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numbers. In case of almost balancing numbers, this difference is kept 1, which is the first
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obtained by A. Tekcan.
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1 Introduction

A natural number n is called a balancing number [1] or cobalancing number [14] accordingly, as
1424+ n-1D=0n+)+n+2)+---+(n+7)

or
I+2+-4+n=mn+1)+n+2)+ -+ (n+r)
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holds for some natural number r. This r is called a balancer associated with n in case the
former equation holds and is called a cobalancer associated with n if the later equation holds. One
can check that 6, 35,204 are balancing numbers with corresponding balancers 2, 14, 84 while,
2,14, 84 are cobalancing numbers with cobalancers 1,6, 35 respectively. If n is a balancing
number, then 8n2 + 1 is a perfect square [1] and if n is a cobalancing number, then 8n2 + 8n + 1
is a perfect square [14].

The k' balancing and cobalancing numbers are denoted by B, and b respectively.
Furthermore, Cj, = /8B + 1 and ¢;, = /8b7 + 8b;, + 1 are called the k' Lucas-balancing and
Lucas-cobalancing numbers respectively (see [12,14]). The balancing numbers can be calculated
recursively as B, 1 = 6B, — B,,_; with initial terms By = 0 and B; = 1. The Lucas-balancing
and Lucas-cobalancing numbers satisfy recurrence relations identical with balancing numbers
with initial terms Cy = 1, = 3,¢9 = —1,¢; = 1. However, the cobalancing numbers satisfy
bpy1 = 6b, — b,_1 + 2 with by = b; = 0. The Binet forms of these numbers are given by

B a2n _ ﬁZn a2n + B2n a2n71 _ 62n71 B 1 _ a2n71 + 52n71

BTL_ 7Cn: 7bn:— _7cn_
44/2 2 44/2 2 2

where @ = 1 + /2 and 8 = 1 — /2. These numbers are very much interrelated and appear in
several fascinating identities (see [1,5,6,8,10,12,15,17,20]).

If B is a balancing number then B2 is a triangular number and for a cobalancing number b,
b* + b is a triangular number. The balancers and the cobalancers are also related to the triangular
numbers in numerous ways. It is worth mentioning that the £-th triangular number is denoted by
T}, and is equal to @

Kovacs, Liptai and Olajos [7] extended the concept of balancing numbers by defining
(a,b)-balancing numbers. For coprime integers ¢ > 0 and b > 0, they called an + b an

(a, b)-balancing number if the Diophantine equation
(@a+b)+--+(a(n—1)+b)=(a(n+1)+b)+---+ (a(n+7r) +b)

holds for some positive integer 7.
In [2], Dash, Ota and Dash defined the ¢-balancing numbers n and ¢-balancers r as solutions
of the Diophantine equation

1+24--+n=mn+14+)+(n+24+t)+--+(n+r+t);t>2

and some properties of these numbers have been studied in [19].

Rout and Panda [18] generalized the concept of balancing numbers and introduced gap
balancing numbers. If k is odd, they call a natural number n a k-gap balancing number if

E+1 kE+1 k+3
I+2+---+ (n—T> = <n+T> + <n+T> +--+(n+r)
for some natural number r, which they call a k-gap balancer corresponding to n, while for £ even,
if
k k k
1+2—|—'--+<n—§) = (n+§+1) + <n—|—§—|—2) o+ (n+r)

for some natural numbers n and r, then they call 2n + 1 a k-gap balancing number and r a k-gap
balancer.
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Panda and Panda [13] defined almost balancing numbers as the values of n satisfying the
Diophantine equations

R+ 1)+ n+2)+ - +nm+r)—[1+2+ -+ (n-1)] =1 (1)

for some r, which they called an almost balancer corresponding to n. Furthermore, n is called an
almost cobalancing number with almost cobalancer 7, if

(n+1)+n+2)+---F+(n+r)—[14+2+---+n]|=1

(see [16]). Davala and Panda [3,4] generalized the concept of almost balancing and cobalancing
numbers by defining D-subbalancing and D-supercobalancing numbers n as solutions of the
equations

1424+ (n—1)+D=mn+1)+n+2)+--+(n+r) ()

and
I+2+--+n=m0+1)+n+2)+--+(n+r)+D (3)

respectively, where D is any fixed positive integer. In (2), r is called a D-subbalancer while
in (3), r is called a D-supercobalancer. They proved the existence of at least two classes of
Bj-supercobalancing and bx-subbalancing numbers. Motivated by this idea, we devote this paper
to explore the existence of subbalancing, superbalancing, subcobalancing and supercobalancing
numbers for D = T}, where k is any arbitrary positive integer. We also study some identities
involving these numbers.

2 Main results

We start this section by showing that there exist at least two classes of 7j-superbalancing and
Tj-subcobalancing numbers and at least one class of Tj-subbalancing and 7}-supercobalancing
numbers for every positive integer k.

Theorem 2.1. For k > 1, the values of x satisfying the Diophantine equation
I+2+-tw=(@+)+(x+2)+ -+ (@+7r)+ D, 4)

where D = £Ty, w € {x — 1,x} may partition in multiple classes and the common classes of
solutions are given by

(a) k’Cl + (2k — 1)Bl, kCl — (Qk — 1)Bl; l 2 1 when (w,D) = (l’ — 1,Tk),
(b) (2k+1)B;; 1 > 1 when (w,D) = (x — 1,—T),
(©) (2k+ 1)b; + k; 1 = 1 when (w, D) = (z,T}),

(d) %[(4]{] — 1)Bl -+ Bl,1 — 1], %[(4]{] — 1)Bl -+ Bl+1 — 1], l 2 1 when (w, D) = (l‘, —Tk)
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Proof. (a) By virtue of equation (4), 812 — 8T}, + 1 is perfect square. The congruence
y q |y q g
(2k — 1)%z* = k*(82* — 8T} + 1) (mod 8T}, — 1)
is equivalent to
(2k — 1)%2? = K*(82 — 4k® — 4k + 1) (mod 4k* + 4k — 1)

and is implied by

(2k — 1) x = £ k822 — 4k2 — 4k + 1 (mod 4k* + 4k — 1)

and any solution of the latter congruence is a solution of the former and is a 7}-superbalancing
number. In view of the latter congruence

(2k — 1)z + kv/8x2 — 4k% — 4k + 1 or (2k — 1)x — k/8x2 — 4k? — 4k + 1
4k? + 4k — 1 Ak? + 4k — 1

is a natural number. Since

2

2
8ka + (2k — 1)v/822 — 4k% — 4k + 1
A2 + 4k — 1 ’

o| 2k = Vo £ kB —4FF —dF 11
A2 + 4k — 1

it follows that either

8kz + (2k — 1)V/8a? — k2 — 4k + 1 Ska — (2k — 1)vB2% — 4k2 — 4k 1 1
A2 1 Ak — 1 or A2 1 4k — 1

is a Lucas-balancing number [12]. Letting

 8kx £ (2k — 1)v/8a? — 4k* — 4k + 1
- 4k2 + 4k — 1

C

we get
[8kx — (4k% + 4k — 1)C]” = (2k — 1)*(82° — 4k? — 4k + 1),

which, on rearrangement, results in the quadratic equation
82% — 16Ckx + (4k* + 4k — 1)C* + (4k* + 4k — 1) = 0,

and the solutions are
r=kC+£(2k—-1)B.

We further observe that
8[kC + (2k — 1)B)* — 4k* — 4k + 1 = [(2k — 1)C £ 8Bk]*.

Thus, two classes of Tj-superbalancing numbers are kC; + (2k — 1) B; and kC; — (2k — 1) B, for
[ > 1.
The proofs of (b), (¢) and (d) are similar and we prefer to omit these. [l
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In the previous theorem, for each positive integer k, we ascertained the existence of at least
one class of Tj-supercobbalancing and T}-subbalancing numbers and at least two classes of
Tj-superbbalancing and 7}-subcobalancing numbers. In the following theorem, we explore the
exact number of such classes when k and D are suitably restricted.

Theorem 2.2. For k > 1, the classes of solutions of (4) given in Theorem 2.1 are exact, if the
following holds:

(a) 4k? + 4k — 1 is a prime when (w, D) € {(x — 1, T}), (x, —=T})},
(b) p = =£3 (mod 8) for all p|(2k + 1) when (w, D) € {(x — 1, =T}), (x, T)}.

Proof. We prove this theorem only for the case (w, D) = (z — 1,T}) as the other cases can be
handled in a similar fashion.

If (w,D) = (x — 1,T}), then it follows from (4) that = is a Tj-superbalancing number and
thus, 822 — 8T}, + 1 is a perfect square. Let

y? = 8x? — 8T}, + 1 = 8x® — (4k> + 4k — 1)

and so
y? = 82? (mod 4k* + 4k — 1). )
Now, (5) is solvable if and only if (#jk_l) = 1 (see [9, p. 193]). Since 4k? + 4k — 1 is a prime

congruent to +1 (mod 8), we have

812 B 2 _1
Ak2 + 4k —1) \4k2+4k—1)

(see [9, p. 184]). So (5) is solvable and there are exactly two classes of Tj-superbalancing num-
bers (see [9, p. 156]), which can be derived from Theorem 2.1. Moreover, since
C,=3B,—B,_1=B,.1 —3B,, we have

kCy— (2k —1)B; = (k+ 1)B, — kBi_1, kCy+ (2k — 1)B, = kB4, — (k + 1)B,.

Further,
8[(k +1)B; — kBj_1]* — (4k* + 4k — 1) = [(k + 1)C; — kCy_4]?
and
8[kBiy1 — (k+ 1)B))* — (4k* + 4k — 1) = [kCy1 — (b + 1)C))?
validates the two classes of 7j-superbalancing number. O]

2.1 Relationships with triangular, square triangular, balancing
and related numbers

Here, we establish some relationship of the common classes of solution corresponding to
T}-superbalancing, T}.-subbalancing, T}-supercobalancing and 7}-subcobalancing numbers with
balancing, cobalancing, Lucas-balancing, Lucas-cobalancing, triangular and square triangular
numbers.

For the sake of simplicity, we first denote the common class of solutions corresponding to
these numbers as follows:
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T, —subbalancing numbers : T}, B, Tr—Lucas — subbalancing numbers : 7,C”

Ty —superbalancing numbers : T, B* T, —Lucas — superbalancing numbers : T;,C)*
Ty —subcobalancing numbers : T;b;, Ti,—Lucas — subcobalancing numbers : Tic),
Ty, —supercobalancing numbers : T;b* T—Lucas — supercobalancing numbers : Tic)*
Further,

TiC* = \/8(Ti.Bx)? + 4k2 + 4k + 1 ThCr* = \/8(TBx*)? — 4k? — 4k + 1

Tect = /B(Tyb2)? + 8 - Tibt + 4k2 + 4k + 1 Tye* = +/3(TpB:* )2 + 8 - Tpbrr — 4k? — 4k + 1

2.2 Relations with balancing and related numbers

In the following three theorems, we represent subbalancing and superbalancing numbers in terms
of balancing, cobalancing, Lucas-balancing and Lucas-cobalancing numbers.

Theorem 2.3. For every positive integer k, we have
(a) T,B: = (2k +1)B, (c) Tpbe* = 2k + 1)b, + k
(b) T,,C* = (2k+ 1)C, (d) Tycr = (2k + 1)e,
Proof. The proofs of (a) and (c) follows from Theorem 2.1 — (b) and (c), respectively. Further,

since T;C: = /8(TB:)? + (2k + 1) and Tyt = /8(T3b*)? + 8Tybx* — 4k? — 4k + 1, the
representations in (b) and (d) immediately follows from (a) and (c), respectively. O

Theorem 2.4. For every positive integer k, we have

(a) T,By: | =kB,— (k+1)B,_1 =kC,—1 + (2k — 1)B,,_1

(b) T;,B3: = (k+1)B, —kB,_1 =kC, — 2k —1)B, = (k+ 1)Cp,_1 + (2k + 3) B, 1

(c) TC3x | =kC,, — (k+1)Cy—y = 8k +2)B, — (2k+ 1)C,, = (8k)B,—1 + (2k — 1)C,—y

(d) T;,C3r = (k+1)C, — kC—y = 8kB,, — (2k — 1)C,, =8(k + 1) B,—1 + (2k + 3)C\,—1
Theorem 2.5. For every positive integer k, we have

(a) Tibs, = 5[(4k — 1)B,, + Bus1 — 1] = kbyyq — (k+ 1)b, — 1

(b) Tibs, = 5[(4k —1)B,, 4+ B,y — 1] = (k + 1)byy1 — kb,

(c) Tych,_1 = (6k —1)B, — 2k + 1)By—1 = cpy1 — 2¢n + 2(k — 1) (b1 + by + 1)

(d) Tycs, = (2k + 1)Bpy1 — (6k — 1)B,, = ¢pyo — 4cpp1 + 2(k — 1) (bpg1 + 0 + 1)

The proofs of Theorem 2.4 and 2.5 are similar to that of Theorem 2.3. Further, with £ = 1,
some of the representations from Theorems 2.3 — 2.5 can be seen in [16].

140



Just like cobalancing numbers, the 7}-supercobalancing and 7j-subcobalancing numbers sat-
isfy non-linear recurrence relations, where as the recurrence relation for others are linear.

Theorem 2.6. For every positive integer k,

(i) the recurrence x,1 = 6x, — x,_1 is satisfied by 1, B}, T}.C" and T}.c)* with initial terms
T:Bs =0,1T,B; = T;,Cy =Ty =2k + 1,T,Cf =312k + 1), Ty = —(2k + 1),

(ii) the recurrence x, o = 6%, — x,,_o is satisfied by T, B*, T;.C»* and Ty.c; with initial terms
T.By* = TyBY* = k,1Ty,By* = k+ 1,1,By* = 5k — 1,1T;,C}" = =2k + 1,1T;,C7 =
2k + 1,1,C5* = 2k + 3,1, C5* = 14k — 3,Tyc; = 2k + 1,Tic; = 6k — 1,Tics =
6k + 7, Tyc; = 34k — 7,

(iii) 130 and T};,b)* satisfy the recurrence x, o = 6, — Tp_o + 2 and x,11 = 62, — T,,—1 + 2
respectively and the initial terms are Ti,b; = 0,107 = 2k — 1,105 = 2k + 2,105 =
12k — 3, T3,05" = 107" = k.

In view of Theorem 2.3, one can easily find the following Binet forms.

O[2n - 5271 a2n + B2n)

TkB;‘L:(QkJrl)( NG > TkCZ=(2k+1>< 5

Oﬂn—l _ BQn—l
442
wherea:1+\/§and6:1—\/§.

2n—1 2n—1
T = (2k + 1)( i)

1
— =, T =2k+1
) 27 kCp ( + )( 2

2.3 Relations with triangular and square triangular numbers

Let .S,, denote the n-th square triangular number and hence
to(t, +1
S, =82 = tnltn +1) )
2
Note that s,, = B,,. The Binet formulas of S,,, s,, and ¢,, are given by

a4n+/84n_2 a2n_52n a2n+52n_2
Sp= g1 Sa= e fi=

32 44/2
forn > 1and Sy = sg = tg = 0 (see [1,11,21]).

In [11], Ozkog et al. derived some new results on triangular and square triangular numbers
involving generalized Pell numbers. In this subsection, we present the following theorems which
are similar to Theorems 2.1 to 2.7 in [21].

Theorem 2.7. Let n be any positive integer. Then, for triangular numbers, we have

[kazn—l - Tk’b;n—Q - <2k - 1)][ka;n—1 B kazn—Q + (Qk B 1)]

1. TTkaL+TkB;71—(2k+1) -

=2 4(2k — 1)
2. Tor, B* —1, B> 2kt+1) = (4k — 2>TkB;”+1 + (2k + 1)(ka2n+1 B kaZn) B 3(4]{:2 B 1)
AR 16(4k% — 1)
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3. TTkB

—Ty BA* +Ty, B3*
1

—TRBL* _,—2

2(2k — 1)?(Tybi — k)(Tblr + k + 1) 4+ k(k — 1)(2k + 1)?
B 2(2k 4+ 1)2

2n+1 2n—1

* 3k * %k k. * K
4. T7Tk52n+1—7Tszn7TkB2n71+TkB2n7272
1

(4R = )(TuBins — TeBina) + 22k — 1)*Tibsnyy — (4k — 2)(2k — k +1) — 4]
16(2k + 1) '

2n _5277,

Proof. Using the Binet formulas B, = (2 Ve ) and T, B;; = (2k + 1)B,, with aff = —1, we
have

TkB;‘L+TkB*71—(2k+1))(TkB*-i-TkB 1—(2k41)
n n— _|_ 1)
4k+2

TTkal+TkB;717(2k+1) - Ak +2
4k+2 2
_ (TyB;, + T.B: )? — (2k +1)2
- 8(2k + 1)2
(B, +B,1)*—1
N 8
<a2n - an 4+ a2 BQn—2)2 — 39
N 256
(" Natal) = B 1 (B+ B — 32
N 256
(0 = B)*(a® ! 4 g*1) — 32
B 256
_ <a2n—1 + ﬁ2n—1)2 —4
N 32
( 2n—1 B2n 1)

4

EQQTL 1 5271 1 1) <a2n—1 _ ﬁZn—l N 1)
2 12 2

2n 1 kazn 2 ]-> (ka;n—l B ka;n—Q + 1)

Qa ﬂQn 1) _1

4k — 2 2 4k — 2 2
[kaQn 1 — kb3, (2k — 1)][ka§n71 — Tyb3, 5 + (Qk _ 1)]
4(2k — 1)? '
This proves 1. The proofs of 2.— 4. follow similarly and hence, they are omitted. [

Theorem 2.8. Let n be any positive integer. Then, for triangular numbers, we have
(T — k) (Tybir + k+ 1)

1. T * * _ —
Tan+Tk5£_21 (2k+1) <2k n 1)2
O T o m i aees) — TyBs, 1 + Tibyr i — 3k + 1)
P BT D ZERED 8(2k +1)

3. TTkB2*+1*TkB +TkB2n 17 TkB3n 92 = [2(2k - 1)2(2ka;n72 - ka;nf?) + (k - 1)Cﬂ—1 - k)

(21305, 5 — Tibs s+ (K —1)Cpq + k + 1) + k(k — 1)(2k + 1) /[2(2k + 1)?]
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4. T?TkB** —TTy B3 —TpB3* | +Tp B3 -2 - [3(4]€2 - 1)(TkBZ:;+3 - TkBZ:;+2) - ]_2 —f- 2(2]{7 - 1)2

2n+1 2n—2
4

(2K + 1)(2T30%, — Ty 1) — (k — 1)(2Ban — 1)] — (12k — 6)(2k* — k + 1)] /[48(2k + 1)).

Proof. 1. In view of the Theorem 2.7, it is easy to show that

Ty pym,Bx_ —(2kt1)
4k+2

_ (a2n—1 _ 62n—1 B 1) (a2n—1 _ 5271—1 N 1)
42 2 44/2 2

{(2k+1)(%) —%—k} [(%H)(%) —%+(k:+1)]

(2k +1)?
_(Tpby — k) (Tiby + K +1)
(2k +1)2 '
The proofs of 2.— 4. follows similarly and hence, they are omitted. [

Theorem 2.9. The general terms of S, s, and t,, for n > 1 are given by

o (Db = Tibo, — Thbs,y + Thby, : o - LBy O (2k+1)
" 4(2k — 1) T2k 22+ 1)
or
o _ (Db = Tebyy 2 _ B3 — B, TCsiy — TiCsy — 2(2k — 1)
" 2(2k + 1) o 22k —1) " 4(2k — 1) '

Proof. Since S,, = s2 = B? and

(7k — 3k — 2)(burs — by)

b= 4(2k — 1)
_ k(bnyz = bp1) = (3K + 2)(bns1 — bn)
- 42k — 1)
- m <[kb"+2 = (k+ Dbnsr — 1] = [(k + 1)bpsr — kby]

— [kbnsr — (k + by — 1] + [(k + 1)by — k:bn_l]>

_ Tibyniy — Tibs, — Ty, g + Thby, s (see Theorem 2.5)
4(2k —1) o

the first identity follows. The second identity can be proved using Theorem 2.3-(a) and the third
identity follows from

o+ -2 Cp—1  (2k+1)C,— (2k+1)

t, = =
4 2 2(2k + 1)

Other three identities can be proved in a similar fashion. O]
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Theorem 2.10. The general terms of S, for n > 1 is given by

2
1S, — (—QTkB L+ TRCE =T Cr 1)

2(2k+1)

s g - 2Ty B +TxCr:_ —(2k+1)][AT), B +2T B +TiC _+(2k+1)]+4(2k+1) T, B},
s Pn T 4(2k+1)2

2
3 9 — —20%B3; 2T B3, o+ TiCon o —ThCon —ThC50 1Tk C55 o
s Pn T 4(2k—1)

4. S, = [(2TyBs;_ — 2TyB5: o + TCst . — T,Csx o — 4k + 2) (4T Bs:  — 4T3, B5 +
2Ty, By: | =21 Byt o+ T Cor_ —T0,Cs o +4k—2)+8T, By | — 8T, Byx]/[16(2k—1)?].

Proof. Proof of this theorem is similar to that of Theorem 2.7 and hence, we prefer to omitit. []

Theorem 2.11. For n > 1, the general terms of 'I.-subbalancing and T}-subcobalancing num-
bers are

T.B: = (2k + 1)s,
Tbs, = —28p41 + (2k — 1)s, + 2t 41 — Ty
Tibs, 1 = (2k — 6)sp + 8,1 +4t, —t 1 +1
TkO* (2k + 1)(2t, + 1)

= (2k + 1)spy1 — (6k — 1)s,

= (6k —1)s, — 2k + 1)s,1

and the general terms of T}.-superbalancing and 'T}.-supercobalancing numbers are

Ty Byt = —(2k — 1)s, + k(2t, + 1)
TwBs 1 = (2k — 1)sp1 + k(2t,—1 + 1)
Tebr = 2k + 1)(t, — sn) + k
T.Cs5r = 8ks, — (2k — 1)(2t,, + 1)
TCyr | = 8ksp_1 + (2k — 1)(2t, + 1)
Tic* = (2k +1)(sn + Sp_1)-

Proof. Proceeding as in Theorem 2.7, it is easy to obtain these representations. Hence, we prefer
to omit the proof. [

Theorem 2.12. For any natural number n > 1, the sums of first n-terms of Sy, Sp, t,, are

i 5 33(TyB:)? — (TiB:_)* — (2k + 1)%(2n — 1)
Lt 32(2k +1)2 ’

Z 5T.B: — TB:_, — (2k + 1)
= 402k + 1) ’

S = "B —Tp B, — (2k+1)(2n + 1)
—~ 4(2k +1) ’
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or

n
Z g - 824(T3b*)? — 328Ty b Tibi | + 660Tb%* + 132 + 32(Tybi* )2 — 132T3b1 | — (2k + 1)%(8n — 4)
L 128(2k + 1)2 ’
=1

n
Z . — 2By, — TeB5) — (TiBsh o — TiB3h ) — (4k — 2)
! 8(2k — 1) ’

i=1

n
} : ¢ = (TiBsn, — TiBsn) — (TuBsn o — TuBs_p) — (4k —2)(2n + 1)
! 8(2k — 1) '
i=1

= 339, — Sp_1 —2n+1 ,
Proof. Since S, = s? and ZSi = 321 nt (see [21, p. 116]), using
i=1

i
Theorem 2.3, it is easy to see that

S, = Sk = 2k 4 1), — 2k 4120 = )
=1

32(2k + 1)?
B(TBY)? — (TB;)? — (2k + 1)%(2n — 1)
B 32(2k +1)2 '
The other summation results follow similarly. Hence, we omit their proofs. ]

Theorem 2.13. Let n > 1 be any natural number, then

1. Sn = TTkB;‘H_l—TkB;‘L_l—z(zIH-l)
4(2k+1)

2. Sn = T(2k—2)TkB:71—(2k—4)TkB;"L+(2k+l)(ka* —T}b

2 Sn—2—1)
n—1 2n—2
2(2k+1)

pu— * %k * 3k * 3k * %k
3. S TTszn+3_Tk Bongo~TkBoy 11Tk By, o—4(2k—1)
82k 1)

4. S, = T(2k+1)(TkB§;‘l+17TkB§7’;)+(4k72)ka;‘L*72k(2k71)-
2(4k2-1)

Proof. In view of Theorem 2.3, we have

(Tk:B:;H - TkB;:—l)Z - 4(2k + 1)2

TTkB;+1_Zk2iiI)1—2(2k+1) = 32(2k+ 1)2
_ (Bn—l-l - Bn—1)2 —4
32
a2n+2752n+2 042"_2752’"'_2 2
_ ( 42 o 42 ) —4
32
B [a2n(a2 o a—?) _ 62n(ﬁ2 _ B—Z)]2 — 128
B 1024
B (a2 o ﬁZ)Z(QZn + 62n)2 — 128
B 1024
4n in 2
— % =S,
32
This completes the proof 1. The proofs of 2.—4. are similar to that of 1. and hence, we omit
them. []
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Theorem 2.14. For any natural number n > 1, we have

1. \/8(Sn—1 + tn—l)z + 8(5n—1 + tn—l) +1
_ LB+ TiBy o TkBy i — TiBy, + TuBy, o — 1By,
(2k + 1) 2(2k — 1)
2. \/Sn - tn - QSn(sn—l + tn—l)
Tobe —k  Tobsi  — Teby , — (2k — 1)
= or
2% + 1 2(2k — 1)
3. \/(Sn—l + tn—1)2 + tn + an(sn—l + tn—l)
(2k — DTCp — (2K + 1) (Thb3, 1 — Tk, o)

2@k — 1)
2k + 1)(TCy — THC) — 4(2k — 1)Tib%* — (4k — 2)
or
2412 — 1)
k(1050 — TiC,) — (2~ )Ty, — 3Ticy)
4(4k2 — 1)
4 \/S2n + Son—1 +ton1 2Ty B or Ty By — Tk B3y,
' 2 2k +1 2k — 1
Twcr™ (Qk + 1)(ch§n_1 — ch;n—2) — (2/{ — 2)ka;k:+1 + Qk(k - 1)
S =
bVl = gy o 2(2k + 1)
or 42k +1)(Tres, 1 — Tics, o) — (K = 1)(Treytyy — 3They”) +4(k — 1)
8(2k +1)
and
m _ Tko;: TkC;;H - chg;;

%et+1 " ik — 2

Proof. 1. Since /802 + 8b, + 1 = ¢, = 45" ang

06271—2 _ ﬁQn—Q N 06271—2 + ﬁQn—Q -9 _ 06271—1 _ ﬁQn—l 1 b

Sp—1+1ln1 =

it follows that

\/S(Sn_l + tn_1)2 + 8<Sn_1 + tn—l) +1

aZn—l + 6271— 1

2
_ o Ha—pB)+p"Ha—p)
2(a = )
B a/2n71<a_’_ ail) + ﬁanl(_ﬁfl . B)
= ™G
&2n _ 62n O{2n72 _ 62n72
= +
42 42
 TyB, +TyB,_,
B 2k+1
The other cases can be proved similarly. O]
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3 Concluding remark

It can be seen from Theorem 2.2(b) that the Diophantine equations 822 + (2k + 1)? = 2 and
8x2 + 8x — 4k* — 4k + 1 = y? results in exactly one class of solution when all the prime factors
of (2k + 1) are congruent to 3 (mod 8). So, it is reasonable to look for the number of classes
of solutions when 2k + 1 involves prime factors other than +3 (mod 8). After verifying several
number of special cases we believe that the following conjecture is true.

ni no

Conjecture 3.1. For k > 1, let p{" py"™ - - - p"rqi*q3” - - - q¥* be a canonical decomposition of
2k + 1 with m;,n; € N, p; and g; be primes, p; = £3 (mod 8) and ¢; = £1 (mod 8) for
1 <i<r, 1<j<s. Then the solutions of the Diophantine equations 8z* + (2k + 1)* = y?
and 8% + 8v — 4k* — 4k + 1 = y? partition in M = [];_,(2n; + 1) classes each.
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