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Abstract: The generalized Lucas sequence {U, } > is defined by U,,41 = rU,, + sU,—1; n >0
with Uy = 0, U; = 1 of which the Fibonacci sequence (F,,) is the particular case r = s = 1. In
2018, F. Luca and A. Srinivasan searched for the solutions x, vy, z € F;, of the Markov equation
224+ + 2% = 3zyz and proved that (Fy, Fy,,_1, Fy,41); n > 1 s the only solution. In this paper,
we extend this work from the Fibonacci sequence to any generalized Lucas sequence U, for the
case s = *£1.
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1 Introduction

The Fibonacci and Pell sequences are most famous examples of linear recursive sequences.
Further, the generalized Lucas sequence {U,},>¢ and its companion sequence {V },>o are
defined by

U1 =rU,+sU,1 and Vi1 =7rV,+sV, 1
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for all n > 0 with initial terms Uy = 0, U; = 1, Vy = 2, V; = r, where r and s are integers such
that 72 + 4s > 0. The Binet formula for these sequences are given by

o — Bn
U,=— and V,=a"+ (", (1)
a—p
Vr24+4 —Vri+4 . .. .
where o = H_T% and 8 = % are roots of their characteristic equation

2> —rx—s=0.Clearly, 0« — 3 = V12 +4s,a+ f =rand of = —s.

With (r,s) = (1,1) we obtain the Fibonacci (F,,) sequence and the Lucas (L,,) sequence
respectively. Similarly, with (r, s) = (2, 1) we obtain the Pell (P, ) and Pell-Lucas (Q),,) sequence
respectively. The sequence ¢, = (),,/2 is known as the associated Pell sequence and is recursively
defined by

Go=q=1 g1 =2¢+¢-15n=>0.

Thus, from (1) it is obvious to have the Binet formula

qn:a;—ﬁ’ where o =1++v2 and f=1-V2. (2)

Behera and Panda [1] defined balancing numbers n as solutions of the Diophantine equation
1424 +n—1)=0+1D+n+2)+--+(n+r),

where 7 is the balancer corresponding to n. Further, the sequence of balancing numbers (B,,)
satisfies the recurrence relation for U,, with (7, s) = (6, —1). The sequence of balancing numbers
are closely related to the sequence of Pell and associated Pell numbers. For instance, B,, = P,q,
and B,,, = 2P, (see [5]).

In the year 1880, A. Markoff [4] studied the Diophantine equation

v? P+ 22 = 3ayz 3)

in positive integers z < y < z and the components of the solution triple (x,y, z) corresponding
to the Markov equation (3) are known as Markov numbers. Further, if (z, y, z) is a Markov triple
then (z, 2,32z — y) and (y, 2z, 3yz — x) are also Markov triples. The first few Markov numbers
are

1,2,5,13,29, 34,89, 169, 194, 233, 433,610, 985, 1325, . ...

(sequence A002559 in [6]), which appears as the coordinates of the Markov triples
(1,1,1),(1,1,2),(1,2,5),(1,5,13),(2,5,29), (1,13, 34), (1, 34,89), (2, 29, 169),

(5,13,194), (1,89,233), (5,29, 433), (1,233, 610), (2, 169, 985), (13,34,1325), ... .

One can see that, all Markov numbers on the regions adjacent to 2’s region are odd-indexed
Pell numbers whereas all Markov numbers on the regions adjacent to 1’s region are odd-indexed
Fibonacci numbers. Thus, there are infinitely many Markov triples of the form (1, Fy,,_1, Fo, 1)
and (2, Psy,_1, Py, 41) for arbitrary positive integers n. In a recent paper [3], F. Luca and A.
Srinivasan proved that there is no Markov triple (F;, F};, F},) other than (Fy, Fy,_1, Fo,q1); n > 1.
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The above studies motivate us to search for the existence of Markov triples (7, U,_1, Uy +1)
and (U;, U;, Uy,).

In this paper, we completely solve (3) with s € {£1} and (x,y, z) = (1, Up_1, Uy41). Further,
we prove that there are only two sets of Markov triple of the form (U;, U;, Uy) when s = 1. We
also prove a similar result when s = —1 with certain restrictions over ¢, j and n. The following
are our main results.

Theorem 1.1. For any positive integer n, if (r,U,_1, U, 1) is a Markov triple corresponding to
(3) with s € {£1}, then

(T, Un—l; Un—‘rl) = (1, F2k—17 ng+1) and (2, P2k;—17 P2k+1) for all integer k Z 1.

Theorem 1.2. For positive integers i,j and n, if (x,y,z) = (U;,U;,U,) is a Markov triple
corresponding to (3) with s = 1, then

(z,y,2) = (Fy, For_1, Foryr1) and ( Py, Pog_1, Pay1) for all integer & > 1.

Theorem 1.3. Let i, j and n are positive integers such that i + j < n. Then, the Diophantine
equation (3) has no solution of the form (x,y, z) = (U;,U;,U,) when s = —1.

2 Preliminaries

To prove our main findings, we need the following results and definitions, which will be used in
the forthcoming section with or without further reference.
The following Lemma plays an important role for solving the Markov equation.

Lemma 2.1. [3, Lemma 2.1] If (a,b,¢) # (1,1, 1) satisfies the Markov equation and a < b < ¢,
then 3ab < b+ c.

Lemma 2.2. The k-th term of the generalized Lucas sequence {U,} with s € {£1} satisfies the
inequality
ak—2+e < Uk < Oék—l—l—e’

where € satisfies 2¢ + s = 1.

Proof. First consider that s = 1, for which ¢ = 0 and we need to prove the inequality
a*=2 < U, < o*71. Since aff = —1 in the sequence {U,,} corresponding to s = 1, we have
k_ (_1Yeq "k k —k 1+ L
Uk:a ( )a <Oé +a :ak_l aik- (4)
a+at a+al 1+
Since 1+ ﬁ <1+ é for k > 1, from (4) we conclude that

U, < a™ . 5)
Now, we prove the left bound of Uy. In view of Proposition 6 from [2],

Oék = OéUk + Uk;—l
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or

Since « satisfies the characteristic equation 22 — rz — 1 = 0, we have o* — 1 = ra. Applying (5)
to the above equation, we get

k—2
o
Up > ot — =a"3(? - 1) =a"3(ra) > a" 2
o
Next, for s = —1, ¢ = 1 and thus, we need to show that o*~' < U, < a*. So let us now
k
assume that s = —1. Since, aﬁfﬂ > () for each positive integer k, we have

k
[0
Up < " < aoF,
which is the required upper bound. Now, the inequality
U, _ k
Eo_ o 1—(8/a) > a
Uy-1 1= (B/a)!

holds for each £ > 0 and thus, U, > aUj_;. Iterating this inequality recursively, we get

U, > o, = ozk_l,
which is the desired lower bound. This completes the proof. O]
Lemma 2.3. For any positive integer j,
(i) 25+ P? + P} 3 = 15P;Pj 3 if and only if j = 2,
(i) 841 + Pj2 + Pj2+5 = 87TP;Pj.5 ifand only if j = 2.

Proof. (i) When j = 2, we get 25 + P? + P2 = 870 = 15P, P5. Now, using the Binet formula of
Pell numbers given in (1), we get

25+ P? + PP 3 — 15P;Pj.3
i _ B3\ 2 J4+3 _ pj+3\ 2 i _ Aj §+3 _ Rj+3
() () el ) (s ) e
2v2 2v/2 2v2 21/2
1 ) . . ) . .
= (@ 4+ 5% = 2(=1) + (%40 4 g0 — o(-1)7*)

_15(aF 4 G o g3 aj+3ﬁj)> 195

= (%% + %) + 676 + % —15(a®*% 4+ BP0 +15(=1)(a® + §%)) + 25

— _((a2j+3 . 52j+3)(a3 - 53) o 15(a2j+3 4 52j+3) + 15(_1)j(a3 +ﬁ3>> 195

15 15 ;
= Pyj3P3 — - D2it3 + Z(—l)]q;; + 25 (using the Binet formula given in (2))

20Pyj43 — 15ga 43 + 105(—1)7 + 100)
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1 A
= Z(2OP2J‘+3 - 15(P2j+3 + P2j+2) + 105(—1)] + 100) (SiHCe q; = PJ + -Pj—h ] € N)

1 ,

5 ,
== Z(P2j+3 - 3P2j+2 + 21(—1)] + 20)
= T(P2j+2 - P2j+1 - 21(_1)] - 20)-

If 7 is odd, then

)
25 + Pj2 + Pj2+3 — 15PJP]+3 = T(P2j+2 — P2j+1 + 1) <0,

since Pojio — Paji1 +1 > 0forall j > 1.
If 7 is even, then

-5
25 + F)Jz + Pj2+3 - 15.PJF)]+3 - T(P2j+2 - P2j+1 — 4].)

But, P9 — Pyjp1 —41 > 0for j > 2 and P9 — Poj1 — 41 < 0 for j < 2, which implies that
25+ P? + P?, 4 # 15P; P for all positive integers j # 2.

(i1) Proceeding as above it is easy to show that
841+ P} + P}y — 8TP;Pj5 <0
for all positive integers j # 2. Hence, the proof is complete. [
Similarly, we have the following lemmas.
Lemma24. If s = 1,7 =5and j €N, then 25+ U? 4 U?,, = 15U;Uj 5 has no solution.
Proof. Using the Binet formula (1) for the terms of U (5, 1), we get

25+ U7 + Uy — 15U;Uj40

B ol — B2 oIt — Bit2 2_ o — BiN [ait? — Bit2
‘(@)*( v ) 15(@)( v )”5

= o5 (0% 4+ 57 = 2(=1)7) 4 (¥ 4 G941 — 2(~1y%)

— 15(a¥2 4 fEFE I pit? aj+26j)> +25

= L (022 4 ) (02 12— 15) + (—1P(15(a + B7) — 4)) + 25

29
1 : , :
= E((oﬂﬂ+2 + BFF)(27 — 15) + (—1)7(15(27) — 4)) + 25
1 .
which is positive for all 7 > 1. This completes the proof. O]

Lemma 2.5. Ifs = landr,j € N, then 1 + Uj2 + Uj2+1 = 3U;Uj41 ifand only if r, j € {1,2}.
Further, if s = —1and 2 <r € N, then 1 + Uj2 + Uj2+1 = 3U;Uj 1 has no solution.
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Proof. Let s = 1, then for r € {1,2},j = 1 we have
1+ F+F =3=3RF, 1+P+P =6=3PFR
and when j = 2 we have
1+ F+F; =6=3FRF;, 1+P;+P;=30=3RP;.
Conversely, when s = 1 and j € {1, 2},
1+ U+ U7, =3U;U54

gives 7> — 3r + 2 = 0 and 7* — 3r3 + 3r? — 3r 4+ 2 = 0 respectively and hence, r € {1,2}.
Further, if s = 1,7 > 2,5 > 2, then

1+ Uj2 + Uj2+1 < 3UjUj+1
andif s =—1,r > 2,5 > 1, then

1+Uj2+UJ»2+1>3UjUj+1. O

3 Proof of main results

3.1 Proof of Theorem 1.1

The terms of the generalized Lucas sequence satisfy the Cassini identity
Uns1Up_1 — U? = (=1)"s" 1, (6)

The right-hand side of (6) is a perfect square only if s = 1 and n is even. Thus, using the
recurrence relation for s = 1 and considering the even parity of n, i.e., taking n = 2k, we get

r’ + U22k—1 + U221<;+1 = (7"2 +2)Usp—1 + Uspet1.

Therefore, if (r,U,_1,U,41) is a Markov triple corresponding to the Markov equation (3), then
r? + 2 = 3r yielding 7 = 1, 2. This completes the proof.

3.2 Proof of Theorem 1.2 and 1.3

Let Uy be the k-th term of the generalized Lucas sequence with s € {£1}. Further, let
A = /72 + 4s and 2¢ + s = 1. Now, assume that (U;,U;, Uy,) satisfy (3) with U; < U; < U,

When r = s = 1, the Markov triple (U;, U;, U,,) has only solution (F;, Foy,_1, Foyy1) for
i € {1,2} (see [3]). Without loss of generality we assume that » > 1 and since U; = 1, we have
1 <i < j<n. Thus, (U,;,Uj,U,) satisfy



Using (1) to the left-hand side of (7), we get
am 3aiti UZ? +U? i

3 o . L
- _ — J +__E(QZ/BJ+@J61_BH—])-

A A2 U, A
In view of Lemma 2.2, we have

2 2 2
Ui + Uj < QUJ < 2a2j—n+e < 2Oéj+6,

Uo — U,
g o
< — <« —
‘A =A S AY
and . oud
E(azﬁj +&]61_BZ+]) < —2(2(1] +1) < Az

Using these values in (8), we get
a3t

A AT

, J ,
< 207 T€ + 122/ < odte (2 + E)

we get

aZE

‘ 2A + 10/A

. 3
Since A < o, we have

3
o — —‘ > 0.01999 (when s = 1)

ez A
and 5
. k2 _
min o A’ > 0.13397 (when s 1).

In view of (9) and (10), we have

2A2 + 10 i1 287410
—_— an « —
0.01999A 0.13397A

i

respectively. Hence, the possible values of 7 and the corresponding values of r are given by

®)

€))

(10)

{1<i<3,2<r<10}and (i,r) € {(4,2),(5,2),(6,2),(4,3),(5,3),(4,4)} when s =1

and

{1<i<3,3<r<15}and (i,7) € {(4,3),(5,3),(4,4)} when s = —1.
Searching for the Markov numbers with the above possibilities of ¢, 7 and s yield

Py=2,P=5,P5 =29,Us(5,1) = 5,Us(5,—1) = 5,Us(13, —1) = 13

and hence, we have the following result.

Lemma 3.1. If (z,y, 2) = (U,;,U;, U,) satisfies ) with2 <i < j <nandr > 1,s = %1, then
(

(1,7,8) =(2,2,1),(3,2,1),(5,2,1),(2,5,1),(2,5,—1), (2,13, —1).
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Lemma 3.2. If s = 1 and (x,y,2) = (U;,U;,U,) satisfies 3) with2 < i < j < n, thenr = 2,
jisodd, j =n—2and U; = 2.

Proof. In view of Lemma 3.1, (r, s) = (2,1) when ¢ € {2, 3,5} for which the generalized Lucas
sequence is nothing but the Pell sequence.
Assuming 7 = 5, we have P; = 29 and hence,

29° + P} + P2 = 8TP;P,

or
841+ P? = P,(87P; — P,) > 0,

which gives P,, < 87F;. By virtue of Lemma 2.1, 87FP; < P; + P, and so
86P; < P, < 87P;.
The inequalities

Pipa =2Pj 5+ Pjys = 5Pj0 + 2P0 = 12P)11 + 5F;

and

Pjv6 =2Pj15 + Pjia = 5Pjya + 2Pj13 = 12P; 3+ 5P
= 20P;,5 + 12P;,1 = T0Pj4, + 20P; > 8TP, > P,

implies that the only possibility is n = 7 + 5 for which the Markov equation is
29° + P? + P’ = 8TP; P, .
Use of Lemma 2.3 gives j = 2, which is a contradiction to our assumption 7 < j.
Now, assume that 7 = 3. Hence, P; = 5 and
25+ P? = P,(15P; — P,),
which gives P,, < 15F;. By virtue of Lemma 2.1, 15F°; < P; + P, and so
14P; < P, < 15F;.

The inequalities
Piyo = 2P + Py = 5P + 2P, <P

and
Pjya = 2Pj3 + Pjio = 12P;41 +5P; > 17F;

implies that the only possibility is n = 7 + 3 for which the Markov equation is
5+ P} + P}y = 15P; Py

Use of Lemma 2.3 gives 7 = 2, which is a contradiction to our assumption 7 < j.
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Similarly, for ¢ = 2, P, = 2 and
4+ P? + P! = 6P;P,,
which gives 5P; < P, < 6P; by using Lemma 2.1. The inequality
Pii1 <3P, <5P; < P, <6P; <TP; < Pji3
implies that n = j + 2. Thus,
44+ P2 ,+ P> =6P, »P,. (11)

Let n be even. Then using the property P, = 25,,, we rewrite (11) as

1+ B}, 92+ By = 6B(n—2)/2Bn /o (12)

But, in view of Lemma 2.5, there is no positive integer solution to (12). Therefore, n must be odd
and ;7 = n — 2. Moreover, since the Pell numbers satisfy the Cassini identity

PnJranfl - Pr% = (_1>n7

it is obvoius to have the Markov triples (2, P»,,_1, P, 1) for every positive integer 7.
Now, we are left with the case (i,7,s) = (2,5, 1). For this, we have Us = 5 and hence,

5+ U + U, = 15P;P,

or
25+ U7 = Up(15U; — Uy,) > 0,

which gives U,, < 15U;. By virtue of Lemma 2.1, 15U; < U; + U,, and so
14U; < U,, < 15U;.
The inequalities
Ujp1 =5U; + U, <6U; < 14U; < U,
and
Ujys = dUjp2 + Ujy = 26U;41 + 5U; > 29U; > 15U; > U,
implies that the only possibility is n = 7 + 2. Thus, we have the Markov equation
52 4+ U7 4+ U7y = 15U;Uj 42,
which has no solution by Lemma 2.4. This completes the proof. [

Now we will prove Theorem 1.2 and 1.3.

Proof of Theorem 1.2. Since the case ¢ = 1, 2 for the Fibonacci sequence (r = s = 1) has already

been studied in [3], without loss of generality we assume that » > 1 and s = 1. Further, we
have already discussed the case © > 2 and » > 1 in Lemma 3.2. Thus, we are left with the case
t1=1,r>1land s =1.
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Hence,
1+ U? + U} = 3U,U,
or
1+ U? = U, (3U; — Uy),
which gives U,, < 3U;. From Lemma 2.1, 3U; < U; + U,, and so
2U; < U,, < 3U;.
The inequality
Uj < 2U] <U, < 3U] < Uj+2
implies that the only possibility is n = j 4 1 for which the Markov equation is
1+ U2+ U7y =3U;Uj41. (13)

In view of Lemma 2.5, the only solution to (13) are (1,1,1),(1,1,2),(1,2,5) of which the
first one is trivial and the other two can be viewed as the Markov triple (Fy, For_1, Fory1) and
(Py, Poy,_1, Poy1) for k = 1 as stated in Theorem 1.2. Now, when r = 1 the case i = 2 yields
the same result as the case © = 1 because I} = F5, = 1. Thus, we are left with the case 7« > 2 and
r > 1, which has already been discussed in Lemma 3.2. This completes the proof.

Proof of Theorem 1.3. In view of Lemma 3.1, (r,s) = (5,—1),(13,—1) wheni¢ = 2 and i = 1
forallr > 2and s = —1.
Assuming i = 2, we have U (5, —1) = 5 and U, (13, —1) = 13. Correspondingly

254 U7 (5,—1) + U2 (5, —1) = 15U;(5, = 1)U, (5, —1)
and
169 + U7 (13, —1) + U7 (13, —1) = 39U;(13, 1)U, (13, —1).
Proceeding as in Lemma 3.2 and using Lemma 2.1, we obtain
14U;(5, —1) < U, (5, —1) < 15U;(5,—1) and 38U;(13, —1) < U, (13, —1) < 39U;(13, —1).
Further, the inequalities
Ujt1(5,—1) < 14U;(5, —1) < U, (5, —1) < 15U;(5, —1) < Uj42(5, —1)
and
Uj+1(13,—1) < 38U;(13,—-1) < U,(13,—1) < 39U;(13, —1)) < U;42(13,—1)

confirms the non existence of n satisfying (3).

Similarly, for the case ¢ = 1, we have
1+ U+ U =3U;U, and 2U; <U, < 3Uj.

The inequality
Uj < 2U] < U, < 3UJ < Uj+2

gives the possibility n = j 4 1 for which the Markov equation is
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1+ U2, +U? =3U,,U, (14)

and Lemma 2.5 confirms the non existence of n satisfying (14) and hence, there is no solution of
the form (x,y, z) = (U;, U;,U,) to (3) for all r > 2, s = —1. This completes the proof. O
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