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Abstract: A divisor d of a positive integer n is called a unitary divisor if ged(d,n/d) = 1;
and d is called a bi-unitary divisor of n if the greatest common unitary divisor of d and n/d is
unity. The concept of a bi-unitary divisor is due to D. Surynarayana (1972). Let c**(n) denote
the sum of the bi-unitary divisors of n. A positive integer n is called a bi-unitary multiperfect
number if **(n) = kn for some k£ > 3. For k = 3 we obtain the bi-unitary triperfect numbers.
Peter Hagis (1987) proved that there are no odd bi-unitary multiperfect numbers. The present
paper is part III in a series of papers on even bi-unitary multiperfect numbers. In parts I and II
we found all bi-unitary triperfect numbers of the form n = 2%u, where 1 < a < 5 and w is odd.
There exist exactly six such numbers. In this part we examine the case a = 6. We prove that
if n = 2% is a bi-unitary triperfect number, then n = 22848, n = 342720, n = 51979200 or
n = 779688000.
Keywords: Perfect numbers, Triperfect numbers, Multiperfect numbers, Bi-unitary analogues.
2010 Mathematics Subject Classification: 11A25.

1 Introduction

Throughout this paper, all lower case letters denote positive integers; p and ¢ denote primes. The
letters u, v and w are reserved for odd numbers.
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A divisor d of n is called a unitary divisor if ged(d,n/d) = 1. If d is a unitary divisor of n,
we write d||n. A divisor d of n is called a bi-unitary divisor if (d,n/d)** = 1, where the symbol
(a,b)™ denotes the greatest common unitary divisor of a and b. The concept of a bi-unitary
divisor is due to D. Suryanarayana (cf. [5]). Let 0**(n) denote the sum of bi-unitary divisors
of n. The function ¢**(n) is multiplicative, that is, c**(1) = 1 and o**(mn) = o**(m)o**(n)
whenever (m,n) = 1.

The concept of a bi-unitary perfect number was introduced by C. R. Wall [6]; a positive integer
n is called a bi-unitary perfect number if 0**(n) = 2n. C. R. Wall [6] proved that there are only
three bi-unitary perfect numbers, namely 6, 60 and 90. A positive integer n is called a bi-unitary
multiperfect number if 0**(n) = kn for some k£ > 3. For k = 3 we obtain the bi-unitary triperfect
numbers.

Peter Hagis [1] proved that there are no odd bi-unitary multiperfect numbers. Our present
paper is part III in a series of papers on even bi-unitary multiperfect numbers. In part I (see [2])
we found all bi-unitary triperfect numbers of the form n = 2%, where 1 < a < 3 and u is
odd. We proved that if 1 < a < 3 and n = 2% is a bi-unitary triperfect number, then a = 3
and n = 120 = 23.3.5. In part II (see [3]) we considered the cases @ = 4 and a = 5. We
proved that if n = 2%u is a bi-unitary triperfect number, then n = 2160 = 2*.33.5, and that if
n = 2%y is a bi-unitary triperfect number, then n = 672 = 25.3.7, n = 10080 = 2°.32.5.7,
n = 528800 = 2°.3.5%.13 or n = 22932000 = 2°.32.53.7%.13.

In the present part we investigate bi-unitary triperfect numbers of the form n = 26u. We
prove in Theorem 3.1 that if n = 2%u is a bi-unitary triperfect number, then n = 22848 =
20.3.7.17, n = 342720 = 26.32.5.7.17, n = 51979200 = 26.3.52.72.13.17 or n. = 779688000 =
26.32.53.72.13.17.

To sum up, the cases a = 1 and @ = 2 give no bi-unitary triperfect numbers, the cases a = 3
and a = 4 produce both one bi-unitary triperfect number, and the cases a = 5 and a = 6 yield
both four bi-unitary triperfect numbers.

For a general account on various perfect-type numbers, we refer to [4].

2 Preliminaries

We assume that the reader has part I (see [2]) available. We, however, recall Lemmas 2.1 and 2.2
from part I, because they are so important also here.

Lemma 2.1. (I) If « is odd, then
)% (o % (o a+1
o (p) _ o)
pa paJrl

for any prime p.

(II) For any o > 2¢ — 1 and any prime p,

O_**(pa> - 1 1 1 B 1 p2é+1 -1 '
o S\ \PT ) T Ty TP )

(1) If p is any prime and « is a positive integer, then
o) _ b

(o' _1
p 34]?




Remark 2.1. (I) and (IIT) of Lemma 2.1 are mentioned in C. R. Wall [6]; (II) of Lemma 2.1 has
been used by him [6] without explicitly stating it.

Lemma 2.2. Let a > 1 be an integer not divisible by an odd prime p and let o be a positive
integer. Let r denote the least positive integer such that a" = 1 (mod p®); then r is usually
denoted by ordy« a. We have the following properties.

(i) If v is even, then s = r/2 is the least positive integer such that a® = —1 (mod p*). Also,
a' = —1 (mod p*) for a positive integer t if and only if t = su, where u is odd.

(ii) If r is odd, then p™ t a' + 1 for any positive integer t.

Remark 2.2. Leta, p, r and s = /2 be as in Lemma 2.2 (o« = 1). Then p|a' — 1 if and only if
r|t. If ¢ is odd and r is even, then r { ¢. Hence p 1 a* — 1. Also, p|a’+ 1 if and only if ¢ = su, where
w is odd. In particular if ¢ is even and s is odd, then p 1 a’ + 1. In order to check the divisibility
of a — 1 (when ¢ is odd) by an odd prime p, we can confine to those p for which ord, a is odd.
Similarly, for examining the divisibility of a* + 1 by p when ¢ is even, we need to consider primes
p with s = ord,, a/2 even.

3 Bi-unitary triperfect numbers of the form n = 20y

Theorem 3.1. Assume that n is a bi-unitary triperfect number with 2°||n.
(a) Thenn = 26.7°.17¢.v, where b =1 or b = 2 and v is prime to 2.7.17.
(b) Ifb =1, thenn = 25.3.7.17 = 22848 or n = 20.32.5.7.17 = 342720.
(c) Ifb =2, thenn = 26.3.52.72.13.17 = 51979200 or n = 25.32.53.72.13.17 = 779688000.
Proof. Letn = 2%u, where u is odd, be a bi-unitary triperfect number so that 0**(n) = 3n. Hence
3.20u = 3n = 0™ (n) = o™ (2%) 0™ (u) = 7.17.0"* (u),

so that
3.20u = 7.17.0" (u). (3.1)

From (3.1), 7 and 17 are factors of u. So we may assume that u = 7°.17¢.v, where v is odd and
relatively prime to 7.17. We now have

n=207"17°0. (3.1a)

Also, from (3.1),
3.20.7° 17°0 = 7.17.0% (7)™ (17°) 0™ (v),

and after simplification we get
3.2 77117y = o™ (7)™ (179) 0™ (v), (3.10)
where v cannot have more than four odd prime factors.
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We prove Theorem 3.1 in this sequence: (b), (c¢), and (a).
Proof of (b) of Theorem 3.1. Let b = 1. Then taking b = 1 in (3.1a) we obtain

n=20717°v. (3.2a)

Since 0**(7) = 8, taking b = 1 in (3.10), we get 3.26.17°7 .o = 8.0 (17)o**(v) and on
simplification we obtain
3.23.177 Ly = o™ (17%) 0™ (v), (3.20)

and v has no more than two odd prime factors.
Case (b=1,c=1). Let c = 1. From (3.2b), we get 3.2%.v = 18.0**(v) or

220 = 3.0"(v). (3.2¢)
This implies 3|v so that v = 3%.w, where (w, 2.3.7.17) = 1. From (3.2a) and (3.2c) we obtain
n=207.17.3%w, (3.3a)

and
2237w = 0™*(3%).0%* (w), (3.3b)

where w has at most one odd prime factor.
o**(3%) _ 112

We have for d > 3, 2 > 5 Hence for d > 3, from (3.3a), we obtain
o™ (n) _ 119 8 18 112
= > 2 2 2311
e T AT Ar TR

a contradiction.

Henced =1ord = 2.

Let d = 1. From (3.3b), 2%.w = 4.0**(w), so that w = o**(w). Hence w = 1. Thus (3.3D) is
satisfied when d = 1. So from (3.3a) (d = 1), n = 26.7.17.3 = 22848 is a bi-unitary triperfect
number.

Let d = 2. From (3.3b), (d = 2), we obtain 22.3.w = 10.0**(w) or

2.3.w = 5.0""(w). (3.4)

Hence 5|w. From (3.4), w can have at most one odd prime factor and so w = 5°. Using this in
(3.3a) and (3.4), we get
n = 2°.7.17.3%.5°, (3.4a)

and
2.3.5°71 = o**(5°). (3.4b)
If e > 2, from (3.4b) it follows that 5|c**(5¢). This is not possible. Hence e = 1 and for this

value (3.4b) is satisfied. Thus n = 26.7.17.3%.5 = 342720 is a bi-unitary triperfect number.
The case (b = 1,c = 1) is complete.

Case (b= 1,c > 2). The relevant equations are (3.2a) and (3.2b) with ¢ > 2. We now prove
that n in (3.2a) cannot be a bi-unitary triperfect number when ¢ > 2.

We obtain a contradiction to (3.2b), by examining the factors of 0**(17¢). We distinguish the
following cases:
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c+1 _
Case l. Let ¢ be odd so that ¢ > 3. We have o™*(17°) = 171761 Since ¢ + 1 is even,

17t = 1(mod 9). Hence 9|0**(17¢). From (3.2b), it follows that 3|v. Hence v = 39w,
where w is prime to 2.3.7.17; using this in (3.2a) and (3.20), we obtain

n = 20.7.17°3%w, (3.5a)

and
231771 34w = o (179).0** (3%).0™ (w), (3.50)

where w has at most one odd prime factor.

(1T0) 88452 o**(3%) _ 112

. g . . .
Since ¢ > 3, by Lemma 2.1 (¢ = 2), T Z 3501 also, for d > 3, i > TR using
these results from (3.5a), we obtain for d > 3,

o*(n) _ 119 8 88452 112
3= > — = ——— =311 >3
n — 64 783521 81 =%
a contradiction.
Henced = 1ord = 2.
If d = 1, from (3.5a), we have
o*(n) _ 119 8 88452 4
- > 0 2 222 2 300061062
3 2 61 793203 3.000610625 > 3,

a contradiction.
Let d = 2. From (3.5a) and (3.5b), we have n = 26.7.17¢.3%.w, and

23177133 w = 10.07(17%).0™* (w) or 22.17°71.3%w = 5.0 (17%).0"* (w);

the last equation implies that 5w and so w = 5°.w’. Using this, we get

n = 20717325, (3.6a)

and
22177133557 L = o™ (179).07* (5%).0™ (w'). (3.60)

From (3.6b), we have w’ = 1. Rewriting (3.6a) and (3.6b), by replacing v’ by 1 we get
n = 20.7.17¢.3% 5°, (3.6a)’
and
22177133557 L = o™ (179).07*(5). (3.6b)

g 5(65 ) %. Hence for e > 3, from (3.6a), we have

By Lemma 2.1, for e > 3,

o™ (n) _ 119 8 88452 10 756
= > 2 — . =3.02461551
S T 2 TRl g 6ap VOIS,

a contradiction.
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Hencee =1ore = 2.

If e = 1 then from (3.6a)’,

o"'(n) | 119 8 88452 10 6 _ 5 10610695 = 3

S=— 64 7°83521° 9 5

a contradiction.

Let e = 2. From (3.60)’, we have 22.17¢71.33 5.0 = 26.0**(17°) or
2177132 5.0 = 13.0™(17°). (3.6¢)

From the equation (3.6¢), we infer that w’ = 1. From (3.6¢), we find that 13 divides its
left-hand side. This is not possible. Hence d = 2 is not possible.

Thus n = 25.7.17¢.v cannot be a bi-unitary triperfect number when c is odd and ¢ > 2.

This completes Case I.

Case II. Let ¢ be even, so that ¢ = 2k. Then

17% — 1

o™ (17°) = ( ) (177 1), (3.7)

(i) Let k be even. Then 32|17% —1]17% — 1. Hence each of the factors on the right of (3.7)
is even so that 4|c**(17¢). From (3.2b) it follows that v in (3.2b) can have at most one

k_
=l c 1\0**(170). Hence from

odd prime factor. Since k is even, 9|17% — 1 so that 9|
(3.2b), 3|v and so v = 3%. From (3.2a), we have

n = 20.7.17¢.3% (3.7a)
Since ¢ = 2k and k is even, ¢ > 4. From (3.7a), for d > 3,

o**(n) _ 119 8 88452 112
> 0 2 20 To% 3111744352
n = 647 sl sl | oiHTASRZ >,

a contradiction.
Henced =1ord = 2.
Let d = 1. From (3.7a), (d = 1), we have

o (n) _ 119 8 88452 4
= >0 2 2200 2 300061062
3 2 1 T3l 3 3.0006106256 > 3,
a contradiction.
Let d = 2. From (3.7a), (d = 2),
o*(n) 119 8 17 10
3= — —.—.— = 2.508680556 < 3
n S 6T169 <<

a contradiction.

Hence ¢ = 2k and k is even (or same as 4|c) is not admissible.
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(i) Let k£ be odd. We now prove that k£ > 3.

On the contrary, let & = 1 so that ¢ = 2. Since o**(17?) = 290, taking ¢ = 2 in (3.2b),
we obtain after simplification,

22.3.17.v = 5.29.0™*(v). (3.70)

It follows from (3.7b) that v is divisible by 5 and 29. Since v can have at most two
odd prime factors, v = 5°.29/. From (3.2a), we have n = 2.7.172.5¢.29/, so that
o*(n) 119 8 290 5 29

it g3 4
S < ol 7m0 1 a5 = 2760635504 <3,

3=

a contradiction.

17" —1
> 1.

Hence we may assume that £ > 3. Hence

Since k is odd, 16||17k — 1. Also, 2||17%"! + 1. Further, 3 neither divides 17% — 1 nor

17%+1 4+ 1. Hence 17 L and 175+1 + 1 are relatively prime. Also, 5/17" — 1 if and only
if 4|t. In partlcular t should be even. Since k is odd, 51 17 — 1. If p and ¢ are odd prime
k

Land 171 + 1, respectively, then p # g, p ¢ {3,5,17} and q ¢ {3,17}.

factors of

1f * 1 is odd, then 200 = 172 +1[17%F1 +1. In this case it follows from (3.7) that o**(17¢)

is divisible by three odd prime factors, namely, p, 5 and 29. From (3.2b), it follows that v is

divisible by these three odd prime factors; this leads to a contradiction since v cannot have
more than two odd prime factors.

If % is even, then 4|k+1. And so, 5|17%*1 —1. Hence 5 { 17%"1 +1. In this case o**(17¢)
is divisible by two distinct odd primes p and g¢; also, p, ¢ ¢ {3,5,17}. From (6b) it follows
that v is divisible by p and ¢. Since v has at most two odd prime factors, v = p?¢®. Since
7 t v, we can assume that p > 11 and ¢ > 13. From (3.2a), n = 2°.7.17¢.p%.¢°. Hence

= 119 8 17 11 13
o™ (n) S 0 9690559806 < 3,

3= T S e TI6'10 12

a contradiction.

The proof of Case II is complete.

The case b = 1 is finished. This completes the proof of (b) of Theorem 3.1.

Proof of (c) of Theorem 3.1. Let b = 2. Since o**(7?) = 50, taking b = 2 in (3.1b), we get after

simplification, 3.2°.7.17¢ 1.0 = 5%.0**(17¢).0**(v); this implies that 5%|v. Writing v = 5%.w
where d > 2, we obtain from (3.1a) and (3.1b),

n=257217°5%w, (d>2) (3.8a)

3.25.7.17°71 592w = 0™ (17°).0** (5% 0™ (w), (3.80)

and w has no more than three odd prime factors and prime to 2.5.7.17.
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Case (b = 2,d = 2). Since 0**(5?) = 26, from (3.2b) (d = 2), we get after simplification,
328717 w = 13.0™(179).0™ (w). (3.8¢)
From this equation, we infer that 13|w. Let w = 13°.w’. From (3.8a), we get,
n = 20.72.17°5%.13°w/, (3.9a)
and from (3.8¢), we have
32871771135 ' = o™ (179).0%*(13%).0™* (w'), (3.90)

where w’ has at most two odd prime factors.
Let ¢ = 1. From (3.9b), (¢ = 1), we get after simplification

23713 ' = 3.0 (13%).0™*(w'). (3.9¢)
It follows from (3.9¢) that 3|w’. Let w’ = 3/.w". From (3.9a), we have
n = 26.72.17.5%.13°.3" w", (3.10a)

and from (3.9¢),
287137137 w” = 0 (139).0™(37).0™* (w"), (3.100)

where w” has at most one odd prime factor and prime to 2.3.5.7.13.17.
Lete = 1 (already b = 2,d = 2,¢ = 1). Taking e = 1 in (3.10b), we get after simplification,

223/ " = o**(37).0™ (w"). (3.10¢)

If f = 1, then from (3.10c¢), we get w” = o**(w") so that w” = 1. Thus (3.10¢) is satisfied
when f = 1. Takinge = 1, f = 1 and w” = 1in (3.10a), we see that n = 26.72.17.5%.13.3 =
51979200 is a bi-unitary triperfect number.

If f = 2, from (3.10¢), we find that 5|w”. But w” is prime to 5. So we may assume that
o**(37) _ 112

f > 3; hence o 2 5 From (3.10c), we have
4 o**(37) o (w") S o**(37) S 112
3 3 7w T30 T8l

which is false.
Hence e = 1 is complete. Let e = 2. From (3.10b), (e = 2), we get

28.7.13.3 7 w” = 170.0™(37).0** (w"). (3.10d)
From (3.104d) it is clear that 5|w” But this is false.

a**(13¢) - 30772
13¢  ~ 28561°

We may assume that e > 3; so we can use From (3.10a), for f > 3, we

have

o™ (n) _ 119 50 18 26 30772 112
L 22 s T2 3112527184 > 3
n 64 '49°17 25 28561 81 ’

Vv

a contradiction.
Hence whene > 3,then f = 1or f = 2.
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If f =1, from (3.10a) (f = 1), we have

o) 9SO 18 26 80724

3= = 2 6419 1725 28561 3

a contradiction.

If f =2, from (3.100), 5|w” which is false.

This proves that when b = 2 and d = 2, ¢ = 1 is not possible.

We continue assuming b = 2, d = 2 and let ¢ > 2. The relevant equations are (3.9a) and
(3.90).

If ¢ = 2, since o**(17%) = 290, from (3.9b), we find that 5w’ which is false. So, without
loss of generality, we may assume that ¢ > 3. Also, if ¢ = 2, since 0**(13?) = 170, from (3.9b),
again we see that 5|w’ which is false. Hence we may assume that e # 2.

We now assume that 3|n. From (3.9a), 3|w’. Let w’ = 37.w". So from (3.9a), we have

n = 26.72.17°.5%.13°.37 ", (3.11a)
and from (3.9b), we obtain
20 717711357 37w = o (179) .07 (139).0™ (37) .0 (w"); (3.11b)

w” cannot have more than one odd prime factor.
If f > 3ande > 3, from (3.11a), we have
o™(n) _ 119 50 88452 26 30772 112

> —.—. —. . = 3.113160712
n 64 49 83521 25 28561 &1 3113160712 > 3,

a contradiction.
Since e # 2, if f > 3, then the only possibility is e = 1. Again from (3.11a), (e = 1), we

have “*(n) _ 119 50 88452 26 14 112
ag n
> 20 20 89892 20 12 112 41744359
n = 64 10°83521°25 13 81 oitTAAssz> 3,

a contradiction.
Thus f > 3 does not hold. Hence f = 1 or f = 2.
Let f =1.If e = 1, from (3.11a), we have

o(n) 119 50 88452 26 14 4 _ 4 610625 > 3.

3= 64 49 8352125 133

a contradiction.
Since e # 2, we can assume e > 3. Again from (3.11a), we obtain

= 119 50 88452 26 30772 4
0™ (n) _ 119 50 88 0772 1 _ 5 001976401 > 3,

5= n 64 49783521 25 285613

a contradiction.
Hence f = 1 cannot occur. If f = 2, from (3.11b), we see that 5|w” and this is false.
Thus the case b = 2, d = 2 when 3|n is complete.
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Suppose that 31 n when b =2, d = 2.

We return to the equations (3.9a) and (3.95). In these two equations w’ cannot have more than
two odd prime factors. Hence we may assume that w’ = p/¢9, where p > 11 and ¢ > 19. Hence
from (3.9a), n = 26.72.17¢.52.13°.p’ .q¢ and so
o™(n) 119 50 17 26 13 11 19

______ = 2.637175771 < 3,

3= < 64191625 12'10 13

a contradiction.
Thus the case b = 2, d = 2 and 3 1 n is complete. This also finishes the case b = 2 and d = 2.

Case (b= 2,d > 3). We return to the equations (3.8a) and (3.8b), where we assume that d > 3.

Case (b = 2,d = 3). Taking d = 3 in (3.8b) and since 0**(5%) = 156 = 2%2.3.13, we get after
simplification,

237177 5w = 13.0™(17°).0™ (w). (3.11¢)
From (3.11¢), 13|w. Hence w = 13°.w’ Substituting this in (3.8a) and (3.11c¢), we get
n = 2072175130/, (3.12a)
and
237177151357 = o™ (179).0%*(13%).0™* (v'), (3.120)

where w’ has at most one odd prime factor.
Letc = 1 (already b = 2,d = 3). Since 0**(17) = 18 = 2.3%, from (3.120), (c = 1), we get
after simplification

22.7.5.13° L’ = 3207 (13%).0™ (w'). (3.12¢)
From (3.12¢), 3*|w’ and so w’ = 3/, where f > 2. Hence from (3.12a) and (3.12c), we have
n=2072175°13°3" (f>2), (3.13a)
and
22.7.5.13°71.377% = o™ (13%).0™(37). (3.13b)
Let e = 1. From (3.13b) (e = 1), we get
2.5.3/72 = 5**(37). (3.13¢)

If f > 3, from (3.13¢), 3|0**(37), a contradiction. Hence f = 2. It follows that (3.13c) is
satisfied when f = 2. Hence from (3.13a), (e = 1, f = 2), n = 26.72.17.53.13.3% = 779688000,
is a bi-unitary triperfect number .

If e = 2, since 0**(13%) = 170, from (3.13b), 17 is a factor of the left-hand side of (3.130).
But this is not true.

We may assume that e > 3.

Let f = 2. From (3.130), (f = 2), we get after simplification, 2.7.13°"! = ¢**(13¢); from
this equation since e > 3, we see that 13|0**(13¢) which is false. Hence f > 3.

Thus e and f are both > 3. From (3.13a), we now have

o 11 18 1 2 112
07" (n) _ 119 50 18 156 30772 112, orianen o 3,

3= = 2 64 19°17 125 28561 81

a contradiction.
Thus ¢ = 1 is not possible.
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Let ¢ > 2 (with b = 2,d = 3). We return to the equations (3.12a) and (3.12b), where now
¢ > 2.1In (3.12a), w’ has at most one odd prime factor.

U*Zs,w) < Hence if 3 { n, from

If 3 1 n, then w' = 1 or p/, where p > 11. In any case o

(3.12a), we have

- 119 50 17 156 13 11
o (n) 2L 292 20 2 9 998052455 < 3,

3= T S 641916125 12°10

a contradiction.
Suppose that 3|n. Then w’ = 3/. From (3.12a) and (3.12b),

n = 26.72.17°.5%.13°.3/, (3.12¢)
and
28 717715137137 = o7 (179).0%*(13%).07(37). (3.12d)
If f > 3, from (3.12¢), we get

0**(n) _ 119 50 156 112

3= = 3.274074074 > 3,

n — 64 49125 81
*k f k% (e
a contradiction; in the above we used that g 3&3 ) > g for f > 3; also, %7107) > 1 and
0.**(136) S 1
13¢ -

Hence f =1or f =2.

If f =1, from (3.12d), it follows that its right-hand side is divisible by 2%, whereas its left-
hand side is divisible unitarily by 23.

Let f = 2. Taking f = 2 in (3.12¢) and (3.12d), we obtain

n = 2°0.72.17°.5°.13°.3%, (3.13a)
and
2271771137132 = o™ (17°).0%*(139). (3.13b)

Since o**(17%) = 290, taking ¢ = 2 in (3.13b), we see that the left-hand side of it should be

divisible by 29 and this is not possible. Hence we may assume that ¢ > 3; hence we can use the
o™ (17°) _ 88452

result 17¢ - 83521
o**(13¢) _ 30772 .
If e > 3, then T3 > RTRE Hence if e > 3, from (3.13a), we have
o™(n) _ 119 50 88452 156 30772 10
3= > — — ————.——.— = 3.001976401 > 3
n 64 49 83521 125 28561 9 ’

a contradiction.

Hencee =1lore = 2.

If e = 1, (3.13D) reduces to 2.7.17¢71.3% = ¢**(17¢); this implies that 17|c**(17¢) which is
false.

If e = 2, since 0**(13%) = 170, taking e = 2 in (3.13D), we see that 5 should divide its
left-hand side. But this is not possible.

The case b = 2 and d = 3 is complete.
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Case (b= 2,d > 4). The relevant equations are (3.8a) and (3.8b), where d > 4.

Case (b =2,d > 4, 3|n). Since 3|n, we have 3|w. Let w = 3°.w’. Using this in (3.8a) and (3.8b),
we get
n=207217543w', (d>4) (3.14a)

and
3.2°. 717715972 3¢ = o™ (179).0™ (5%).0™(3%).0™ (w'), (3.14b)

and w’ has no more than two odd prime factors and is prime to 2.3.5.7.17.

Since d > 3, we have g 5(d5 ) > g and for e > 3, 3(63 ) > e Hence for e > 3, from

(3.14a),

o™ (n) _ 119 50 756 112
> — — — — =31
n S 6419625 81 oS

3=

a contradiction.
Hencee = 1ore = 2.
If e = 1, again from (3.14a), (e = 1), we have

a contradiction.
Let e = 2 (with b = 2,d > 4). Taking e = 2 in (3.14a) and (3.14b), we get

n=20721754320',  (d>4) (3.15a)

and
2 7177543 B = o™ (17).0™ (5%).0™ (w'), (3.15b)

and w’ has no more than two odd prime factors and is prime to 2.3.5.7.17.

When e = 2, we wish to show that n (hence w’) is not divisible by 11 or 13 or 19 or 23. If this
is proved, then if w’ is divisible by two odd primes (in the worst case) say p and ¢, then w’ = p/.¢9,
where we can assume that p > 29 and ¢ > 31. Also, from (3.15a), n = 26.72.17¢.59.3%.p/ .¢9 so

that
o™ (n) 119 50 17 5 10 29 31

- <64E1_64_l§%%_2996523995<3

a contradiction. With this the case b = 2, d > 4, 3|n would be complete.
We now prove that n in (3.15a) and (3.15b) is not divisible by s, where s € {11, 13,19, 23}.
We assume that s|n so that s|w’. Let w’ = s/.w”; substituting this into (3.15a) and (3.15b),

we obtain

3:

n=207217°532s" ", (d>4) (3.16a)

and
20 71775973 33 sf ' = o (17°).07 (5%) .07 (s7).0™ (W), (3.16b)

and w’ has no more than one odd prime factor and is prime to 2.3.5.7.17.s.
We now examine the factors of o**(5%) in the presence of (3.16a) and (3.16b). We distinguish
the following cases:
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Case A. Let d be odd. Then

54— 1 (5t —1)(5' 4+ 1) (t d+1>
) 2 *

**5(1: —
o™ (5% 1 1

(5t —1)(5* + 1)_

(i) Let ¢ be even. Then 8|5" — 1 and trivially 2|5" + 1. Hence 4| 0 ( 4,
it follows from (3.15b) that w” = 1. Rewriting (3.16a) and (3.16b), taking w” = 1,
we get

n=207217532s"  (d>4) (3.16¢)
and
20 71771 597333 sf = o (179) .07 (5%) .07 (s). (3.16d)

If s = 19 or 23, so that s > 19, from (3.16¢), we obtain

o*(n) 119 50 17 5 10 19
————— _ 9.055414841
n S Ie 1o 1z ovodldsdl <3,

3=

a contradiction.

We may assume that s = 11 or 13. We have:

(a) 3|5" — 1, since t is even.

(b) 9]5'—1 <= 6|t < 7|5 — 1 6|t implies 5 —1|5' —1 and 5% — 1 = 23.32.7.31.
Hence 31|5" — 1 so that 31| |a**(5d). This is not possible from (3.16d).
Hence 915 — 1and 715" — 1. As a consequence, 3||5" — 1

(c) Since t is even, 8|5' — 1; but 16|5" — 1 implies that 8|c**(5?). This results in an
imbalance in the powers of two between two sides of (3.16d). Hence 16 1 5¢ — 1
and so 8||5" — 1.

(d) 11|5" — 1 <= 5|t; and 5|t implies that 5° — 1|5 — 1. Also, 5° — 1 = 22.11.71.
Hence 71|5tT_1|<7**(5d); this is not possible from (3.16d). Thus 11 1 5 — 1.

(e) 13]5" — 1 <= 4|t; this implies 16|5* — 1]5' — 1. In (c) above, we proved that
16 1 5" — 1. Hence 13 1 5" — 1.

(f) 17|5" — 1 <= 16|t; this implies 4|t. As in (e), we get a contradiction. Hence
17450 — 1.

We have d > 5, since d is odd and d > 4. Hence ¢ T> 3. It is clear

that >~ > 1, odd and not divisible by 3. Hence 5 —1 hust be divisible by an

odd prlme say p. Since 5' — 1 is not divisible by any of the prunes 5,7,11,13

and 17, the same is true with respect to =1 Hence p| |a**(5d) and
p ¢ {2,3,5,7,11,13,17}. This contradicts (3.16d) since s = 11 or 13.

The case that ¢ is even is complete.
(i1) Let ¢ be odd.
t_
(a) 4|/5" — 1 since t is odd. Hence > —1isodd and > 1 since ¢ > 3.

(b) 5" — 1 is not divisible by 3,7, 13,17 or 23, since ¢ is odd; trivially not divisible
by 5.
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(c) 19|5!

5t
Hence

— 1|5" — 1. Also, 57 — 1 = 22.19.31.829.
| a**(Sd) is divisible by 31 and 829. It follows from (3.16b) that w”
is divisible by 31 and 829. This is not possible since w” cannot have more than

one odd prime factor. Hence 19 1 5¢ — 1.

(d) Let s # 11. We claim that 11 1 5" — 1. Suppose that 11|5° — 1. This is if and
only if 5|¢. Hence 11]5° — 1 implies 5° — 1|5 — 1. Also, 5° — 1 = 22.11.71. It
follows that >—* ) ]o**(5d), is divisible by 11 and 71. Since s # 11, from (3.16b)
we infer that w” is divisible by 11 and 71. This is not possible since w” cannot
have more than one odd prime factor Hence when s # 11, 11 1 5 — 1.

(e) Let s = 11. We prove that has a prime factor 11; if 11 1 5 — 1, then
P P

this is trivially true. We assume that 115" — 1. 1t 21 is divisible by 11 alone,

b
then we must have > = 11¢ for some positive integer o. If o > 2, then
112]5" — 1; this is if and only if 55|¢. In particular 11]¢. Hence 5'' — 15" — 1
t_
and 51 — 1 = 2212207031, It follows that 12207031|% 1= 11%, which is

t_ t_
impossible. Hence ol 11 or 5 = 45, which is not possible. Thus 1 must
be divisible by an odd prime say p # 11. Clearly, p ¢ {3 5,7,11,13,17,19, 23}.

Hence p| |a**(5d) From (3.16b), we find that p|uw’

—1 s not divisible by any prime

Thus if s # 11, from (a)—(d), it follows that 5

in the set {3,5,7,11,13,17,19,23}.  In particular, if p|
p ¢ {3,57,11,13,17,19, 23}, from (3.16b), we infer that p|w”.

|a**(5d) and

t_
Hence when ¢ is odd, we can conclude that there is an odd prime p| > L and plw”.

Let s € {11,13,19,23}. We now prove that we can find an odd prime ¢|5' + 1 and
g|w” when t is odd. We have

() 2||5" + 1 and 3|5" + 1.

(g) 5!+ 11is not divisible by 13 and 17 since ¢ is odd.

(h) 5+ 1 is not divisible by 11 and 19 for any ¢.

() 23|5'+1 <= t = 11u, where u is odd. Hence 23|5’ + 1 implies 5'* + 1|5 + 1.
Also, 51 +1 = 2.3.23.67.5281. So, 5' + 1, a factor of o**(5), is divisible by
67 and 5281. From (3.16b), it follows that w” is divisible by 67 and 5281. This
cannot happen. Hence 23 1 5' + 1.
Thus 5¢ + 1 is not divisible by any of 11, 13,17, 19 and 23.

(j) We may note that 7|5" + 1 <= 9|5 + 1 <= t = 3u, where u is odd. Assume

that 7 1 5° + 1. Then 9 1 5" 4+ 1. Hence 3||5" + 1. Also, Sty 1, odd and not

divisible by any of the primes 3,5,7,11,13,17,19 and 23. Let q|
glo*(57). Then q ¢ {3,5,7,11,13,17, 19, 23}. From (3.16b), q|w".

Suppose that 7|5 41 so that 9|5 4 1. We note that 27|5'+1 <= ¢ = 9u, where
w is odd. Hence 27|5°+1 implies 57 + 1|5 +1. Also, 5°+1 = 2.3%.7.5167. Hence

so that
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5167|5" + 1|o**(5%). From (3 16b), it follows that 5167|w” We already proved

— ! and 5 + 1 are relatively

that there is an odd prime p| —!and plw”. Now, il
prime. Since p and 5167 respectlvely divide these factors, it follows that w” is
divisible by these two odd primes. This cannot happen. Hence 27 1 5' + 1. Thus

75+ 1 1mphes 9|5" 4 1.

We have Bl is > 1, odd and not divisible by 3. By our assumption, 7| + !
and from (3.16b), 7% { 1; L since 51%\0**(5‘1) Hence 7H5 ki 1. it > 1; 1 is
divisible by 7 alone, then we must have ' +1 =T7or5 =1250rt = 3.
We now prove that ¢ = 3 is not possible. Suppose that 3 = ¢ = d% so that
d = 5. We have 0**(5°) = 56% = 2.3%.7.31. Taking d = 5 in (3.16b), we get
after simplification

233177152 57w = 31.0"* (17%).0** (s7).0* (w"); (3.16¢)

this implies that 31|w” so that w” = 319. Substituting w” = 319 in (3.16a) and
(3.16¢), we get
n = 20.72.17¢.5.32 57 319, (3.17a)

and
23317715257 3197 = o (17%).0** (s7).0™*(319). (3.17b)

We obtain a contradiction by examining the factors of o**(17¢).

Let ¢ be odd. Then 9|c**(17¢). This is not possible from (3.17b).

We may assume that c is even so that ¢ = 2k. Then

7% —1
o™ (17°) = ( T ) (177 1),

-1

k
(i) If k is even, 9|17% — 1 and s0 9] %/
(3.17b).
(ii) Let k be odd. First we note that k > 1. If k = 1, then ¢ = 2. We have o**(17%) = 290.
Taking ¢ = 2 in (3.17b), we see that 29 divides its right-hand side but 29 does not
divide its left-hand side. Hence k£ = 1 cannot occur.

|o**(17¢) and this leads to a contradiction from

We may assume that & > 3. Since k is odd, 16||17% — 1; also, 17% — 1 is not divisible by
3,5,7,11,13,23 and 31 since k is odd. 19[17% —1 <« 9\k‘ In such a case 17°—1[17%—
Also, 17% — 1 = 2%.19.307.1270657. In particular, 307 17 _ 1\ **(17¢). But this is not
possible can be seen from (3.17b). Hence 19 1 17% — 1.

17k —

! > 1 and is odd; also it is not divisible by 3,5,7,11,13,17,19, 23 and 31. If
—1

Thus

k
p is an odd prime factor of 17 |o**(17¢), then p ¢ {3,5,7,11,13,17,19,23,31}. But

this is not possible from (3.170).
Thus d = 5 (or ¢t = 3) is not admissible.
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t
1. P .
is not divisible by 7 alone. As a consequence, we can find an odd prime

t
al and ¢ # 7. Since >—1 is not divisible by 3,5,7,11,13,17,19 and 23,
q ¢ {3,5,7,11,13,17,19,23}. It follows from (3.16b) that ¢|w”. Since p|w” , qlw” and
p # q it follows that w” is divisible by two odd primes which is not possible.

This completes the case when ¢ = % is odd.

5
Hence
5t +1

Case B. It remains to examine the case when d is even. Let d = 2k. Then

o (5%) = <5k4_ 1) (5" 4 1).

(iii) If £ is even, we get a contradiction just as in (i) of Case A where ¢ was even.

(iv) Assume that £ is odd. Since d = 2k > 4, we have & > 3. Again as in (ii) of Case A,

5k —1

on similar lines, we can show that is divisible by an odd prime p|w”.

It remains to examine 5*t! + 1 when k is odd.

(v) Since k + 1 is even, 2||5**! + 1 and not divisible by 3, 7 and 23.

(vi) Since 5 + 1 is not divisible by 11 and 19 for any positive integer ¢; the same is true
with respect to 5**1 + 1.

(vii) 17]5*" +1 <= k + 1 = 8u, where u is odd. Hence 17|5*™! + 1 implies
58 4+ 1|55 + 1. Also, 5% + 1 = 2.17.11489. Hence 11489|51 + 1|o**(5%). From

k _
(3.16b), 11489]w"”. Since m% divides w”, it follows that w” is divisible by two

odd primes. This cannot happen. Hence 17 { 5¥™! + 1.

5+l 41

(viii) If 134 5%+1 41, then it follows from (v)—(vi) that > 1, is odd and not divisible

by any of the primes 3,5,7,11,13,19 and 23. Thus if q|$, then ¢ is odd and
q ¢ {3,5,7,11,13,19,23.}. From (3.16b), q|w".

Suppose that 13|5**! + 1.  Suppose that 13?|5**! + 1; this is if and only if
k + 1 = 26u, where u is odd. This implies that 526 + 1|5**1 + 1 and 5% + 1 =
2.13%.53.83181652304609. Thus 2+

is divisible by two odd primes and these

|
2

> 1, odd and not divisible by any of 3,5,7,11,13,17,19 and 23. Hence

. It follows

primes divide w” by (3.16b). But this is not possible. Hence 13|

k+1 1
that Sl

5k+1 +1

if q| 5

,then gisodd and ¢ ¢ {3,5,7,11,13,19,23}. From (3.16b), q|w”.

Thus p and ¢ divide w”. This is not possible.

This completes the Case B.

Hence s { n, where s € {11, 13,19, 23}.
Thus, n in (3.16a) satisfying (3.16b) cannot be a bi-unitary triperfect number when b = 2,
d > 4 and 3|n.
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Case (b =2, d > 4, 31 n). The relevant equations are (3.8a) and (3.8b). We obtain a contradic-
tion by examining the factors of ¢**(17¢), and hence n in (3.8a) cannot be a bi-unitary triperfect
number.

For the validity of (3.8b), we show that the only choice for c is that ¢ = 2k, where k is odd. In

k_
such a case, we prove that 17 -1 and 17! 4 1 should be divisible by two odd primes p and ¢,
and each of them exceeds 41. We can assume that p > 43 and ¢ > 47. If at all w has a third prime
factor say r, then obviously r > 11, from (3.8b). Hence n = 26.72.170.5d.pe.qf.7“9. We have

o4 119 50 17 5 4347 11
o™(n) _ 119 50 17 5 4347 11 = 2.899557597 < 3,

3= < 6419162224610

a contradiction.

If c is odd or 4|c, then 9|c**(17¢). This implies that 3|w, from (3.8b). This is not true since
by our assumption 3 { n.

Let ¢ = 2k, where k is odd. We have

(a) 16]]17% — 1 since k is odd. Also, 17 — 1 is not divisible by 3,5, 7,11, 13,23, 29, 31, 37 and
41, since k is odd; not divisible by 17 trivially.

(b) 19|17%—1 implies 9|k. This implies that 179—1]17"—1. Also, 179—1 = 21.19.307.1270657.

ko _
Hence 19,307 and 1270657 divide 7 1 |o**(17¢); from (3.8b), it follows that these three
prime factors divide w. Since w has at most three prime factors, from (3.8a), we have
n = 20.72.17¢.5.19°.(307)7.(1270657)¢ so that

o**(n) 119 50 17 5 19 307 1270657

n " 64 °19°16°1°18 306 1270656

a contradiction. Hence 19 1 17% — 1.

3=

= 2.668567854 < 3,

k_
Thus 17

178 —1
1 1.
s >1lork >

Assume that k = 1 so that ¢ = 2. We have 0**(17?) = 290. Taking ¢ = 2 in (3.8b), we get
after simplification

L is odd and not divisible by any of the primes from 3 to 41. We now prove that

3.24.7.17.597 2w = 29.0**(5%).0** (w), (3.18)
so that 29|w. Let w = 29¢.w’. From (3.8a) and (3.18), we obtain

n = 20.7%2.17%.5%.29° w0/, (3.18a),

and
3.24.7.17.5972.29¢7 L ' = o (5%).0*(29%).0** (w'), (3.18b)

where w’ has at most two odd prime factors.

If p; and p, denote these two prime factors of w’, then it follows from (3.18b) that p; > 11
and p, > 13. Also, n = 26.72.172.57.29¢ p/ pJ. We have
o™*(n) 119 50 290 5 29 11 13

———.—.—.— = 2.937283312 < 3,

= T T 6419'289°4°28°10° 12

a contradiction.

49



k_
Hence k& = 1 is not admissible. We may assume that £ > 3, since & is odd. Thus -1

17 —1
>
T Then p > 43.

We now consider the factor 175+ + 1, where k is odd and > 3.

,odd

and not divisible by any prime from 3 to 41. Let p|

(c) 17%*! + 1 is not divisible by 3,7, 11,13, 23 and 31 since k + 1 is even; also, 2|[17%1 + 1.
(d) 191 17" + 1 for any positive integer ¢. In particular, 19  17¥+1 + 1.

(e) 37[17"! + 1 <= k + 1 = 18u, where u is odd; this implies that 178 + 1|17%+1 + 1. Also,
17841 = 2.5.29.37.109.181.2089.83233.382069. Hence 17%"!+1 is divisible by seven odd
prime factors > 29 and from (3.8b), these seven prime factors divide w. This contradicts
the fact that w has no more than three odd prime factors. This proves that 37 f 17%+1 4+ 1.

(f) 4117%*' + 1 = k + 1 = 20u; This implies that 172 + 1|17%*! + 1. Also,
1720 4 1 = 2.p1.po.ps, where py = 41, py = 41761 and ps = 118684 412 830 256 8601.
Hence 1751 + 1|o**(17°) is divisible by p;, po and ps. From (3.8b) it follows that these

k _
1716 ! and p > 43. Thus

w is divisible by four odd primes p, p;, p» and ps. This is not possible. Hence 41 1751 1.

three primes divide w. We have already shown that p|w, where p|

(g) We may note that 5|17"! +1 <= 29[17" +1 < k+ 1 =2u.
Suppose that 5  17%*1 + 1. Then 29 { 17! + 1. From (c)—(f) above, it follows that

k+1 k+1
4l odd, > 1 and not divisible by any prime from 3 to 41. If q|u, then
from (3.80) it follows that ¢|w and g > 43.
k+1
Suppose that 5/17%+1 + 1 so that 29[17**! + 1. Let us assume that I +1 _ paggs,

where a and 3 are positive integers. If o > 2, then 52|17%+1 + 1. But this is if and only if

k + 1 = 10u; in such a case 1710 + 1]17**! + 1. Also, 179 + 1 = 2.52.29.21881.63541.
178+ 41

Hence 21881|T = 5%.29%. This is obviously false. Hence v = 1.
Similarly, if 3 > 2, 29%|17%+!4-1; this is if and only if k41 = 58u so that 17°8 41|17+ 4-1.
Also, 17°% + 1 = 2.5.4908077.P, where

P = 5627688836691 687 811 685 586 936 872 121 257 317 104 508 544 673 081 805 033.

1+

k+
In particular, 490807 7|% = 5%.29”. But this cannot happen. Hence 3 = 1.

17 41

Thus = 529 or 17%t! = 289 sothat k +1 = 2or k = 1. But £ > 3. This

.. 1761 41
contradiction proves that ol

1 k+1 1
follows that 1~ !

must be divisible by a prime ¢ # 5 and 29. It now

is divisible by an odd prime ¢ not in [3,41]; also, since ¢|o™*(17¢),

17% — 1

from (3.18b), we have g|w. The primes p and ¢ are different since they divide and

17%+1 4+ 1 respectively which are relatively prime. As mentioned in the beginning of the
case b =2, d >4, 3 1n we obtain a contradiction.

The case b = 2 is complete. The proof of (c) of Theorem 3.1 is complete.
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Proof of (a) of Theorem 3.1.
Case b > 3. We return to the equations (3.1a) and (3.1b), where b > 3. We claim that n in
(3.1a) cannot be a bi-unitary triperfect number. On the contrary we assume that n in (3.1a) is a

bi-unitary triperfect number and obtain a contradiction.
Case b > 3 with 3|n. From (3.1a), 3|v. Let v = 3%, where (u,2.3.7.17) = 1. Substituting
v = 3% in (3.1a) and (3.1b), we obtain

n=207"173%u, (b>3) (3.19a)

and
20 3L 7L 17y = o™ (T°).0™ (17°) .07 (3%).0™* (u), (3.190)

where u has at most three odd prime factors.

. = (7h) 2752 o**(17¢) _ 88452
By Lemma 2.1, sin > il . >

y Lemma 2.1, since b = 3, —— > o7 17c = 33521
o**(3%) _ 112

i 25 W when d > 3. Hence if ¢ > 3 and d > 3, from (3.19a), we get

Also, when ¢ > 3 and

o**(n) _ 119 2752 88452 112
> —

3= 7 2 612401 83521 81

= 3.120816493 > 3,
a contradiction.
Hence whenc > 3,thend = 1ord = 2. Let ¢ > 3.

If d =1, from (3.19a), (d = 1), we have

o(n) 119 2752 83452 4 _ 4 005ccm61 < 3,

3= = = 64 2401 33521 3

a contradiction.
Let d = 2. Taking d = 2 in (3.19b), since 0**(9) = 10, it follows that 5|u. Let u = 5°.w
Using this in (3.19a) and (3.190), we get,

n=207"17°325w, (b>3, c>3) (3.20a)

and
22 3. 77 5w = o™ (7°).0" (179) .07 (5%).0 ™ (w), (3.200)

where w has at most two odd prime factors.
We have 70 5 756 g0 > 3. Hence from (3.20a), for e > 3,

he - 625
o*'(n) _ 119 2752 88452 10 756
_ 119 2752 88452 10 796 _ o 10023631
3= T 2 622401 83521 9 Go5 033433631 >3,

a contradiction.
Hencee =1ore = 2.
If e = 1, we have from (3.20a),
o**(n) 119 2752 88452 10 6

> 2 2o 802 U0 _ g 1
n = 64240183521 95 0009358761 >3,

a contradiction.
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Lete =2 (¢ > 3,d = 2). Since o**(5%) = 26, taking e = 2 in (3.20b), we obtain
2533 7L 17 50w = 26.07(7°).0** (17°).0™ (w)
or
20 33 7071 17e 5w = 13,0 (7). 0™ (179).0™ (w); (3.20c)

from this equation it follows that 13|w. Let w = 13/.w’. Now from (3.20a) and (3.20c), we
obtain
n=207"17°325%13" W', (b>3, ¢>3) (3.21a)

and
24 33 7L 17 513w = o (7). 0™ (17).0 (137).0™ (w), (3.21b)

where w’ has no more than one odd prime factor.
By examining the factors of o**(7°) we show that if b is odd or 4|b, then we obtain a contra-

k_
diction. If b = 2k, where k is odd, we prove that -1 is divisible by a prime p > 29. From
(3.210), plw’ and so w = pY. So from (3.21a), we have n = 26.7°.17¢.3%.5%.13/.p%; hence
c™*(m) 119 7 17 10 26 13 29

N e i =2,
S T S G616 0 25 12 OseITsls <3,

a contradiction.

We now justify the above.

If b is odd or 4|b, we have 8|o**(7°). From (3.21b), we find that in this case, 2° divides its
right-hand side but its left-hand side is unitarily divisible by 2%. This is a contradiction.

In what follows we will be using several results on the divisibility of 7% — 1 by various primes.
We refer to Appendix C of [2] for these results.

Let b = 2k, where k is odd. Since b > 3, we have k£ > 3.

(a) 2||7% — 1 since k is odd; and 3|7* — 1.
(b) 7% — 1is not divisible by 5, 11, 13, 17 and 23, since k is odd; trivially not divisible by 7.

(c) Assume 27|7% — 1 This implies 9]k and so 79 — 1|7% — 1. Also, 7° — 1 = 2.3%.19.37.1063.

It follows that ~—— , a factor of o**(7?), is divisible by 19,37 and 1063. From (3.21b),
these three primes divide w’. But w’ is divisible at most by one odd prime factor. Hence
2747 — 1.

(d) We note that 9|7% — 1 < 19|7* — 1 <= 3|k. Hence if 9 1 7% — 1 then 19417 —1;in

this case R is not divisible by 3 and 19. Thus from (a) and (b) — 1 > 1, odd and

not divisible by 3,5,7,11,17,19 and 23. Hence if p|T, then from (3.216), plw’ and
p > 29.

k_
Suppose that 9|7% — 1 so that 19|7% — 1. By (c), 9|7 — 1. Then " —1isoddand > 1; also

ko k_
not divisible by 3. Suppose T —1 s divisible by 19 alone so that [ 19%. If a > 2,
then 19%|7% — 1; this is if and only if 57|k and so 19|k. But 419|7'® — 1|7* — 1. Hence
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kE _
41971

b=6.

We now prove that b = 6 is not admissible. We have o**(7%) = 2.3.19.1201. Taking b = 6
n (3.21b), we see that 19 and 1201 divide w’. But w’ has at most one odd prime factor.

ko
= 19% which is impossible. Hence v = 1 and so T =1 _190rk = 3. Hence

k_
This proves that b = 6 is not possible. Hence [ must be divisible by an odd prime say
p # 19. It follows that p ¢ {3,5,7,11,17,19,23}. From (3.21b), p|w’ and p > 29.

The case b > 3, ¢ > 3, 3|n is complete.
We may assume that b > 3,3|n and ¢ = 1 or ¢ = 2. We return to (3.19a) and (3.190).
Let ¢ = 1. Since 0**(17) = 18, taking ¢ = 1 in (3.19a) and (3.19b), we get

n=207173%u, (b>3) (3.22a)
and
2° 3471 77y = o™ (7°).07*(3%) .07 (u), (3.22b)

where u has at most three odd prime factors.
From (3.22a), we have for d > 3,

o**(n) _ 119 2752 18 112

3= 2 64 0117 81

= 3.120181406 > 3,

a contradiction.

Henced =1ord = 2.

If d = 1, then n = 26.7°.17.3.u and so we have
a**(n) 119 2752 18 4

> — . ——.—.— = 3.008746 > 3,

3= T 2 61 2401173

a contradiction.
Let d = 2. Since 0**(3%) = 10, taking d = 2 in (3.22b) we see that 5|u. Let u = 5°.w. With
this u, from (3.22a), (d = 2), and (3.22b), (d = 2), we get

n=257"17.3%25°w, (b>3) (3.22¢)

and
24 3. 77 5w = o™ (1°).07*(5%).07 (w), (3.22d)

where w can have at most two prime factors and (w, 2.3.5.7.17) = 1.
If e > 3, from (3.22¢), we have

o"n) 119 2752 18 10 56 _ 5 120016397 - 3

3= T 2 642401179 625

a contradiction. Hence e = 1 ore = 2. If e = 1, we have n = 26.7°.17.3%2.5.w and so

0**(n) 119 2752 18 10 6
s n = 6424011779 5 = 3.008746356 > 3,

a contradiction.
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Let e = 2. Since 0**(5%) = 26, taking e¢ = 2 in (3.22d), we find that 13|w. Let w = 13/ ./
From (3.22¢) and (3.22d), we get

n=207°17.325>13" ', (b>3) (3.23a)

and
22.3.7°715.137 ' = o™ (7°).0** (137).0™ (w'); (3.23b)
w’ has no more than one odd prime factor and w’ is prime to 2.3.5.7.13.17.
We obtain a contradiction from (3.23b) by examining the factors of o**(7?).
If b is odd or 4|b, then 8|c**(7®). Hence the right-hand side of (3.23b) is divisible by 2* while
its left-hand side unitarily by 23.
We may assume that b = 2k, and k is odd; b > 3 implies £ > 3. We have

o (7°) = (7k(5_ 1) (TF ).

(a) 2||7% — 1.

(b) 3||7% — 1, since 3 is a unitary divisor of the left-hand side of (3.23b).

(c) 7F — 1 is not divisible by 5,11, 13, 17 and 23 since k is odd; not divisible by 7 trivially.
(d) Since 7% — 1 is not divisible by 9 and hence not divisible by 19.

From (a)-(d), we conclude that is odd, > 1 and not divisible by any prime from

ko
3 to 23. Hence if p|% then from (3.23b), p|w’ and p > 29. Hence w' = p? and
n = 26.7°.17.32.52.13/ p9. We have

o 119 7 18 10 26 13 29
o™(n) _ 119 718 10 26 13 29 = 2.978038194 < 3,

3= T 5179 251238

a contradiction.

The case ¢ = 1 is complete.

Let ¢ = 2. The relevant equations are (3.19a) and (3.19b). Since o**(17%) = 290 = 2.5.29,
taking ¢ = 2 in (3.19b), we find that u is divisible by 5 and 29. Hence, u = 5°.29/.w. From
(3.19a), (¢ = 2), and (3.19b), (¢ = 2), we obtain the following:

n=207"172345°29" w, (b>3) (3.24a)
and
2° 34 771 17,5571 295w = o (7°).0%*(3%).07*(5%).07*(297).0** (w), (3.24b)

w 18 prime to 2.3.5.7.17.29 and has no more than one prime factor.

a**(5) o**(3%) _ 112
> >
Be T 81,f0rd_3,fr0m

From Lemma 2.1, we have > % for all e > 1. Using

(3.24a), we have

o™ (n) _ 119 2752 290 112 26
210 202 20 102 20 g 075316052
W 2 642401 239 81 25~ OU79316052 > 3,

V

3 =

a contradiction.
Henced =1ord = 2.
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Let d = 1. Since 0**(3) = 4, taking d = 1 in (3.24b), we find that w = 1. Taking w = 1 in
(3.24a) and (3.24b), we get

n=207°1723.5°297 (b >3) (3.24c)
and
287071 17.32.5°71 29771 = o (7°).0™*(59).0™* (297). (3.24d)
If e = 1, from (3.24¢), (e = 1), we have

o(n) L 19 2762290 46 _ o 0111549 > 3

3= = = 64 2401'289°3°F

a contradiction.
Let e = 2. Since 0**(5%) = 26, taking e = 2 in (3.24d), we find that 13 divides its left-hand

side which is false.

o™ (5¢) _ 756
B 2 Gor from (3.24c) we get

o™ (n) _ 119 2752 290 4 756
> 2002 2 C 12 3449085234
n = 6424012803765 ARz =S,

For e > 3, using

a contradiction.
The case d = 1 is complete.
Let d = 2. Taking d = 2 in (3.24a) and (3.24b), we get

n=207"17235°29" w, (b>3) (3.24e)

and
24337071 17,572,290 . = o (7°).0™ (5%).07* (297) .0 (w), (3.24f)

where w is prime to 2.3.5.7.17.29 and has no more than one prime factor.

We shall obtain a contradiction by examining the factors of o**(7°).

If b is odd or 4|b, then 8|c**(7°). This results in imbalance in powers of two between both
sides of (3.24f).

Let b = 2k, where k is odd. Since b > 3, we have k£ > 3. Also,

¥ (7°) = (7k(5_ 1) (7TF ).

We consider 7%*! + 1, where k is odd.
(a) 2|75 + 1 and 3  7**! + 1; trivially not divisible by 7.

(b) 291 7" + 1 for any ¢; in particular 29 t 751 + 1.

TR 41

(c) Suppose that 51 7**1 + 1 and 17 7! + 1. Then from (a) and (b) it is clear that
is > 1, odd and every prime factor of it is not in {3,5,7,17,29}. Hence each prime factor

k+1
of ™1 divides w from (3.24).
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(d) Suppose that 57" +1and 17 { 7**1+1; 57" +1 = k+1 = 2u. Hence 7>+1|7*"1+1.

k+1
Thus 527" + 1. Assume that Tl 50 wherea > 2. If a > 3, then 53Tk 4 1.

2
This is if and only if ¥ + 1 = 10u. Also, 7' + 1 = 2.5%.281.4021. It follows that
10 k+1 k+1
281|7 +1|7 +1 7 +1:52.
2 2
Hence k = 1. But £ > 3. Thus

= 5% and this is impossible. Hence a = 2 so that
7k’+1 +1

is divisible by an odd prime ¢ # 5. Also, by our

k+1
assumption . ence 1rom (a) an , . vInce
ption ¢ # 17. Hence from (a) and (b), ¢ ¢ {3,5,7, 17,29}, Since —_ 1

from (3.24f), qlw.

|O'**(7b),

(e) Suppose 17|7**! 4+ 1 and 51 7! + 1. From (3.24b), 17 is a unitary divisor of its left-hand

side. Since 17|75+ 4 1|o**(7°) it follows that 17||7**% + 1. If 7%+ 4 1 is divisible by 17
7R 4 7Rl 41

alone, then we must have = 17 or 7¥*! = 33 which is not possible. Hence
which is > 1 and odd should be divisible by an odd prime ¢ # 17. By our assumption g # 5.

Hence from (a) and (b), ¢ ¢ {3,5,7,17,29}. From (3.24f), q|w.

(f) Suppose that 71 + 1 is divisible by both 5 and 17. Then 5%|7**! + 1 and 17|75 + 1.
Assume that 53|7*"! + 1. This is if and only if £+ 1 = 10u. Also, 7'+ 1 = 2.53.281.4021.

Thus 281 and 4021 divide 751 + 1 which is a divisor of o**(7°). From (3.24f), it follows

ket
that w is divisible by 281 and 4021. This is not possible. Hence 52||7*"! + 1. Thus 72 +1

217

is odd and > 1. It must be divisible by an odd prime ¢ and ¢ ¢ {3,5,7,17,29}. From

. 7k+1 +1
(g) From (a)—(f), it follows that

than one prime factor, w = ¢’.

is divisible by an odd prime ¢|w. Since w has no more

We shall now consider 7 — 1 when k is odd. We have
(h) 2||7’“ — 1 and 3|7’“ — 1.

(i) 9|7% — 1 if and only if 19|7% — 1 if and only if 3|k. Suppose 9|7 — 1. Then 19|7% — 1.

k+1
Hence 19]0** (7). From (3.24f), since w = ¢/, ¢ = 19. Since ¢| 1, 197 —1, 7# -1
k+1
and ! ! are relatively prime, ¢ # 19. This proves that 9 { 7¥ — 1 (as a consequence

3|7 — 1) and so 19 1 7% — 1.

() Since k is odd, 7¥ — 1 is not divisible by 5 and 17. Also, 29|7% — 1 if and only if 7|k. We
have 77 — 1 = 2.3.29.4733. It follows from (3.24f) that 4733w = ¢/. But ¢ # 4733 since
q and 4733 are prime factors of relatively prime factors. Hence 29 7% — 1.

k

k _
(k) Thus is > 1, odd and not divisible by any prime in {3,5,7,17,29}. pr|%, then
p is an odd prime ¢ {3,5,7,17,29}. From (3.24f), plw = ¢/. This is not possible since
p# 4

With this contradiction, the case d = 2 is complete. Also, the case ¢ = 2, 3|n, is complete.

The case b > 3 with 3|n is complete.
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Case b > 3 with 3 1 n. We return to the equations (3.1a) and (3.1b). We assume that b > 3 and
3 1 n. We show that n cannot be a bi-unitary triperfect number. We first settle this when 5 { n.
We examine o**(17¢) to obtain a contradiction. We distinguish the following cases:

(i) If cis odd or 4|c, then 9|c**(17¢). From (3.1b), it follows that 3|v. But this is not true since
3 1 n has been assumed.

(i1) Let ¢ = 2k, where k is odd.
(a) Then 17% — 1 is not divisible by 3, 5,7, 11, 13, 23, 29 and 37; trivially not divisible by
17.

(b) Suppose 19|17% — 1. This implies 9% and as a consequence 17° — 1|17% — 1. We have

17° — 1 = 2.19.307.1270657. Hence all the three odd prime factors of 17° — 1 divide
17k —1

|o**(17°). From (3.1b), these three prime factors divide v. Since v is divisible
by not more than four prime factors, let p denote the possible fourth prime factor. We
can assume that p > 11. Hence n = 26.7°.17¢.194.307¢.(1270657)/ .p?, so that

o*(n) 119 7 17 19 307 1270657 11
~ T e =1295342
S T T 64 616'18'306 1270656 10 - oA <3

a contradiction. Hence 194 17% — 1.
(c) 321 17% — 1, since k is odd. Hence 16/|17% — 1.

(d) We now prove that k > 1. Let k = 1. Then ¢ = 2. Since o**(17%) = 290, 5|0**(17?).
Taking ¢ = 2 in (3.1b), we find that 5|v. This is false since 5 1 n by our assumption.
Hence k > 3.

178 —1

From (a)—(d), it follows that > 1, odd and not divisible by any of the primes

k _
3,5,7,11,13,17,19,23, 29 and 37. Hence - must be divisible by a prime p > 41.

Let the other three prime factors of v be p;,ps and p3, where p; > 11, p > 13 and
ps > 19. Hence n = 26.7°.17¢.p% p¢ pl .p9, so that

- 119 7 17 11 13 19 41
o™(n) _ 119 717 11 13 19 41 — 2.971682922 < 3,

= T < 616°16'10° 1218 40

a contradiction.

Thus n = 26.7°.17¢.v (b > 3) is not a bi-unitary triperfect number if 3 { n and 5 1 n.

We prove that n = 2°7°17°v, where b > 3, 5|n, 3 f n and (v,2.3.7.17) = 1 cannot be a
bi-unitary triperfect number.

We assume the contrary and obtain a contradiction.

Since 5|n, we can write v = 5%, where (w, 2.3.5.7.17) = 1. Hence

n = 27°17°5%, (b > 3). (3.25a)

If n is a bi-unitary triperfect number, then c**(n) = 3n. Hence from (3.25a) and since
o**(2%) = 119 = 7.17, the equation o**(n) = 3n on simplification transforms into

3.20. 771177 5w = o™ (T0) o™ (17%) 0™ (5%) o (w), (3.25b)
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where
w cannot have more than three odd prime factors. (3.25¢)

It may be noted that ¢ > 2 can be assumed; ¢ = 1 implies that 0**(17¢) = 18 and so 9 divides the
left-hand side of (3.250). This is not possible since w is prime to 3.

Trivially an odd prime factor of the left-hand side of (3.25b) divides w if and only if it does
not belong to {3,5,7,17}.

We essentially use the following lemmas (Lemmas 3.1, 3.2 and 3.3) to prove that n given in
(3.25a) cannot be a bi-unitary triperfect number:

Lemma 3.1. Let n be as in (3.25a) with w = pipgpg, where D1, po and ps are distinct odd primes
with py > 29, ps > 1009 and p3 > 1013 and e, f, and g are positive integers. Then c**(n) < 3n.
Hence n cannot be a bi-unitary perfect number.

Proof. We have n = 267°17¢5%¢ pJ % so that by Lemma 2.1,

o™*(n) 119 7 17 5 29 1009 1013
— < — = —.——.—— = 2.989869702 < 3. [
n 64 6 16 4 28 1008 1012
Lemma 3.2. Let n = 257°17¢5% (b > 3) be as given in (3.25a).
(I) If b is odd or 4

b, then n cannot be a bi-unitary triperfect number.
(II) If b = 6, then n cannot be a bi-unitary triperfect number.

(IlI) Let b = 2k, where k > 5 is odd. We have

o (1) = (7k - 1) (71 1 1),

6

If n is a bi-unitary triperfect number, then:

ko
(A) ! G ! is divisible by an odd prime p' > 2520 dividing w.
(B) 71 + 1 is divisible by an odd prime ¢’ > 1201 dividing w.

(C) n is not divisible by 11 or 13 or 19 or 23.

Proof. We assume that n is a bi-unitary triperfect number. Then (3.25b) holds.
Proof of (I). Let bbe odd. We have
L1 (TP 1)(TP+ 1)

**7b: —
o) = T L)

b+ 1
where t = %

t t
(i) Let ¢ be even. Then 48 = 72 — 1|7* — 1 and 2||7* + 1. Hence 16| "= DT+ 1D _ jue (7t

It follows from (3.25b) that 2° divides its right-hand side, whereas 2° unitarily divides its
left-hand side. Hence w = 1 so that from (3.25a), n = 267°17¢5%. We have

o*(n) 119 7175
- < _ = =

= —.—.— = 2.88106282
3 - 61 6161 881062826 < 3,

a contradiction.
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t t
(ii) Let ¢ be odd. Then 8|7' + 1 and 2||7* — 1. Hence 8|w = o**(7°). From (3.25b),

it follows that, 25 divides its right-hand side and 2° unitarily divides its left-hand side.
Hence w cannot have more than one odd prime factor. We obtain a contradiction by
showing that w is divisible by two odd prime factors.

We have 8|7¢ + 1. If 167" + 1 then since 2[|7¢ — 1, it follows that 16|0**(7°) and we obtain
a contradiction as in (i). So we may assume that 16 { 7* + 1 and hence 8||7* + 1.
Since ¢ is odd, 7* + 1 is not divisible by 3,5 and 17; also not divisible by 7 trivially. We
7+1
have that
7t

isodd and > 1 sincet > 2 as b > 3. Hence we can find an odd prime

q| ]a**(?b) also, ¢ ¢ {3,5,7,17}. From (3.25b), it follows that ¢|w.

We now consider the factor 7¢ — 1 when ¢ is odd.

(a) We have 2|7 — 1 and 3|7" — 1.
(b) We may note that 97" — 1 <= 3|t < 19|7" — 1. Hence 9|7 — 1 = 19|7" — 1 so

that 19 a** 7). From (3.25b), we see that 19|w. Already w is divisible by q.
6

Since ¢|7" + 1, 19]7* — 1 and ¢ is odd, ¢ # 19. Thus w is divisible by two odd primes,
whereas it should be divisible by not more than one odd prime. Hence 9 t 7t —1; also,
194 7" — 1 and 3||7" — 1.

(c) Since t is odd, 7" — 1 is not divisible by 5 or 17; not divisible by 7 trivially. Thus
t

1s odd, > 1 and not divisible by 3,5, 7 or 17. Hence we can find an odd prime

| |0**(7b) and p ¢ {3,5,7,17}. From (3.25b), p|w. Since "1 ond 7+ 1are
relatlvely prime, we must have p # ¢. Hence w is divisible by two odd primes. But
this cannot happen.

The proof of (I) when b is odd is complete.
Now let b = 2k, where k is even. This is same as 4/b.

(iii) Since k is even, 8|7% — 1 and since k + 1 is odd, 8|7**! + 1, so that 32|c**(7°). It follows
that 2° divides the right-hand side of (3.250), but 2° divides its left-hand side unitarily. This
is a contradiction.

The proof of (I) is complete.
3 _
Proof of (11). Let b = 6. Then o (7%) = (761> (744 1) = 2.3.19.1201,
If we assume that n is a bi-unitary triperfect number, taking b = 6 in (3.25b) we get,
22 77177 5% = 19.1201.0% (17%) 0™ (5%) o™ (w). (3.25d)

It follows from (3.25d) that w is divisible by 19 and 1201. So we can write, w = 19°.(1201)/ .w’
where w’ is prime to 2.3.5.7.17.19.1201. Hence from (3.25a),

n = 267617°5919°(1201) (3.26a)
and from (3.25d),
25751771 59,1971 (1201) 1w’ = o™ (17%) 0™ (5%) 0™ (19%) 0™ ((1201)7)o** (w'),  (3.26b)
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where
w' has at most one odd prime factor. (3.26¢)

By examining the factors of o**(5?) we arrive at a contradiction to (3.26¢).

d+1 _
If d is odd, then 3|51 — 1. Hence 3| > ! |o**(5%). Tt follows from (3.26b) that its right-
hand side is divisible by 3 but its left-hand side is not.

£ _
Let d = 2/, so that **(5%)) = 51) (5 +1).

4
If / is even, then 3|5° — 1 and so 3|o**(5%). This leads to a contradiction as above.

We may assume that d = 2/ and / is odd.
If ¢ = 1, then d = 2 and so 0**(5%) = 26 = 2.13. Taking d = 2 in (3.26b), we infer that 13|w’
and in view of (3.26¢), w’ = 139, say. From (3.26a), we obtain, n = 267617¢5219¢(1201)/139,

so that (n) 119 7 17 26 19 1201 13
o**(n
L2025 292200 19 9 743348734
W S 646162518 120012 43348734 <3,

3=

a contradiction.

We may assume that £ > 1 so that £ > 3 since ¢ is odd.

Since / is odd, 4/|5° — 1 and 5° — 1 is not divisible by 7 or 17; trivially not divisible by 5.

19]5¢ — 1 <:> 9|€ this implies that 57 — 1|5° — 1. We have 5% — 1 = 22.19.31.829. Hence 31
and 829 divide > |0**(5d). From (3.26b) it follows that w' is divisible by 31 and 829; this is
not possible because of (3.26¢). Thus 19 4 5° — 1. Also, 1201|5* — 1 <= 600|¢. Since ¢ is odd,
1201 1 5° — 1.

Thus ot is odd, > 1 and not divisible by 5,7,17,19 or 1201. Let p|5é47_1|0**(5d) so that
pisoddand p ¢ {5,7,17,19,1201}. From (3.26b), p|w’.

We now consider the factor 5! + 1, where ¢ is odd. We have 2||5°"! + 1 and it is not
divisible by 5,7 or 19; 17|51 + 1 <= ¢ + 1 = 8u (u odd); this implies that 5% + 1|51 + 1.
Since 11489|5% + 1, it follows that o**(5) is divisible by 11489 and from (3.26b), 11489|w’.

) 5¢ —
Since

! and 5T! + 1 are relatively prime, p and 11489 divide these factors respectively, we
must have p # 11489. Thus w’ is divisible by two odd primes contradicting (3.26¢). Hence
17455 4+ 1.

Also, 1201\5€+1 +1 <= (+1 = 300u, where u is odd; in particular, /+1 = 12u/, where v’ is
odd. Hence 5'2+1|5F%, and 5!2+1 = 2.313.39001. Hence 313 and 39001 divide 51 +1]0**(54).
From (3.260) we see that w' is divisible by these two odd primes contradicting (3.26¢). Hence
1201 4 54+ 4 1.

041
Thus if ¢ L 1, then ¢ is odd and ¢ ¢ {5,7,17,19,1201}; hence from (3.260), ¢|w’. Hence
w' is divisible by two odd primes p and ¢, p # ¢ contradicting (3.26¢).

We have proved that when b = 6, n in (3.25a) cannot be a bi-unitary triperfect number.
The proof of (II) is complete.

Proof of (III)(A). Let b = 2k, where k£ > 5 and odd.
We assume that n given in (3.25a) is a bi-unitary triperfect number and hence (3.250) holds.
Let

St={p|7* =1 : p e [3,2520] — {3,19, 37,1063} and ord,7 is odd}.
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From Lemma 2.4 (a) of [2], it follows that if S7 is non-empty, then we can find a prime
ko_
P70 (") and pf > 2521; that is, IIT (A) of Lemma 3.2 holds. Also, from (3.25b), /|u.

We may assume that S is empty. Since p { 7% — 1if ord,7 is even, it follows that:
7k —
(A1)

(As) We have 3|7% — 1 and since k is odd, 2||7% — 1. Also, 27 t 7% — 1. If this is not so, then

k _
9| — ! ]a**(?b) and from (3.25b) it follows that 3|w and this is not true. We settle the
d1v1s1b111ty of 78 — 1 by 9 later.

! is not divisible by any prime in [3, 2520] except possibly 3,9, 37 and 1067.

(Ag) We note that 37|7% — 1 <= 9|k <= 1063|7F — 1. We assume that 37|7k — 1. Hence
— 1|7* — 1. Also, 7° — 1 = 2.3%.19.37.1063. Hence 32| 1]7 | **(7%). From
(3 25b), 3|w. This is false. Hence 37 1 7% — 1.

(A;) We have 9|7% — 1 <= 3|k < 19|7F — 1.

k_
(As) Suppose 191 7* — 1. Then 94 7% — 1 and so 3||7* — 1. Hence from 4, Ag and A;, % is

k _
not divisible by any prime in [3, 2520]. Since Tl 1and odd, if p \ |J**(7b) then

p’ > 2560 and p/|w by (3.25b).
Hence (IIT)(A) of Lemma 3.2 follows.

K
(Ag) Suppose that 19]7% — 1 so that 9|7% — 1. Hence 9||7% — 1. It follows that T~ lisodd, > 1

—1. NP
is not d1V151b1e by 19 alone. Hence we can
-1 ’ 7"

k
and not divisible by 3. We can show that !

k _
find an odd prime p/| "1 and p’ # 19. We have p \
A;to Ay that p' > 2503. From (3.25b), it is clear that p’ ]w

. \ **(7%) and it follows

This completes the proof of (III)(A).
Proof of (I11)(B):

(Bl) Let
1
Ty = {q|7**' +1 : g€ [3,1193] - {5,13,181,193,409}} and s = Jord,T is even.

7k+1 +1

By Lemma 2.4 (b) of [2], if 77 is non-empty, then we can find a prime ¢'| lo**(7?)

and ¢’ > 1193. By (3.25b), it follows that ¢|w. This upholds ITII(B) of Lemma 3.2.

(By) We may assume that 7% is empty. Since ¢ f 751 + 1 if s = %ordﬂ is not even, from
1l

k
T! = (), we can conclude that !
possibly 5,13, 181, 193 and 409.

is not divisible by any prime in [3, 1193] except

(Bs) We may note that 193|7*"1+1 <= 12|k <= 409|7**'4-1. Suppose that 193|7**14-1. This
implies that 712 + 1|7*"! 4 1. Also, 7% + 1 = 2.73.193.409.1201. Hence 751 + 1|o**(7?)
is divisible by four odd primes 73, 193,409 and 1201. From (3.25b), these four odd primes

k+1
divide w. This contradicts (3.25¢). Thus ~— is not divisible by 193 and 409.
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(Bs) We note that 13|75 + 1 if and only if k£ + 1 = 6u if and only if 181|7%™! + 1. Assume
that 13|7%*1 + 1 so that 181|7**! + 1 and k¥ + 1 = 6u. Hence 7° + 1|7%*! + 1. Also,
76 +1 = 2.5%.13.181. So, 5%|7**1 + 1. We now show that 5% { 7¥*1 + 1. We have
53|7%+1 4+ 1 if and only if k + 1 = 10u; also, 7*° 4+ 1 = 2.53.281.4021. Thus 53|7**! + 1
implies that 281 and 4021 divide 7*™! + 1]|o**(7°). From (3.25b), it follows that 281 and
4021 are factors of w. Already, 13 and 181 are factors of 751 + 1|o**(7°) and from (3.25b),
13 and 181 divide w also. Thus four prime factors divide w contradicting (3.25¢). Hence
53 4 7*1 4 1 and so 52|75+ + 1.

k1
Clearly, ! = L is odd, > 1 and not divisible by 5. We note that 13%|7%*! + 1 if and only

if k + 1 = 78u. Hence 13%|7*"! + 1 implies that 77® + 1|7%*! + 1. From Appendix G
of [2], we can see that 77® + 1 has more than three prime factors dividing w. This cannot
happen. Hence 132 { 7**! + 1 and so 13||7*"! + 1. Further, 181%|7**! + 1 if and only if
k 4 1 = 1068u; also, from Appendix G of [2], 7!°%® + 1 has more than three prime factors
dividing w. This contradicts (3.25¢). Hence 181% 4 7%+ + 1 and so 181 || 7% + 1.

7k+1 +1

Thus 13|7%*! + 1 implies that 13 and 181 are unitary divisors of
7R 41

; if it is divisible

by 13 and 181 alone, then we should have =13.181andso k =5 or b = 10. We
now prove that b = 10 is not possible.

5 _
We have o**(710) = (761 (78 + 1) = 2.52.13.181.2801. Thus o**(7'°) is divisible by

three prime factors dividing w in (3.25b). From (3.25¢), we have w = 13¢.1817/.(2801)9.
Taking b = 10 in (3.25a) and (3.25b), we get
n = 20.71.17°.5%.13°.1817.(2801)¢, (3.27a)
and
3.2°.7°.17¢7 5972 1371 181771 (2801)¢

= o™ (17%).0"*(5%).0™*(13%).0** (1817).0**((2801)7), (3.27b)
where ¢ > 2 and d > 2.
We obtain a contradiction by examining the factors of o**(17¢) in different cases.
If ¢ is odd or 4|c, then 9|c**(17¢). It follows from (3.27b) that this cannot happen.

Hence we may assume that ¢ = 2¢ and ¢ is odd. Since £ is odd, 17¢ — 1 is not divisible by
3,5, 7 and 13; trivially not divisible by 17. Also, 17" — 1 is divisible by 32 if and only if  is
even; divisible by 181 if and only if 36|t and by 2801 if and only if 56|¢. In these cases, all
the values of £ must be even. Since ¢ is odd, 17¢ — 1 is not divisible by 32 or 181 or 2801.

_
Since 16[17 — 1and 32 4 17° — 1, we have 16][17¢ — 1. Hence *"-— is odd.

If { = 1, then ¢ = 2 and o**(17%) = 290. Hence 29]|0**(17?). Taking ¢ = 2 in (3.27b), we
find that 29 should divide the right-hand side of it. This is is not possible.

-1 17 —
T =11 Thus ¥/

Hence ¢ > 3 and so ! > 1, 0dd and not divisible by 3, 5,7, 13, 17,

L

181 and 2801. Since 1"
Therefore, b = 10 is not possible.

is a factor of o**(17¢), this cannot happen by virtue of (3.270).
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. TR 41
This proves that +

/7k+1+1 7k+1_|_1

must be divisible by an odd prime ¢ ¢ {5,13,181}. Now
7Rl 41

50 5 and we already proved that is not divisible by any prime in
[3,1193] — {5, 13, 181}, it follows that ¢’ > 1193 (or ¢’ > 1201).

Thus we proved (III)(B) when 13|7%! + 1.

Assume that 13 1 7%*! 4 1 and hence 181  7**! + 1. If 5 { 7**! + 1, then none of the

. . . 7ht1
primes in [3, 1193] is a factor of

and so every prime factor of it exceeds 1193. This

k+1
upholds the statement in (IIT)(B). Hence we may assume that 5| [ 1. This is if and only

if k+1 = 2u; hence 7241 = 50|71 +1. Thus 5%|7%+1 4 1. If 53|7**1 41 then k+1 = 10w.
Hence 7% + 1 = 2.5%.281.4021 is a factor of 7% + 1. From (3.25b), it follows that w is
divisible by 281 and 4021; also, w is divisible by p’ > 2521 dividing 7k6* ! from (IN)(A).
Hence from (3.25a), n = 25.7°.17¢.52.281¢.(4021)/ .p', and so

o 11 1 281 4021 2521
o) 11971758120 2/A o

3= 64 616 4 280 4020 2520

a contradiction.

Hence 5% { 7%*! 4 1 and so 52|71 4 1. If

7R 41 9 . - 7
have 5 = 5“or k = 1. But £ > 5. This contradiction proves that

7k+1

1. .
is divisible by 5 alone, then we must
k+1 +

! must be
divisible by an odd prime ¢’ # 5. By our assumption, 75! + 1 is not divisible by 13 and
from By, B, and Bs, it follows that ¢ > 1193 and from (3.25b), ¢'|w, since ¢’ is a factor of
a** (7).

Thus the proof of (IIT)(B) is complete.

Proof of (III)(C). Let n be as given in (3.25a) and (3.25b). First we observe that ¢ > 3. When

c =2, 0™ (17%) = 290. Taking ¢ = 2 in (3.25b), we see that 29|w. Let p’ and ¢’ be the primes
dividing w obtained in (IIT)(A) and (IIT)(B), where p’ > 2521 and ¢’ > 1193; so, ¢ > 1201.
Now the primes 29, p’ and ¢’ satisfy the hypothesis of Lemma 3.1. Hence n cannot be a bi-unitary

triperfect number contrary to our assumption. Hence ¢ > 3.

(i) Suppose that 11|n. Hence from (3.25a), 11jw. By (3.25¢), w = 11¢p" ¢’9. From (3.25a)

and (3.25b), we have
n =287 17¢5%11°p7 ¢, (3.284)

and
3.20. 7071 1771 5% 11° 9 g9 = o™ (70) o™ (17%) 0™ (5) o™ (11%) ™ (') o** (¢9).
(3.28b)

When e = 1, 0**(11¢) = 12. Hence 4|0**(11¢). From (3.28b), it follows that 27 divides its
right-hand side, whereas 2° is a unitary divisor of its left-hand side. This is a contradiction.

If e = 2, 0™ (11°) = 122 = 2.61. Taking e = 2 in (3.28b), we find that 61 divides its
left-hand side but it cannot divide its right-hand side. Hence we may assume that e > 3.
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(i1)

Hence, without loss of generality, we can assume that b > 9, ¢ > 3, and e > 3. By Lemma

2.1, we have ,
o () _ 6723200
> b>9 3.28
T T 5764801 (b=9), ( 9
o (17°) _ 88452
> >3 3.28d
7o Z a1 (029 (3.284)
S e ** (=d
and Z 1(1181 ) > 1223}1, (e > 3). Also, if d > 3, then Z 5(d5 ) > % From these results

and (3.28a), when d > 3, we obtain

o**(n) S 119 6723200 88452 756 15984

3= n  — 64 5764801 83521 625 14641

= 3.032684127 > 3,

a contradiction.
Henced =1ord = 2.
If d = 1, from (3.28a),

o**(n) S 119 6723200 88452 6 15984
n 64 5764801 83521 5 14641

3= = 3.008615205 > 3,

a contradiction.

If d = 2, 0**(5%) = 26. Hence from (3.28b), it follows that 13 divides its right-hand side
but it cannot divide its left-hand side.

Hence 11 t n.
Suppose 13|n. Hence w = 13°p'/ ¢’9. From (3.25a) and (3.25b), we get
n = 2°.7°.17¢.5%.13° p'’ .49, (3.29a)
and
3.26 7071 177 5913 p 0 = o (T0) o™ (17%) 0™ (5%) o™ (139) o™ (') o™ (¢').
(3.290)
*x (=d *ok e
By Lemma 2.1, for d > 5, o (59 , 19406 and for e > 3, o7 (13) > 30772. Since we have

5d 15625 13¢ — 28561
b > 9and ¢ > 3, from (3.29a), we obtain for d > 5 and e > 3,

o™ (n) S 119 6723200 88452 19406 30772
n 64 5764801 83521 15625 28561
a contradiction. Thus d > 5 implies thate = 1 or e = 2.

If d > 5and e = 1, from (3.29a), we get,

0**(n) _ 119 6723200 88452 19406 14
n 64 5764801 83521 15625 13

3:

= 3.073045463 > 3,

3= = 3.071647353 > 3,

a contradiction.
Letd > 5 and e = 2. Taking e = 2 in (3.29a), we get

o 119 7 17 5 170 2521 1201
o”*(n) (119 717 5 170 2521 1201 — 2.901676629 < 3.

3=, 64 616 4 169 2520 1200

a contradiction.

Thus d > 5 cannot occur. Hence d takes the choices 1, 2, 3 and 4.
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(111)

Let d = 1. Taking d = 1 in (3.29a), we get

o™ (n) 119 7 17 6 13 2521 1201
<o = 2.999992261 < 3,
n 64 6165 12°2520 1200

3=

a contradiction.
If d = 2, from (3.29a), we obtain

o™(n) 119 7 17 26 13 2521 1201
K e i _ 9. 992
n S 6461625122520 1200 2009993292 <3,

a contradiction. Since o**(5%) = 22.3.13 and 0**(5%) = 22.32.7, 0**(5%) is divisible by 4
when d = 3 or d = 4. In these cases 27 divides the right-hand side of (3.29b) while 2° is a

unitary divisor of its left-hand side.

Thus 13 1 n.

3 =

We assume that 19|n so that w = 19°p"/ ¢’9. From (3.25a) and (3.25b), we have
n = 2°.7°.17¢.5%.19¢ p'* .49, (3.29¢)
and

3.20.771 177 5019 pY g0 = 0™ (%) 0™ (17°) 0™ (5%) 0™ (19°) 0™ (9 ) o™ (¢).
(3.29d)
If d > 7 and e > 3, from (3.29¢) we obtain (since b > 9, ¢ > 3)

o (n) S 119 6723200 88452 487656 137561

3= : . . . = 3.026252265 > 3
n — 64 5764801 83521 390625 130321 ’
a contradiction; in the above we used (3.28¢), (3.28d),
o**(5%) _ 487656 o**(19°) _ 137561
> d>"7 d > > 3).
57 < 300625 =7 M T = agsar (027

Thus d > 7 implies thate = 1 or e = 2.

Letd > 7. If e = 1, then 0**(19°) = 20. Hence 4|c**(19°). From (3.29d) it follows
that there is a mismatch in powers of two between two sides of (3.29d). If e = 2, then
o**(19°) = 362 = 2.181. Taking e = 2 in (3.29d), we see that 181 divides the left-hand
side of (3.29d), which is false.

Hence d > 7 is not possible so that 1 < d < 6.
Taking d = 1 in (3.29¢), we have n = 26.7°.17¢.5.19¢.p'/ .¢%, and so

o 119 7 17 6 19 2521 1201
" (n) L2022 20 — 2.923069382 < 3,

3= . < 64°6'16'5 18 2520 1200

a contradiction.

When d = 2, o**(5%) = 26 = 2.13. Taking d = 2 in (3.29d), we see that 13 divides the
left-hand side of it and this is not possible.

We have 0**(5%) = 22.3.13 and 0**(5%) = 22.32.7. Thus if d = 3 or d = 4, 4|0**(5%); this
results in imbalance in the powers of two between both sides of (3.29d).
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(iv)

Also, 0**(5°%) = 2.3%.7.31 and 0**(5°%) = 2.31.313. Hence if d = 5 or d = 6, 31|o**(5%).
From (3.29d), it follows that 31 divides the left-hand side of it. This is not possible.

Thus 19 1 n.

We prove that 23 { n. On the contrary we assume that 23|n and obtain a contradiction. Let
23|n and hence w = 23°p'/¢’9. From (3.25a) and (3.25b), we get,

n=207017°5%23°p" 9, (b>9, ¢>3) (3.30a)
and

3.26. 7071 17¢71 59.23° 'Y .¢'9 = o**(7°) o™ (17%) 0™ (5%) 0™ (23%) ™ (p' ) o** (¢9).
(3.300)
By Lemma 2.1, we have

o™ (1) _ 6723200

> 9
7 Zameasor 029
*(17°) _ 25641254
ot (17°) 2564125 >5)
17¢ = 24137569
o™ (54) _ 487656
> d>7
50 30625 2T
*(23°) _ 15475262
0™ (23°) _ 154752626 0> 5).

23 T 148035889
From (3.30a), we have forc > 5, d > 7, and e > 5,

o**(n) S ﬁ 6723200 25641254 487656 154752626
n 64 5764801 24137569 390625 148035889
a contradiction.

Hence ¢ > 5, d > 7implies 1 < e < 4. Assume thatc > 5, d > 7.

We have o**(23) = 24 = 23.3, 0**(23%) = 21.3.5.53 and 0**(23%) = 26.33.132. Hence
23|0**(23%) when e = 1, 3, 4. From (3.300), this is not possible as in such a case 2° divides

its right-hand side, whereas its left-hand side is divisible by 2° unitarily.

When e = 2, 0**(23¢) = 2.5.53. Taking e = 2 in (3.300), it follows that 53 should divide
its left-hand side. This is not possible.

Thus ¢ > 5, d > 7 cannot hold.
Letc>5and 1 <d <6.
When d = 1, from (3.30a), n = 26.7°.17¢.5.23¢.p' .¢/ and so we have

o™ (n) 119 7 17 6 23 2521 1201
< o L S T 9895097426 < 3
n 64 6165 222520 1200 ’

3 =

= 3.006276895 > 3,

3=

a contradiction.

When d = 2, 13|0**(5); in this case from (3.30b), 13 should divide its left-hand side.
This is not possible.

Whend = 3ord = 4, 4|0**(5%); in these two cases there will be a mismatch of the powers
of 2 between its two sides.
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When d =5 ord = 6, 31|0**(5%). Hence form (3.300), 31 should divide its left-hand side.
This is not possible.

Hence ¢ > 5 is not possible. So, we must have ¢ = 3 or ¢ = 4 since ¢ > 3.

Since o**(17%) = 22.3%2.5.29 and o**(17%) = 22.3%.7.13, 4|0**(17¢) when ¢ = 3 or ¢ = 4.
In these cases we obtain a contradiction from (3.30b) due to the imbalance of the powers

of 2 between its two sides.

Thus 23 1 n.
This proves (IIT)(C) in all the cases. ]

Lemma 3.3. The number n = 257°17%, where b > 3, 5n, 3 { n and (v,2.3.7.17) = 1 cannot
be a bi-unitary triperfect number.

Proof. Since 5|n, n is of the form given in (3.25a). Suppose that n is a bi-unitary triperfect
number. By (II1)(A) and (B) of Lemma 3.2, w is divisible by primes p’ > 2507 and ¢’ > 1201.
Let us redesignate p’ and ¢’ by ps and ps. Since w cannot have more than three odd prime factors,
by (IIT)(C), a possible third prime factor say p; of w will be > 29. Now, the primes p1, p2 and ps
satisfy the hypothesis of Lemma 3.1. Hence n cannot be a bi-unitary triperfect number. U

This completes the proof of (a) of Theorem 3.1 and also the proof of Theorem 3.1. [

4 Concluding remarks

Partial results on bi-unitary triperfect numbers divisible unitarily by 27 are obtained. We mention
one such result: if n is a bi-unitary triperfect number divisible unitarily by 27 and 52, then
n = 44553600. We could fix bi-unitary triperfect numbers divisible unitarily by 2%; 57657600 is
the only such number.
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