(2r1% = 21 + 11° —1°),2(2r % = 2r0” + 1% = 12°),2(r1 — o) (1t + 2t — 1))
= Uis,

(23)  rrg — 7 = (0,6(r1 — 12),6(r1” — 12%), =2(2r1 — 2ry — 11 — 15%),2(r" — 7"14),
—2(2r1% = 21 + 11° = 1°),2(2r % — 210" + 1% = 12°),2(r1 — o) (1t 4+ 2t — 1))
= Ui,

(24) r3° =453+ a3 — 4 = iy,

(25) 7% = 4ry + 1y — 4 = tgg.

Theorem 2.6. For all s,t € Z*,s > t and n € N, the generating functions for the hyperbolic
k-Fibonacci and k-Lucas quaternions O ktn and Oﬁkﬁm are

Ofk,o + (Oﬁk,OFk,t - Ofk,t)~77
1 —xLy; + x?(—1) ’

O%o — (OF koL — OF )
1-— ILk,t + .TQ(—].)t ’

O]:k,s + (_1)%50]:3,5715

1 —alp, +a?(-1)¢
Oﬁk’s + (—1)t$(9£3_t
1— SL’Lk,t + $2(—1)t ’

(i) > OFpma" =
n=0

o0
(it) Y OFpma” =
n=0

&)
(122) Z Ofk,tn+s$n =
n=0

oo
: c
(1v) Z Ok tntst" =
n=0
and the exponential generating functions for the hyperbolic k-Fibonacci and k-Lucas quaternions
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C’)fkvtn and Ockm are

o0 t
() O kin , T1€™MT — 19"
v D =
n! ry— 1T ’
n=0
o0
OF .
(vi) Z 2R = e T e’
n!
n=0

Proof. (i). Using Theorem 2.4, we obtain

> e = . 1n = . In
mry — el
E O}—k,tnxn — E ( )xn

rr—T2

1 = t\", n P - t\", .n
(7"1 ) xr — Z (TQ ) T
=0 =0

7"1—7’2n 7“1—7"2n

_ oLy m !

ry—re 1 —rix ry—1r9 1 —rolx

)

1 (7’_1—7"_2)+|:7’_27’1t—7‘_17’2t}$

= [ |

re =7y 1 — (rt 4 rot)x + 22(riro)?

1 [(Tl — 7:2) + [erlt — fg’l“gt + fQTQt — flrlt + 7:1T1t — 7:17“2t]11

Ty — T 1— (rt 4 rot)z 4+ 22(riro)?

(22 4 (4 ) (L) — (DI D2y,

L — T2 T — T2 L — T2

1— (Tlt -+ T’Qt)l' -+ .TQ(TlT'Q)t
Using Theorem 2.4 and Lemma 2.5, we obtain

B O% o+ (Ock,OFk,t — Ofk,t)x
B 1 —aLlg, +22(—1)t

The proofs of (ii), (iii), (iv), (v) and (vi) are similar to (i), using Theorem 2.4.

Theorem 2.7. For alln € N, we have

M-

@) Y () HOPki = 0% kan,

0
() (7{) KOC = O o,

)

7

3

Proof. (i). Using Theorem 2.4, we obtain

zn: (1) KO%hi = zn: (7) (T =y

ro—r
i=0 i=0 1 2
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r — T2
= O]:k,2n-
The proof of (ii) is similar to (i), using Theorem 2.4. O

Lemma 2.8. Forallt > 0, we have

- t - t
. UITo" — UaT -
(i) ———————— = Uy,

r — T2
where
Ui = < — 2F 4, —2F 1 — 4F 01, 2F 0 — 4Fg 140, 2F ) i—o0 + 2F ) 101 — 2F) 443,
—2Fy 0, 2F 3+ 2F) 143+ 2F 4 5,2F 40 — 2F) 440 + 2F) 4,
Fri7—Frivr — Lygya — Lpg—a + Lk,t>7
M — 1" M0y B

A
(”) = Vk,mfnv
r —To

where
vk,m—n - <2Fk,m—n7 _2Fk,m—n+1 - 4Fk,m—n—1> _2Fk,m—n+2 + 4Fk,m—n—27
2Fk,m—n+1 + 2Fk,m—n—1 - 2Fk,m—n—3a 2Fk,m—n+4a
2Fk,m—n+3 + 2Fk’,m—n—3 + Fk,m—n+57 _2Fk,m—n+2 + 2Fk‘,m—n—2 - 2Fk,m—n+6a

Fk,mfnJr? - Fk,mfn77 - Lk,mfn+4 - Lk,mfnf4 + Lk,mfn>>
(iii)  zrit + ugre’ = Wiy,
where
V_Vk,t = ( —Lyy—Liyyo— Liyia— Liyir6+ Ligqrg + Ligrr0+ L 12+ Lk,t+14) + rok,t,

— ot -t
. U3ry — UqTo 5
(iv) ——— = Xy,

T —Te

where
X = ( — Py — Frpro — Frpva— Frpr6 + Frprs + Frppi0+ Frppin + Fk,t+14) +207 4,

- t - t
Ugry” — UgTo
(v) # = Lk,t+1 + Lk,t+3 - Lk,t+9 - Lk,t+137
1— T2

— ot - .t
. U1ty — U872 N
(vi) = Vit

rsr—7mr2

where

Vit = (= Fip— Frpso— Fupra— Frpso+ Fuprs+ Fropio+ Fipriz+ Frppa) +4—207 .
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Theorem 2.9 (Catalan’s Identity). For any integer t and s, we have

(i) O kntOF pie — OF

_1)n_tFk,tak,tu
(i1) OO %t — O km —

2
= (
= (=) V.

Proof. Using Theorem 2.4, we have

OF OF OF. % _ Try" Tt — g T T — gt riry" — Tare™ | 2
k,n—t kn+t — kn — ( )( ) - ( )
T —To T — T2 T —Te
1 _ _
= —2 |:7’127”12n — 7"17’27'1n t7’2n+t — 7"27’17'2” t7’1n+t + 7“227”22n
(r1 —72)

— 7:12T12n + flfg(rlTQ)n + fgfl (TlT‘Q)n — 7:22T22n}
n
— —(;7"17’22 2 [7’_17”_27‘1{/7’1% — ity Tt — ety T 4 7“_27’_1?”2157“2%}
1— T2
(r1r2)" T Y — N —t Y — N —t
- (T’ r )2 |:T1 [(T1T2)r1 - (TQTI)TQ ] — T2 [(T1T2)T1 — <T2T1)T’2 H
1— T2

)n('f’l — T )<(T_17’_2)?”1_ — (7727”_1)7’2_ )

= (ri72
T — T2 T — T2
t t o t (oo t
_ (TlT‘g)n—t(Tl T2 )((7"17’2)7‘1 (72771)72 )
T — T2 ™ — T2
Using Lemma 2.8 and 173 = —1, we obtain

= (=1)" Foddyz.

The proof of (i1) is similar to (i), using Theorem 2.4 and Lemma 2.8. L]

Theorem 2.10 (Cassini’s Identity). For all n > 1, we have

(i) O 107 i1 — O ko

(i1) O%% 10 ni1 — 0%k

2 e -
= (—=1)""" Fr iy,
2 N o
— (5(—1) Fkytvm.
Theorem 2.11 (d’Ocagne’s Identity). Let n be any non-negative integer and t a natural number.
Ift > n+ 1, then we have

(i) O 1107 ki1 — 07107y = (= 1) Vs,
(i) OO i1 — 0% 110k = (1) 0V .

Proof. Using Theorem 2.4, we get

+1

n+l _ f2r2n )

71 — ToT m™r
a F F F 171 212 171
O 1007 ki1 — 07 11107 1 = ( )(

™ —T2 ™ —T2

+1) (7"_17"1”' — 7”_27“2n)

o t+1 ot
(7’17“1+ — 22
rn —T2 r —T2

1 2,. n+t+1 +1

— 2  nt+t+l — t+1 .. n — n,, t+1 — 2  n+t+1
—Tr T + 7“17”2(7"1 T9 ) + T27‘1(7”1 T2 ) — T Ty }

o 7’717T2T1t7“2n o 7:27;1T2t,r1n+1 + 7:22r2n+t+1
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_ (T1T2)n — — _ t—n N )
- —(7’1 — [rlrzrl (ry — ro) — rryry " (ry — TQ)]

o t—n o t—n
. nrl172l — TI'9T1T2
= (7’17”2) [ :|
r —T2
Using Lemma 2.8 and 175 = —1, we obtain

- (—1)n)}k7t_n.
The proof of (ii) is similar to (i), using Theorem 2.4 and Lemma 2.8.

Theorem 2.12. For any integer t, we have

() Ot + 0%, = < [(1+ Wi + (6 — 1)(=1)'0%0],

SO

2

(i) Oy — (’)Ek,f =—[(1 =)Wy — (1 + 5)(—1)’5(’)%,0]

| =

Proof. Using Theorem 2.4, we get

st et
F o2 C 2 71 — 7ol '\ 2 _ ¢ — 1\ 2
Okt + 0% = (—) +(7"17’1 +7’27“2)
Ty —T2
1

) [( )2 2 + (7"_2)27’22t — 7’_17"_27"17’2t - 7727717’17"275}
7’

[

2t =~ = t = t
(r2)%r2% 4 Frarirs’ + rarrirs']

)’
+9) oy, O=DED
5 |:( ) +T2) T )‘f“f[?‘ﬂ"g—i—’r’grl}.

Using Lemma 2.5, we obtain

_ %[(1 + ) Wit + (6 — 1)(—1)'0%].

The proof of (ii) is similar to (i), using Theorem 2.4 and Lemma 2.5.
Theorem 2.13. For any integer r, s > t, we have
O}—k,r—ﬁ-soﬁk,r—&—t - O]:k,r-l—toﬁk’,r—i-s = 2(_1)T+t (Oﬁk,o - 2) Fk,s—t-

Proof. Using Theorem 2.4 and 175 = —1, we get

1

O}—k,r—i-sol:k,r—l-t - O}—k,r—l—toﬁk,r—ks = " , [(flrlqdrs - 772T2T+S)'
172

(Flrlr+t + ?"_27°2r+t) _ (7,—17,,1T+t _ 7;27,2r+t) (7,—17a17“+s + f2r2r+s)]
(Tl’l“g)r ~ S s, t S = t. s

= |:7’17’2—|—7”2T1)T’1 T2 —<T1T2+T2T1)T1T2]
™ —T2
r17r9)"

= (nir2) (772 + 7211 (r°r = m'ry®).
rL—"2

Using Lemma 2.5, we obtain
=2(—1)"" (0% — 2) Fys—.
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Theorem 2.14. For any integer s, and t, we have
(7/) O}—k,s+t + (_1)t0]:k,sft = O]:k,st,tv
(i1) OFpspt + (=1) 0%t = O Ly
Proof. Using Theorem 2.4, we get
1

rL—7r2

O]:k,s—l-t -+ (—1)t(9fk,s_t = [(7"_17“18+t — 7"_27’28+t) + <—1)t(7’_17’18_t + TTQT’QS_t)]

1
= |:7’1T18+t — 7’27”28+t -+ 7’17’187’2t — TngtTQS}
rn —r
1
— S t t — S t t
= [F1r1° (1" + 12") — (" + 12f)
rn —r
— S ~ S
rir1T — ol ¢ ¢
= —>(7‘1 +7"2)-
T — T2

Using Theorem 2.4, we obtain
= O sLiy.
The proof of (ii) is similar to (i), using Theorem 2.4.
Theorem 2.15. For any integer s < t, we have
(i) OO0y — O, O, = (_1)85_%U5Fk,t—sa
(i) OF O py — 0% Oy = (—1)' 6305 Fy sy,
(i1i) O O s — OF O = 2(=1) FpoysO 0,
(iv) OO ks — OF 1 O s = 2(—1) Vs

Proof. (i). Using Theorem 2.4, we have

(7“_17"15 - 7’_27“28) (7717"1t — 7“_27"2t) B (7"_17’1t — 7“_27"2t> (7"_17’18 - 7”_27”2s>

L AL L AL
07507kt — 07 O% s =

=T =T =T rE =T
1
= —(Tl — r2)2 (Tlt’l“gs - ’I“ls’l“gt) (flfg - fg’lﬁ)
B o o r t—s r t—s
= (r1r2)*(r1 — r2) " (71772 — 7277) (—1 = )
™ —T2

Using Lemma 2.5, we obtain

= (—1)85_%@5Fk,t—s.
The proof of (ii), (iii) and (iv) is similar to (i), using Theorem 2.4 and Lemma 2.5. O

Theorem 2.16. For any integer n > 0, we have
(1)) O a0 hn — OF 1, O 0 = (—1)"67 % (2uizp — uina),
g = = _1
(i1) O 0O+ OF 1O 1 =202 (Ly i1 + Liyos — Liiro — Lisii3)
+ (1) 2 (2uis — i),
(”Z) O}—k,noﬁk,n - (Q_‘Fk,n(g_]:k,n = A?k,Zn + 57% ((_1)nu—5 - 'Lzl + 62) - j}k,Zn'
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Proof. (i). Using Theorem 2.4, we have

O]:k:,néﬁk,n — (jfk,no]:k,n = (—ﬂm" — r’zrgn) (7“_37’1" + 7‘_47’2") - (—fgrln — ﬁr?n) (7‘_17”1n + 7’_27”2n)

™ =T o —T2
r17T9)" o o o
= (7(~11_2_3“2) (27«17~4 — Targ — 7‘37‘2)
Using Lemma 2.5, we obtain
— (—1)"072 (2uizp — tiiy).
The proof of (ii) and (iii) is similar to (i), using Theorem 2.4 and Lemma 2.5. O

3 Conclusion

This study introduce hyperbolic k-Fibonacci and k-Lucas octonions. Moreover, we obtain
Binet‘s formulas, Catalan‘s identity, Cassini‘s identity and d‘Ocagne‘s identity for hyperbolic
k-Fibonacci and k-Lucas octonions.
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