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Abstract: In this work we present a new notion called bivariate polynomials of Mersenne. We
will also discuss certain related matrix properties. Finally, we introduce a notion of the bivariate
quaternions of Mersenne.
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1 Introduction

The Mersenne sequence is discussed in [1] and [3]. We consider the following set indicating some
of these values (0, 1,3,7,15,31,63,127,255,..., M,,...). The Mersenne numbers are defined
recurrently by the inhomogeneous equation M,, 1 = 2M,, + 1. On the other hand, we can write
M, o = 2M, 1 + 1. From these two equations, we can get a homogeneous equation. In fact, we
can write M, .o — M, .1 = (2Mp 1 +1)—(2M,+1) =2M,\1 — M,, . My o = 3M, 11 —2M,.

Definition 1.1. The Mersenne sequence is defined by the recurrence relation:
Mn+2 = 3Mn+1 - 2Mn7
with initial conditions My = 0, M; = 1,n > 0.

From the work [1] we know that the roots of the respective characteristic equation
> —3r+2 = 0arer; = 2and 7, = 1 and we easily get the Binet formula M, = 2" — 1.
In the next section, we define the bivariate Mersenne polynomials. Then, after discussing certain
properties of matrices, we will present the notion of bivariate quaternions of Mersenne. Other
properties of generalized bivariate Fibonacci polynomials and matrices can be found in the work
indicated in [2].
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2 Bivariate Mersenne polynomials

We will introduce a new mathematical notion.

Definition 2.1. The bivariate Mersenne polynomials are defined by the recurrence relation:

Mn+2(xv y) = 3yMn+1(:Ea y) - Zan(xv y)7
with initial conditions My(x,y) = 0, M(z,y) = 1,n > 0.

From Definition 2.1, for the particular case, we can verify that My(1,1) = M, and
M;(1,1) = M;. We can determine some particular elements of this polynomial sequence from
the Definition 2.1:

= 6561y° — 102062y° + 48602%y* — 72023y + 162,
= 19683y° — 34992zy" + 2041222%y° — 432023y> + 240zy,

M2(x»y) = 3y,

My(z,y) = 9y* — 2,

My(x,y) = 27y° — 122y,

Ms(z,y) = 81y* — bday® + 422,

Me(z,y) = 243y° — 216xy® + 3622y,

My(z,y) = 729y° — 8102y* + 2162%y* — 822,

Mg(z,y) = 2187y" — 29162y° + 1080z%y* — 962>y,
(2, y)
(z,y)

etc. In the following theorem we will see the Binet formula for the bivariate Mersenne
polynomials.

Theorem 2.2. The Binet’s formula for the bivariate Mersenne polynomials is defined by:

Tl(x7y)n - TQ(xv y)n
T’1<l',y) - Tl(xay)n 7

3y — +/9y? — 8z

, ra(x,y) = —————are the roots of the characteristic

M, (z,y) =

3y + /9y% — 8z
2

equation t*> — 3yt + 2x = 0.

where 1 (z,y) =

Proof. Let us consider the fundamental recurrence relation:

My io(2,y) = 3yMpia (2, y) — 20 M, (2, y).

We can see that, in the particular case, the roots r1 (z, y) = RUARVA i W, ro(z,y) = SR VA s ”3112_8%
and the characteristc equation t? — 3yt + 2x = 0, under the condition 9y — 8z > 0 result in
the original Mersenne sequence. If we take the particular values © = y = 1, we will find that
ri(1,1) = “Tﬁ =7, ra(l,1) = 3_Tﬁ = 71y and retrieve the initial characteristic equation of
the Mersenne sequence, indicated by t* — 3t + 2 = 0. So, in the particular case, we can write

M,(1,1) = r;ﬁp{;::ig};n = 2= = 2" — 1 = M, for every positive integer n > 0.
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Note that using the well-known results involving recursive sequences, the characteristic
equation, associated with the recurrence is given by t> — 3yt + 2z = 0, where the roots are

3y++/9y2—8x 3y—+/9y2—8zx

ri(x,y) = . ra(z,y) = 5 11z, y) +r2(2,y) = 3y, ri(x, y)ra(z,y) = 22
r 1 @y
r1(z,y) 2

Moreover, we can easily observe that 7, (z,y)* = (3yri(z,y) — 22.1) = My(z,y)ri(z,y) —
2xM;(x,y). By mathematical induction, we will consider that r(x,y)" = M, (z,y)r(z,y) —
2eM,,_1(z,y), for n > 0. Just note that:

ri(z, )" = (e, y) (e, y) = e, y) (Mo (e, y)r (2, y) — 20M- (2, y))
= 11(2,y)* My (2,y) — 20 My (2,y)r1(2,y)
= Byri(z,y) — 22)My(2,y) — 26 Mu1(z,y)r1 (2, )
= 3yri(z, y) My (z,y) — 20 My (z, y) — 20My (2, y)r1 (2, y)
= (ByM, (2, y) — 22 M1 (z,y))r1(2,y) — 22M, (3, y)
= Mo (z,y)ri(z,y) — 20Mp (2, y) = Mpio(z,y).

In general, for n > 0, we can see that i (z,y)" = M,(z,y)ri(z,y) — 2eM,_1(x,y) and
T2 (IL‘, y>n = Mn(x7 y)T’2<I’, y) - 2'17]\471—1(1‘7 y) EaSﬂya we will find that (7"1 (l’, y)n -T2 (‘T’ y)n) =
Mn(xv y>r1(x7 y) - Mn(xv y)TQ(J:a y) = Mn($7 y)<7ﬂl($a y) - 7’2(1’, y)) L

For the particular case, we can verify that My(1,1) = M, and M;(1,1) = M;. From the
recurrence indicated in the Definition 2.1, we can still determine that

1 1
M_ =—— =M
1(1’7 y) 2 (21’)1 l(xv y)
3z 1 1
M_ = = (3= ——"—M.
2(3:7 y) 42 (41;2) ( y) (21:)2 2(.1’, y)
9y2 1 1 9 1
M_ =4+ —=—(9y" — 22) = — =M
3(x7 y) {3 + 412 {3 ( Y .CL’) (2%)3 3(.%, y)
27y3 3y 1 3 1
M_ =4+ — = — 27y° — 12 =——M
B 81yt 27y? 1 4 2 2y _
Mos(@y) = =305 ¥ 607 ~ 88~ qas oW~ Hmy AT = _(2x)5M5(x’y>
243y°  27y3 9y 1 5 3 9 1
M_ = — — = — 243y° — 216 36 = ———M,
729y5 405yt 27y? 1 1 6 . 5 o 5
M_ = — — = — 729y° — 810 216 -8
(0Y) =~ 057 ¥ Gt 65 T 1601 128072 vy o+ 2062°y" — 827)
1

etc. From these preliminary examples, we demonstrate the next theorem.
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Theorem 2.3. The Binet’s formula for the bivariate Mersenne polynomials is defined by:

1

M_n(x, y) = —WMn<x7 y)?

for every positive integer n > 0.

| _ neg)" = rafey)
Proof. Since we know that M,,(x,y) = ri(z,y) — ro(,y)

and, we replace the convenient index

and take:
1 \n raza) " (riey) )"
iy =y Gy ( ) _( 20 ) ( 2 >
M—n (ZE, y) - -
ri(z,y) — ra(z, y) ri(z,y) — 72 y) ri(z,y) —ra(z,y)
_ 1 ((7’2(96 y)" — (r(, )” ( (ri(z,y)" - (Tz(%?ﬂ)”)
(2z)" ri(z,y) — ra(x, ri(z,y) —ra(z,y)
1
= (T, y). [
Theorem 2.4. The generating function for the Bivariate Mersenne polynomials is:
aur(p) = Moloy) + (Ma(w,y) = SyMo(w, y))t_ t .
1 — 3yt + 2xt? 1 — 3yt + 2xt?

Proof. We consider the formal series indicated by GM(t) = Y .o M;(x,y)t', where the
coefficients are exactly the bivariate Mersenne polynomials. We recall, however, the following
relationship and we replace the convenient index and take

Mn+2(xv ?/) - 3yMn+1<:E7 ?J) + 2$Mn(m7 y) = O,VTL =0
In this way, we will consider the following expressions constituted as infinite sums:

1GM (t) = Mo(z,y)t° + My (2, y)t + Ma(x, y)t* + ... + My (z, y)t" + ...
(=3y)GM (t)t = —3yMy(x,y)t — 3yMy(x,y)t* — SyMy(z,y)t*> — ... — yM,_(z, y)t" — ...
(22)GM (t)t* = 22 My(z, y)t* + 22 M, (z,y)t* + 20 My (z, y)t* + ... + 20 M, _o(x, y)t" + . ..
Then, we group the expression:
GM(t) — 3yGM (t)t + 22G M (t)t?
=GM(t)(1 — 3yt + 22t?)
= Mo(z,y) + (Mi(2,y) — 3yMo(z, )t + (Ma(w,y) — 3yM(z,y) + 20 Mo(x,y))t*
+ 08 + 0t + ...+ (M (z,y) — 3yM,_1(x,y) + 20 M, _o(z, y))t" +....
Finally, we will find that
GM(t)(1 — 3yt + 22t*) = My(x,y) + (My(z,y) — 3yMo(z,y))t

or, we can write the generating function

Mo(x,y) + (M (2,y) — 3yMo(z, y)t _ t
1 — 3yt + 2xt? 1 — 3yt + 2zt%

GM(t) =
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Let us now look at some classic identities.

Theorem 2.5. (Catalan’s identity) For n > r, we have:
j 2 —ri(z,
(l) Mnfr(x> y)Mn+r($7 y)_Mn<-’B7 y)2 = (233)” ( 1( y>

_TT2<I7 y)r _ 7’2({13, y>—r7,1 (l’, yy) .
T1<§U,y) —r2(:c,y) ’

4o —ro(z,y)* — 1i(a, y)2)

T1<x>y) —Tg(ﬁ,y) -

(ii) (Cassini’s identity) M, _1(z,y) M, 1(z,y)— M, (z,y)* = (2z)"*

Proof. Immediately, we consider the expression:
My (2, y) My (2, y) — My (2, y)?

_,<rux4nnr—wag, {lr) <TM$JD”+T—7?@55W+T)

N ri(z,y) — ro(x,y ri(x,y) — ra(x, y)
_ Tl(z7y)n 77"2(1:7 )n 7‘1(177y)n 7T2(I7y)n
< 7‘1(.%',y)—7°2(3?, ) > ( 7‘1(5(},:!/)—7“2(1‘7:1/) >
<T1 (:E7 y)nirrl (:Ca y)n+r - (Ia y)nirré (I, y)n+r — T2 (SE, y)nirTl (1177 y)nJrr + 72 (I7 y)nirTQ (l’, y)n+r>
ri(x,y) — ro(x,y)

(T’l(l',y)n - TQ(xay)n)z
ri(z,y) —ra(z,y)
1z, y)*" 4 ra(x,y)*" = (ri(z, y)re(e,y) ri(@,y) " ra(@,y)" — (ra(z, y)ri(e, y) " re(z,y)""ri(z,y)"
ri(z,y) — ro(x,y)

r

 (ri(m )" — rala,y)™)?
rl(xay) - TQ(‘r,y)
rl(x7y)2n + T2($7y)2n - (23?)”7"1(3?,:1/)_1 - (2;13)”r2(;137y)_7'7“1 (.’177y) - (7"1(5(}, y>n - TQ(CC’ y)n)Q
ri(z,y) —r2(z,y)
rl(ﬁ,y)2n + TQ(xvy)zn — (2$)nrl($»y)_rr2($7y)r — (Qx)”TQ(x,y)_Trl(;pyy)T — 7’1(.%‘, y)2n — TQ('Tvy)2n
ri(z,y) — r2(z,y)

2ry (%y)nw(x’y)n
rl(x’y) - TQ(ZL',y)
— 2(2x)n B (2x)nr1(xa y)ir’rQ(xa y)T - (2%)”7’2(.@, y)irrl(x’ y)r
ri(x,y) — ra(z,y)
— (23})” (2 - Tl(ma y)ir7"2($, y)r — ’I“g(x,y)r’l"l(x,y)r) .

r(z,y) —ra(2,y)

For the particular case, if we take » = 1 we will find that:

M)~ M) = G (2 Snle) ) el nle))

_ora(zy)  ri(zy)
r1(90y 7"2(w Y)
—ro(z,y)

(2r1xyr2xy);
o

- ( ) —ri(z, 3/)2)
(r1(z, y)ra(z, y)) (1 —r2(z,y))
4:L’—r2xy —7"1( x,y) >
2x(r(x,y) — ro(z,y))
_ (22)"- (43:—7"2(1’ )2 =1z, y)? )

ri(7,y) — ra(z,y)

follows the result in the second item. ]
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In the following section, we will introduce some matrix properties related to the bivariate
Mersenne polynomials and their generating matrix.

3 Some matrix properties of the Mersenne polynomials

In this section we will study the properties of the powers of the following matrices defined by

0 1 1 g_y _2l1
B = dB -1 _ x P )

Let us start by analyzing the behavior of the following matrix powers

. o 1)
B(z,y)" = (_21;1 3y>

(0 1\ [(—2aMy(x,y) Mi(x,y)
Blry)=| _, 3y> _<—2xM1<x,y> M2<W>)’

s —2x 3y [ —2zMi(z,y) Ms(z,y)
Bla,y)” = —2z(3y) 9y2—2x> - (—QacMQ(x,y) M;;(x,y))’

Bla ) —2z(3y) 9y =2z | _ (—2azMs(z,y) Ms(z,y)

7 —2x(9y* — 2z) 27y* — 12y —2aMs(x,y) My(z,y) )’
Blr.y)t = —2(9y?* — 2zx) 27y — 12zy _ [ —2aMs(z,y) Ma(z,y)

7 —2z(27y® — 12zy) 81y — bdxy?® + 4a? 2o My(x,y) Ms(z,y) )’
Blz.y) = —2x(27y3 — 12xy) 81y* — 5dxy? + 422

Y= —2z(81y* — Bdxy? + 4x?) 243y° — 2162y> + 2422y

_ —2xMy(x,y) Ms(z,y)
—2xMs(x,y) Meg(z,y) )’

_ 4 2 2 5 _ 3 2
Blr.y)® — 2x(81y* — bdxy® + 4x%) 243y° — 216xy° + 362°y
—22(243y° — 2162y° + 36%y) 729y5 — 810xy* + 21622%y* — 82°

_ —2xMs(x,y) Msg(x,y)
—2xMg(x,y) Mq(z,y) )

From these particular examples, let us define the following matrix:

. —Qanfl(I, y) Mn(ma y)
Bn(l’,y) - ( _Qan(x,y) Mn+1(x,y)>

for every integer n > 0.
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Theorem 3.1. For every integers n, m > 0, we have:

. n__ O 1 - _Qanfl(xay) Mn<$>y) _ .
() Blay)" = (—2x.1 Sy) - ( 20 M, (z,y) Mnﬂ(x,y)) = Bulo)

(ii) det(B(z,y)) = det(B(z,y)") = det ( 01 ) = 2"x";
—2r 3y

(iti) My_1(z,y)Mps1(2,y) — My (2,y)* = =22 T2,

(v) Brnym(z,y) = Bn(z,y)Bm(z,y) = Bm(z,y) Ba(z,9).
Proof. By mathematical induction, for n, m > 0, we will consider the power:
0 ]. " _2 Mn— ) M’Vl ’
B(a:,y)” _ _ x 1<$ y) (l’ y) )
—2z.1 3y —22My(z,y)  Mysi(z,y)

At the next step, we take:

B(z,y)"*' = B(x,y)"B(z,y) = (:ﬁﬁﬁix;)/) ]\y ZEZ%) (—2033.1 31y>

| 2xMyu(z,y)  SyM,(x,y) — 22M,_1(2,y)
—2xMp1(x,y) 3yMpii(z,y) — 2eM,(z,y)

_ —2x M, (z,y) Muii(x,y)
—2$Mn+1 (w, y) Mn+2<x7 y)

= BTL-I-l(x? y)a

for every integer n > 0. From this, we can determine that

—Qan_l(x,y) Mn(m7y)
=2z M, (z,y)  Mpi(z,y)

1 n
= det 0 = (2x)".
—2x.1 3y

det(By(z,y)) = det(B(z,y)") = det (

However, we can verify that (—2z)(M,,_1 (2, y) M, 1 (x,y) — M, (x,y)?) =

Thus, we can find that (—2z).(M,,_1(z,y) M, 1(x,y) — M,(x,y)?) = 2"z for every integer
n > 0.

Finally, we verify that B,,..,(z,y) = B(z,y)"™™ = B(x,y)"B(z,y)™ = B(z,y)"B(x,y)"
= Bin(,y), for every positive integers n, m. [

Let us define the following matrix

. —2$M_n_1(l’,y) M—n('ruy>
B_,(z,y) = ( —22M_,(z,y) M_n+1(a:,y))

forn > 1.

. . _ 0 1)\
We will now check some properties of the matrix powers ( 971 3 ) .
—2z. Yy
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Theorem 3.2. For every integers n > 0, m > 0, we have:
. —2eM_ 1) (x, M_ iy (z, B 0 1 -
() B_o(r.y) = ) Mool ) ) (g (g )1 = :
_2$Mf(n)(l’ay) Mf(nfl) (xvy)
1

(il) det(B(2,y)) = det(Bu(z, 1)) = o

(iii) B—(n-i—m)(xa y) = B—n(xv y>B—m(l‘7 y) - B—m(xa y)B—n(‘ra y)

1 .
Now, we consider the

Proof. From Theorem 2.2 we know that M_,(x,y) = —WMn(x,y).
matrix:
B (:IZ' y) _ _zxM—n—l(x>y> M—n(xay) _ —23:M,(n+1)(x,y) M—n(x7y)
’ —2eM_p(z,y)  M_pi1(z,y) —2eM_n(z,y)  M_-yy(z,y)
2 <_WMH+1(xay)> —ﬁMn(% Y)
—2x <_ﬁMn(x7y>> _@@%Mn—l(xvy>
. @Mn-‘rl(xa y) _ﬁMn(l‘fy)
2z _@Mn(xay)> _(2223% n—l(xay)

— L Mn+1(l’,y) —Mn(l',y)
2eM,(x,y) —2xM, 1(z,y)

(22)"
= (Bu(z,y)) ™"

Immediately, from the equality established in the previous item, it follows that
1

det(Bn(z,y)) = det(Ba(2,9))™ = 3

for every integer n > (. Moreover, repeating the above arguments, we can determine that

B_(uemy(2,y) = (B(2,))” "™ = (B(x,y))"(B(x,y)) ™"
= B_,(z,y)B-n(z,y) = B_yn(z,y)B_n(z,y). u

We can observe some particular cases for B(x,y) ™", as follows.
Bla,y)" = 1] N (—2%) —£1 _ =20 M _o(z,y) M_1(x,y)
’ 1 0 —2z 0 —2eM 4y (z,y) Mo(z,y) )’
Wi-2e  _ 3y _ _ =92 _ 3y _
B(l‘ y) 2 _ 42 42 | 2z 83 22 | _ 2$M,3(l',y> M72($7y>
7 g_g _ﬁ g—z —% —QZEM_Q([E,y) M—l(x7y> ’
-3 9y42x—22$ _% (9y2z;2x) _2$M74 (ma y) M73 (xa y)
B(x7 y) = 1 (9y2—2x) 3y = 9
1 72 e —2‘Z‘M,3(l',y) M,Q(%,Z/)
4 2 3
[ TR SE o hm s _ (—2eMos(ey) Mo(z,y)
B(z,y) " = _ _ 21y | 3y BTSRRI W B W 7
20 | —Tg,1 1,3 87 T 12 2eM_y(z,y) M_3(z,y)
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243y°  27y° + 81yt + 27y 1
B(l’ y)75 . 3225 4zt 8:):3 32964 16x4 8a3
= 4
; . (_ 81yt | 21y 1

3227 T 1627 ) T 8a® 813 + 43:2
_ (~2eM_g(a.y) Mos(a,y)
—2eM_5(z,y) M-_s(z,y)
In the last section we present the notion of Merssene’s bivariate quaternions. Here we verify the
behavior of particular cases that prove the Theorem 3.2.

4 Quaternion Bivariate of Mersenne

In this section we will define the Mersenne quaternion polynomials. The general case is discussed
in the work [3].

Definition 4.1. The nth Mersenne quaternion bivariate polynomial is defined by ()

N
M, (x,y)+ M1 (2, y)i+Myo(x,y)j+ M, 3(x, y)k, where the canonical basis {1, i , j ,
The quaternion multiplication is defined by the following formal rules 1> = j> = k* = ijk = —

=
S
S
I

Y

We can verify some examples:

1
QM _(x,y) = 5 + 0i + 15 + 3yk,

QMo(z,y) = 0+i+ 3yj + (9y°* — 22)k,

QM (x,y) =1+ 3yi + (9y* — 22)j + (27y° — 1229k,

etc. Let us look at some preliminary properties.
Moreover, we can take the

Qan(a:a y) = an(ma y) + an+1(x7 y)l + Mn+2(x7 y)j + an+3($7 y)k

and, since we know evaluate the terms M_,,(z,y) = — M, (z,y), we can determine:

b
(22)"
QM—l(l'7y) = M—1($7y) + M0(£E7y)l + Ml(m7y)j + M2<x7y)k
QM—Q(xvy) = M—2<x7y) + M—l('ra y>Z + MO(‘I7 y)j + Ml(xa y)k
QM _3(x,y) = M_3(z,y) + M_a(z,y)i + M_1(x,y)j + Mo(z, y)k,

etc.

Theorem 4.2. For every integer n > 0, we have:

(l) QMn—i-Q(xv y) = 3yQMn+1(x7 y) - 2{L’QMR(ZL’, y>;

. _ @ y)ri(z,y)" — q(z,y)ra(z, y)"
(0 QM) = o G T raten)

p(a,y) = 1+ ri(z,y)i + (2, y)) +ri(z, y)°k,
q(x,y) = 1+T2(1},y)l +7"2([E,y> j +T2( )Sk’

>
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(iii) QM_,(z,y) = (2;” p(x,y)r:l((azvyy))—_qg(ﬁ);)l(x,y)n.

Proof. We can observe directly, developing the following expression:
3YyQMpi1(z,y) — 22QMy(2,y) = (3yMny1(2,y) + 3yMuy2(x,y)i + 3yMais(z,y)j + 3yMpia(z, y)k)
—2zeM, (z,y) — 2aM,41(2,y)i — 2aM,10(x,y)j — 20 Mpas(x, y)k
= ByMpi1(2,y) — 20Mn (2, y)) + ByMny2(z,y) — 20M, 41 (2,y))i
+ ByMyis(@,y) — 22Mpia2(z,y))j + ByMnya(z,y) — 20Myi5(z, y))k
= Myi2(2,y) + Mnss(2,y)i + Mpia(z,y)j + Mnys(z,y)k
= QM,2(z,y).

From the previous definition, since we know the Binet’s formula, we write:

ru(z,y)" —ra(wy)" | @ y)" T (e y)" T ()" ()"
ri(z,y) — ra(z,y) ri(z,y) — ra(z,y) ri(z,y) — ra(z,y)
r1(z,y)" 3 = r(w,y)"
ri(z,y) — ra(z,y)
~(ri(my)" e y) (e, y) T (e, y) TE) = (e, y)™ e, y)" T 4 (e, y) )

QMn(xa y) =

B ri(x,y) — r2(,y)
L (n(z, Y)" k) = (ra(@,y)" + ra(x,y)" i+ ra (2, 9)" 2 + a2, y)" k)
ri(z,y) —r2(z,y)
ri(z,y)" (L4 ri(z,y)i + r1(2,y)%5 + (e, y)°k) — ra(e, 9)" (1 + ra(2, )i + ra(w, 9)*) + ra(z,y)°k)

ri(x,y) —r2(z,y)
_ play)r(z,y)" — gz, y)ra (e, y)"
ri(a,y) = ra(z,y)

)

where

p(e,y) =1+ ri(e,y)i+ri(z,y)? +ri(z,y)°k
and

q(z,y) = 1+ 722, y)i + ra(2,y)°) + a2, y) k.
Finally, we will replace the convenient index

pla,y)r(z,y)™" — q(z,y)ra(z,y)
7“1(1', y) - T2($7 y)

p(z,y) (ﬁ)n —aq(z,y) (@)n
rl(x,y) —7’2(13,3/)

p(z,y) (%)n —q(z,y) (%)n
rl(x,y) —7“2(1‘,3/)

1 (p(m,y)’rg(x,y) - q(rc,y)ﬁ(x,w”) . O

(2x)n ri(z,y) — ra(z,y)
—20QM, 1 (z,y)  QM,(2,y) ) .

n

QM—n(x7 y) =

We will define the following matrix QB (x,y) =
—2$QMn($, y) QMn-i-l(x?y)

Next, we show that it can be generated by the product of matrices such as:

0 1) (—20QM_y(z,y) QMo(z,y)
—2x.1 3y —20QMo(z,y) QM (z,y))’
for every integer n > 0.
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Theorem 4.3. For every integer n > 0, we have:

. [ —22QMy 1 (x,y)  QMy(x,y) B 0 1\" —20QM_1(x,y) QMo(x,y)\ .
m(ﬁM%w_<—%mm@m Qmm@w)_<4w-%)<—%@%@w QM@@)

(ii) det(QBn(x,y)) = —(22)" " (QM_1(x,y) — QMo(z,y)*);

_ [ 20QM_pa(2y)  QM_p(2,y)
”WQB*@W”‘<—mmmew QMnﬂmm)

( 0 1 ) -n |:(1 O) (;y _21) (_ (2m—%y2) _37y2 _ (2792—343‘11) (2958—22/2) I
= T Y e RS e P .
—2z.1 3y 0 1 1 0 % —5 _( 4x2y ) _4373/2

Proof. We consider the matrix:

—21}QMn,1(ZL',y) QMn(xay)
—20QM, (z,y) QM,11(z,y)

QBn(z,y) (

_ _2$(Mn—l(zyy) +Mn(1‘7y)i+Mn+1($ay)j+Mn+2(x»y)k) Mn(way) +Mn+1(x7 y)i"‘ Mn+2(xay)j +Mn+3(757 y)k
72'77(M’ﬂ(x9 y) + Mp4a (zv y)i + MTH—Q(xv y)] + Mn+3(xv y)k) Mp41 (mv y) + MTH—?(xv y)i + Mn+3(1‘, y).] + Mn+4(:l§, y)k

_2'TMn—1($7y) Mn(ﬂf,y) + —Zan(x,y) Mn+1(x7y) i
_2$Mn(xay) Mn+1(xay) _2-73Mn+1 (xvy) Mn+2 x»?J)

Camnﬂuw>A@H@yvj+<QMhﬁmw>A@Huka
7.)

_251;Mn+2(x7y) Mn+3(7 —2an+3(x,y) Mn+4(xvy)

n n+1 n+2 n+3
0 1 n 0 1 i+ 0 1 L 0 1 2
“2z.1 3y “2z1 3y 0wl 3y) 7T\ 2wt 3y
n 2 3
0 1 1 0 n 0 1 it 0 1 - 0 1 i
—2z.1 3y 0 1 —2z.1 3y —2z.1 3y J —2z.1 3y
_ 0 1\" —2xM_1(z,y) Mo(z,vy) n —2zxMo(z,y) Mi(z,y) it —2z My (z,y) Ma(z,y) j
—2z.1 3y —2xMo(z,y) Mi(z,y) —2zMy(z,y) Ma(z,y) —2zxMas(z,y) Msz(z,y)
0o 1\ [(-2eMa(zy) Ms(z,y)
+ (—Q;U.l Sy) |:<—29:M3(ac,y) M4(ac,y)> k}

( 0 1)"( —22 (=2 +0i + 15 + 3yk) 0+ +3yj+ (92 — 22)k )

—2zx.1 3y —22(0 44+ 3yj + (9y? — 22)k) 1+ 3yi + (9% — 22)j + (27y> — 122y)k
— 0 1 —QZ'QM,l(.’E, y) QMO(:Evy)
—2x.1 3y —20QMo(z,y) QMi(x,y)

Finally, we will take the matrix, for every n > 1, we have:

. —QxQM_n_l(x,y) QM—n(m’y)
QB_n(xay) - ( _2xQM7n((I;’y) QMn+1($7y))

—2z(M_p_1(z,y) + M_pn(z,y)i+ M_pny1(z,y)j + M_ni2(z, y)k) M_p(z,y) + M_py1(z,y)i+ M_pnio(z,y)j + M_pnis(z,y)k
—2e(M_p(z,y) + M_py1(z,y)i+ M_pyo(z,y)j + M_piz(@,y)k) M_pii(@,y) + M_pio(z,y)i+ M_py3(x,y)j + M_pia(z,y)k

721‘M*n*1(x7y) M—n(x’y) 72$M—n(x’y) M*n+1(x’y) i+ 72$M*n+1($7y) M*n+2(x’y) ]
—2zM_n(z,y) M_nt1(z,y) —2zM_nt1(z,y) M-ni2(z,y) —2zM_ni2(z,y) M-_ni3(z,y)

4 _2$M*n+2(x7 y) M,n+3(:t, y) k
—2xM_n+3(z, y) M_niya (x7 y)
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- (B—n(xa y) + B—n—i—l(x, y)Z + B—n+2($v y)j + B—n+3(xa y)k)

= (B_n(.f, y) + B*(nfl) (37, y)l + B*(ﬂ*?)(l‘v y)] + B*(nf?))(xv y)k)
—-n —n—1 —n—2 —n—3
- 0 1 N 0 1 it 0 1 - 0 1 )
“ 221 3y “2r1 3y “2z1 3y I\ 2z 3y
B -1 —2 -3
10 N 0 1 it 0 1 - 0 1 )
0 1 “2r1 3y 2e1 3y) YT\ 2wl 3y
-r 3 1 2z—9y> . (27y®—4zy)  (2z—9y?)
— 0 1 Lo + % T2z i+ - 4x2y ) 743.7012 ]+ - y8:c3 29 83:3y k
—2x.1 3y 1\0 1 1 0 3y L _% — 2y ’

from where the result follows. ]

(Y

Finally, let us see the corresponding generating function with the notion of generating function
for the bivariate Mersenne quaternion.

Theorem 4.4. The generating function for the bivariate Mersenne polynomials is:

_ QMO(xay) + (QM1<:U7Z/) — 3yQM0(9€, y))t
N 1 — 3yt + 2xt2 '

GQM(t)

Proof. We consider the formal series indicated by GQM () Z QM;(z,y)t', where the coeffi-
=0
cients are exactly the quaternions bivariate polynomials of Mersenne.

We observe, however, the following relationship
QMn+2(x7 y) - SyQMn—H(x? y) + 2IQMTL - 07 Vn = 0.

In this way, we will consider the following expressions constituted as infinite sums indicated
below:

1GQM (t) = QMy(x, y)t° + QM (z,y)t + ... + QM (z, y)t" + ...
(=3y)GQM (t)t = —3yQMy(x,y)t — 3yQM;(x, y)t* — ... — 3yQM,_(z, y)t" + ...
(22)GQM (t)t* = 20Q My (x, y)t* + 2xyQ M, (z, y)t*> + ... + 22Q M, _o(x, y)t" + ...
Then, we group the expression:
GQM (t) — 3yGQM (t)t + 2xGQM (t)t?
= GQM (t)(1 — 3yt + 2xt?)
= QMy(z,y) + (QM(z,y) — 3yQMo(x,y))t + (QMa(x,y) — 3yQM(,y) + 22QMo(x, y))t*
+ 082 + ...+ (QM,(z,y) — 3yQM,_1(z,y) + 20Q M, _o(z, y " + .. ..
Finally, we will find that:
_ QMo(x,y) + (@Mi(x, y) — 3yQMo(z,y))t

GQM(1)

1 — 3yt + 2xt2
i+ 3yj+ (L+ By —3)i+ (9y° — 9y — 2x)5 + (27y° — 12xy)k)t -
N 1 — 3yt + 2xt? '
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5 Conclusion

In this work we present a new notion called bivariate Mersenne polynomials and some gener-
ating matrices. Some generalized results can be found in the work [3], however, the properties
presented in the previous sections involve matrix properties.
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