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1 Introduction

Given a nonzero complex number r and a finite sequence {sk}z;é, a certain r-circulant matrix
can be formed. From this type of matrix, it has been a custom to determine and investigate its
eigenvalues, determinant, inverse, Euclidean norm and spectral norm.

The cases where » = +1 partnered with a sequence satisfying a recurrence relation are the
ones that are usually explored. Some studies that involve such approach are that of Bahsi and
Solak [1], Bozkurt [3, 5], Bozkurt and Tam [4], Bueno [6—13], Civciv and Turkmen [16], Lind
[19], Majumdar [20], Nalli and Sen [21], Shen and Cen [23] and Yalciner [25].

There are also studies that revolve on r-circulant matrices having special sequences. In
Radicic [22], r-circulant matrices involving geometric sequences were considered. Bozkurt
and Tam [5] worked on the determinants and inverses of r-circulant matrices with Horadam
numbers. The bounds of the spectral norms of r-circulant matrices with k-Fibonacci and k-Lucas
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numbers were derived by Shen and Cen [24]. In Bueno [14], r-circulant matrices with Fibonacci
and Lucas numbers having arithmetic indices were introduced and some properties of the
eigenvalues, determinants and norms of the matrices were established.

In this research, we will examine the r-circulant matrix given by

Ws Ws+t Ws+2t Ws+(n72)t Wer(nfl)t
7aI/Vs—&—(n—l)t Ws Ws+t Ws—|—(n—3)t Ws+(n—2)t
M= TWS—&—.(n—Q)t TWs—i-.(n—l)t Ws Ws+(.n—4)t Ws+(.n—3)t (1)
TWS—!—Qt rWs+3t TWS+4t e Ws Ws—l-t
Wit TWiiat TWeyse .. TWer(n—l)t Wi

In the matrix above, IW;s are Horadam numbers and s,¢ € Z. Observe that the indices of the
Horadam numbers in the matrix form an arithmetic sequence and not only limited to nonnegative
values. Our objective is to derive for the formulas of the eigenvalues, determinant, Euclidean
norm and spectral norm of the matrix. We will also consider some special cases of the Horadam
numbers and establish some identities and results on divisibility.

2 Preliminaries

2.1 The Horadam sequence
We first define the Horadam sequence and enumerate some of its special cases.

Definition 2.1 ( [18]). The sequence given by {Wk}xg that satisfy the following recurrence
relation
a ifn=>0
Wy (a,b,p,q) =W, =< b ifn=1, 2)
Wi —qWoo ifn > 2

where a,b,p,q € R, is called the Horadam sequence.

For the n-th Horadam number, we have the Binet’s formula given by

Wa = Aa” + BFY, (3)
wherea:wﬁ,ﬁzp_\/ém’fl: (;—_ag and B — (;a_—ﬂb.

The following well-known sequences are all special cases of the Horadam sequence.

1. Fibonacci sequence: {Fk};:a

e Recurrence relation:

0 ifn=20
Fy=W,(0,1,1,-1)={ 1 ifn=1
Foyi+F, o ifn>2
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e Binet’s formula:

2. Lucas sequence: {L;},°5

e Recurrence relation

2 ifn=0
L,=W,(2,1,1,-1)=<¢ 1 ifn=1
Lyi+ Ln_y ifn>2

e Binet’s formula:

3. Jacobsthal sequence: {Jj Z:S

e Recurrence relation:

0 ifn=20
Jp=W,(0,1,1,-2) =< 1 ifn=1
Jp1+2J,_9 ifn>2

e Binet’s formula: ]
Ja= 2" = (=1)"]

4. Jacobsthal-Lucas sequence: { K, k};fé

e Recurrence relation:

2 ifn=0
K,=W,(2,1,1,-2)=¢ 1 ifn=1
K, 1+2K, 5 ifn>2

e Binet’s formula:

5. Pell sequence: { P},

e Recurrence relation:
0 ifn=20

P,=W,(0,1,2,-1) = 1 ifn=1
2Pn_1 + Pn_g if n Z 2
e Binet’s formula: 1
&z——1+ﬂ”—kw6ﬂ
55 (V) = (1= VD)
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6. Pell-Lucas sequence: {Qk}zzof)

e Recurrence relation:
2 ifn=20
Qn=W,(2,2,2,—-1) =< 2 ifn=1
2Q0n1 +Qno ifn>2

e Binet’s formula:

Qn=(1+V2)"+ (1-v2)".

2.2 Notations

After the discussion of Horadam numbers, we now introduce some notations. For the rest of the
paper we will use the following notations:

o M(r, W) = M, the r-circulant matrix with Horadam numbers having arithmetic indices
e Alr, W] := determinant of M (r, W)

o \,[r, W] := an eigenvalue of M (r, W), m=0,1,....,n—1

HM(T, W) H .= Buclidean norm of M (r, W)
B

HM(T, W)

‘ := spectral norm of M (r, W)
2

o W_,=Aa""+ Bp™"

oV, =a"+ "

o U, — Ba" + A"

e p=|r[/"[cos (”%) + 7sin (%)},an n-throotof r, 5 =0,1,...,n—1
o w=e™/" = cos (%) + isin (22), an n-th root of unity, j = 0,1,...,n — 1

2.3 The r-circulant matrices

We now define the r-circulant and provide some of its properties.

Definition 2.2. An r-circulant matrix is a matrix of the form

Co C1 Co Cph—2 Cp—1
rCp—1 Co C1 Cp—3 Cp—2
rCh—o TCh—1 Cp Cp—4 Cp—3
M(r,c) = . : o , e )
TCo rCs rcg ... Co C1
rcy TCo rcg ... TCp—1 Co

where r € C\ {0} and ¢ = (co, ¢1 ,¢Ca,...,Cn_2, Ch_1) € R"™ The vector Cis called the circulant

vector and it determines the r-circulant matrix.
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The 1-circulant matrices and —1-circulant matrices are called the right circulant matrices and
skew right circulant matrices, respectively. In general, r-circulant matrices are Toeplitz matrices
[17]; they are diagonal-constant matrices.

Here are some properties of the r-circulant matrices that we will use.

We start with the eigenvalues.

Theorem 2.3 ([15]). The eigenvalues of M (r, ¢) are given by

n—1
Anlr, @ = ex(pw™™)", ()
k=0
where m =0, 1,...,n — 1, pis an n-th root of r and w is an n-th root of unity.

Basically, the right-hand side of (5) is the Generalized Discrete Fourier Transform (GDFT) of
c. For r = 1 we have the following result from Gray [17].

Theorem 2.4 ([17]). The eigenvalues of the right circulant matrix M (1,¢) are given by

n—1
Anlld =D ™™, (6)
k=0

wherem =0, 1,...,n— 1.

Note that, this is just the Discrete Fourier Transform (DFT) of ¢. Since right circulant matrices
are related to the DFT via their eigenvalues, they appear in signal processing theory and coding
theory.

From the eigenvalues, it follows that the determinant is given by

n—1
[Z c(p ] (7
k=0

} . (8)

n—1

I:1

For the spectral norm, we have

1M (r, )], = m{

Finally, for the Euclidean norm, we have the following result.

Lemma 2.5 ([14]). The Euclidean norm of M r,c) is given by

n—1

|3 0| = (| Jeul2 0 = k1 = 2] o)

E
k=0
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3 Main results

3.1 The eigenvalues of M (r, W)
For the eigenvalues M (r, W) we have the following results.
Theorem 3.1. The eigenvalues of M[r, W] are given by

(W — Wi — (U s — 1¢' Wi (n1y) pw™
(1 —atpw=m)(1 = Bpw=™) ’
- W = 1 Wing1)s — @° (@ — W) pw™™
(1 —aspw=m)(1 = Bopw=m)
Wy = 1 Wit = ¢' (Woy = Wi noaye) pw™"
( (1 —atpw=m)(1 = B pw=™) ’

wherem =0, 1,...,n— 1.

s>t

Proof.

Malr W] = ST Walpw ™)

n—1 n—1

= Ao’ Z (atpw*m)k + Bp* Z (ﬁtpw’m)k
k=0 k=0
. 1 —ra™ . 1—rp™
= o () 5 ()
(Aa® — rAa*t™) (1 — Blpw™™) + (BB — rBA*™)(1 — alpw™™)
(1 —atpw=™)(1 = Blpw=m)
[Aa® + BB*] —r [Aas+nt + Bﬂs+nt]
(1—alpw) (1= Brpw)

[(Aasﬁt + Batﬁs) +th(Aas+(n—1)t + Bﬁsﬂn—l)tﬂ pw™™
(7= ot ™) (1 = Brp™)

Wy — Wi — [(Aoﬁﬂt + Ba'3*) — rthS+(n,1)t} pw™™
(1 —afpw=m)(1 = Bpw=)

Note that

qSUtfm s<t
Aa’Bl 4+ Ba'p® = aq’®, s=t
thS—t7 s>t
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Using the equation above, we obtain

(

Ws - rWs-l—nt - [qut—s - thWs—i-(n—l)t} owm
, s<t
(1= atpw (1 = Bpu)
T Ws - Wn s s - Wns -
(1= aspw=)(1 = B*pw=)
Ws - rWs—l—nt - qt [Ws—t - TWS-{—(n—l)t] Pw_m
, S§>1
\ (1— alpw ™) (1 — Bpw™)
]
Here are some special cases of Theorem 3.1.
Corollary 3.2.
( Fs - rFernt - [(_1)8ths - (_1)t71Fs+(n71)t} Pw_m
, s<t
(1 —apw=m)(1 = B'pw=m)
= Fs - Fn s —1)° Fns -m
Al F] = 3 rFoee + (1) rFup ™ s=t (10
(= arpw ) (L= Fpw )
F, — TFs—i-nt - (_1)t [Fs—t - TFSJr(nfl)t} pw—m
t —-m t —-m ’ s>1
\ (1— alpm) (1~ Brpw™)
where o = 1 +2\/5 and 3 = L _2\/5.
Corollary 3.3.
( s t —-m
Ly—rLgin:— |(—1)°Li—g — (—1)"rLoy(n_ w
nt = [(=1)°Lims = (=1)"rLys(u-1ye] p e

(1= atpw=™)(1 = flpw=m) ’
A\ [T E] _ Ls — /rL(n+1)s — (—1)5 [2 — T'Lns] pw_m G — ¢ (11)
e (1= aspw=m)(1 — fopw=m)

L, — rLs-‘,—nt - (_1)t [Ls—t - rLer(nfl)t] pwim

, s>t
\ (1 —afpw=m)(1 = Btpw=™)
where o = 1 +2\/5 and 3 = L _2\/5.
Corollary 3.4.
( Js - TJs+nt + [(_Q)Sths + <_2)t7n<]s+(nfl)t] pw—m s <t
(1 —=2pw=m)(1 = (=1)tpw™™) ’
7 Js - Jn s —2)* Jns -m
Amlr, J) = rsps + (227 Tnsp™ s=t  (12)
(1 =2%pw=m)(1 = (=1)*pw)
Js - TJs-i-nt - (_2)t [Js—t - TJSJr(nfl)t] pwim
, s>t
(1 =2 pw=)(1 = (=1)"pw=)
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Corollary 3.5.

Corollary 3.6.

\

Ks - TKS—i—nt - [(_Z)SKt—s - (_2)trKs+(n71)t:| pw—m

(1 —=2pw=m)(1 = (=1)fpw=™)
K, — TK(n+1)S — (—2)8 [2 — ’I“Kns] pw—™
(1 =25pw=)(1 = (=1)*pw=™)

)

Ks - TKs—I—nt - (_Q)t [Ks—t - TK5+(n71)t] owm

(=2 ) (1= (~1pw )

Ps - TPs—I—nt - [(_1>s+1Pt—s - (_l)t’rPs+(nfl)t} pwim

)

(1 —atpw=™)(1 = fpw=)
Py — rPpi1)s + (=1)°rPugpw™™

(1 —aspw=m)(1 = f*pw=m)
Ps - TPs—I—nt - (_1)t [Ps—t - rPs-i—(n—l)t] owm

(1= alp=) (1 = Brpw—)

wherea:1+\/§andﬁ:1—\/§.

Corollary 3.7.

\

( Qs - TQs+nt - [<_1)8Qtfs - (_1>trQs+(n—1)t:| ,Ow_m

(1 = atpom) (1 = )
Qs — 1Qn+1)s — (—1)°[2 = 7Qns] pw™
(1 — arp ™) (1 = Frp)

)

Qs — 1Qont — (_1)t [stt - rQs+(n71)t] pw—™

(1 = afpwm)(1 = fpw=m)

wherea:1+\/§andﬂ:1—\/§.

3.2 The determinant of M (r, W)

We now discuss the results on the determinant of M (r, W).

Theorem 3.8.

( (Ws - 7,'I/Vs+nt)n

Y

- [qSUtfs - rther(nfl)t]n

1 —rVy +r2gm
— T Wininys)™ — 1¢"™ [a — rWo]"
1 —1rV,s +r2gns

(W,

Y

(Ws - TWS—&-nt)n - ant [Ws_t — TWS""(n_l)t}

L 1 —rVy + r2gm
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n—1 W — rWs-l—nt - [qut—s - thWs—i-(n—l)t} owm

Here are some special cases of Theorem 3.8.

Corollary 3.9.

Corollary 3.10.

Hm:() (1 _ atpw—m)(l _ ,Btpw_m) ’
Hn—l Ws — TW(n-i-l)s —q° [a - rWns} pwim
" (T-atpwmm) (1= Bopwm)
Hn_l Ws - TWs—I—nt - qt [Ws—t - rWs-l—(n—l)t] Pw_m
m=0 (1 —afpw=m)(1 — Bpw=m) ’
(WS — T’W3+nt)n - T [qSUt—s - rths—i-(n—l)t]n s <t
(1 —ram)(1 —rpnt) ’
(W — rWingnys)” — 7¢™ [a — rW,,q]" o
(1 —ra™)(1—rpm) ’
(Ws — TWS_i_nt)n — th [Ws—t - TWer(nfl)t]n s>t
(1 —ram)(1—rpnt) ’
(Ws - TWs-i—nt)n -Tr [qut—s - thWSJr(n*l)t]n s <1
1—rVy + r2g™ ’
(We = rWinss)" = rq™ la — riWad]" 5=t
1 — 1V, + r2gns ’
(WS — TWs+m§)n - ant [stt - rWs—&—(n—l)t}n s>
1—1rVy +r2gm ’
(F = rFo)” = [0 Fios = (C)'rFopend
1 —7rLy + (—1)"r2 7
(Fs — rFlgns)" — (=1)"r (—rF) s—1
1 —7rLys + (—1)msr2 ’ .
(Fs - TFernt)n B (_1)”t7’ (FS*t — TFer(n*l)t) s>t
1 — 1Ly + (—1)nir2 7
( (Lsers-&-nt)nfr[(f1)SLt—87(71)t7‘Ls (n—1) ]n
1—rLpg+(—1)ntr2 — ’ st
(Ls — rLinsnys)” — (=1)"r[2 — rL,]" A
1 —rLys+ (—=1)nsr? ’
(Ls - TLS«Fnt)n - (_1)nt7a [Lsft - 7aLs—l—(n—l)t}n s>t

\ 1 — TLnt —+ (—1)"t7“2 ’
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Corollary 3.11.

Corollary 3.12.

Corollary 3.13.

Corollary 3.14.

A[T7 @] =

n

( (Js - TJs—l—nt)n -T [(_2)s+1Jt—s - (_2)t74¢]s+(n71)t:|
1= 7Ky + (—2)7r2 ’
(Js = 1 ng1)s)™ — (=2)™r (=1 Jps)"
1 —rKys + (=2)sr? ’
(Js - TJernt)n - (_2)7“57n [Jsft - TJs—l-(n—l)t]

n

1 — 1Ky + (—2)ntr2 ’

( (Ko = rEopm)" — 7 [(=2)° Ky s — (=2)'7 Ky n1p]”
1 —rKp + (—2)mr? ’
(Ko — 1K (nynys)" — (=2)"1 [2 — 1K, )"

1 — 1K, + (—2)r? ’

(Ks - rKs+nt)n - (_2)ntr [Ks—t - TK5+(n—1)t]n

( (Ps - 7,Ps+nt)n - [<_1)S+1Ptfs - (_1>trps+(n—1)t:|

1 —rKy + (—2)"r? ’

n

T Qi + ()77 ’
— 17 Pg1ys)" — (1)1 (=1 Pps)"
1 —rQns + (—1)sr2 ’
(Ps - TPs+nt)n - (_1)ntr [Ps—t - 7/’Ps-i—(n—l)t]n

(£

\ L= rQu + (—1)ir? |

( (Qs - TQs+nt)n -T [(_1)8Qt—s - (_]-)trQs—&—(n—l)t}n
L —7rQp + (—1)"tr? ’
(Qs - rQ(nJrl)s)n - (_1)nsr [2 - rQns]n
1 —7Qns + (—1)msr? ’
(Qs - rQs+nt)n - (_1>ntr [Qs—t - rQs+(n71)t]
\ 1 —7rQu + (—1)"tr2 ’

n

3.3 Sum identities

s <t

(19)

(20)

21)

(22)

From the eigenvalues of M (r, W), if we choose m = 0, 7 = 1 and p = 1, we will obtain the

following sum identities on Horadam numbers and its special cases.

Theorem 3.15.

( Ws - Wernt - QSUH + ths#»(nfl)t <t
1-Vi+¢' e
n—1 s
S W= LW 20 2] -
om0 s T4
W — Ws+nt - qt [Ws—t - Ws+(n71)t] > ¢
\ 1-V,+¢ 7
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Corollary 3.16.

n—1
§ Fs+kt -
k=0

Corollary 3.17.

n—1
E Lerkt -
k=0

Corollary 3.18.

i
L

Jerkt =

e
Il
<)

Corollary 3.19.

n—1
§ Kerkt =
k=0

Corollary 3.20.

n—1
§ Perkt -
k=0

Fs - Fs-i—nt + (_1)8+1E—s + (_1)th+(n—1)t s <t
1= L+ (—1) !
Fs — F(n+1)s + (_]-)ans s —t
1—Lg+ (—1)* ’
Fs - Fs+nt - (_1>t [stt - Fs+(n—1)t:| s>t
\ 1—L;+ (—1) ’
( Ls - Ls+nt + (_1)8+1Lt—s + (_1>th+(n—1)t s <t
1= L+ (—1) ’
Ls - L(n+1)s - (_1)8 [2 - Lns] s —t
1—Lg+ (—1)° ’
L, — Ls+nt - <_1>t [Lsft - Ls+(n—1)t:| s>t
k =L+ (—1) ’
( Js - Js-i—nt + (_Q)SJt—s + (_Q)thJr(nfl)t s <t
1 — K+ (—2) ’
Js - J(nJrl)s + (_2)3‘]715 s —1
1—-K,+ (=2
Js - Js-i—nt - <_2)t [Js—t - Js—‘r(n—l)t} s>t
( 1— K, + (—2) ’
(Ks_Ks+nt+( )Kts+( 2) s+(n—1)t
, s<t
1 — K+ (—2)
Ks - K(n+1)s - (_2) [2 - Kns] s —1
1—K,+(-2) ’
Ks - Ks+nt - (_2)t [Ks—t - Ks-i—(n—l)t} s> ¢
\ 1-— Kt + (—Q)t ’
( Ps - Ps+nt + (_1>8Ut—s + (_1)tPs+(n71)t
, §<t
1—Q¢+ (—1)
Ps - P(n+1)s + (_1)5Pns
. ) s=1
1 - Qs + (_1)5
Ps - Ps+nt - (_1)t [Ps—t - Ps—i—(n—l)t}
, s>t
L 1—Q¢+ (—1)
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Corollary 3.21.

( Qs - Qs+nt + (_1>S+1Qt—s + (_1)th+(n—1)t
1_Qt+<_1)t ) s<t
n—1
. Qs - Q(n+1)s - (_]->S [2 - Qns] -
D Qi = O D) , s=t (29)
Qs - Qs+nt - (_1)t [stt - Qs-l—(n—l)t]
\ 1_Qt+(_1)t , s>t

3.4 Results on divisibility

From the results on determinant and sum identities, we now derive results on divisibility.
Theorem 3.22. Let a,b,p,q,r € Z.
1. If s <t, then 1 —rVy, + r*q" divides Wy — W) — 71 [qut_S - thWSJF(n_l)t}n
2. If s =1, then 1 — rV,, + r2q"™ divides (W, — TWing1)s)" — 1q" [a — rWo]".

3. If s > t, then 1 — rVy + r2q™ divides (W, — 1Wyni)™ — rq™ [Ws,t — rWs+(n_1)t] .

Proof. Leta, b, p, q,r € Z. This means that M (r, W) is an integer matrix. Hence its determinant
Alr, W] is an integer because integer matrices have integer determinants. From this, Theorem
3.22 immediately follows. ]

Here are the special cases of Theorem 3.22.
Corollary 3.23. Let r € Z.
1. If s <t, then 1 —rLp;+(=1)"r? divides (Fy—1Fy )" =1 [(—=1)*Fms — (=1)'r Fop o1yt -
2. Ifs=t, then1 —rL,, + (—1)"r* divides (Fs — 1EF(n11y5)" — (—1)™r (=1 F,5)".
3. Ifs>t, then 1 —rL, + (—1)"r? divides (Fy — 7 Fyypt)™ — (—1)"r (Fs_t — TFSJr(n,l)t)n.
Corollary 3.24. Let r € Z.
1. If s < t, then 1—r Ly, +(—1)""r* divides (Ls—1Lyype)" =1 [(—1)*Ly—s — (—1)trLS+(n_1)t]n.
2. Ifs=t, then1 —rLy,s + (—1)"r? divides (Ls — rL11)s)" — (—1)"r [2 — rLy)".
3. Ifs>t, then 1 — Ly + (—1)"r? divides (L — 1 Lgypn)" — (—1)"r [Ls_t — rLSJr(n,l)t]n.
Corollary 3.25. Let r € Z.
1 If's < t, then 1=K +(—2)"r? divides (Jy—1Jyyne)" =1 [(—2)" T Jpms — (—2)tsz+(n_1)t]n.
2. Ifs=1t, then 1 — rK,, + (—=2)"r* divides (Js — 1Jni1)s)" — (—=2)"51 (=1 Jns)".

3. If s> t, then 1 — rK,; + (—2)"r? divides (Js — rJsynt)" — (—2)"r [Js_t — TJSJF(n_l)t}n.
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Corollary 3.26. Let r € Z.

1. Ifs < t, then 1—r K,,;+(—2)"r? divides (K,—1 K ;)" —r [(—Q)SKt_S — (—2)t7‘KS+(n_1)t}n.
2. Ifs=1t, then 1 — rK,, + (—2)"r* divides (K; — rK(n41)s)" — (—=2)"r [2 — 1K,]".

3. Ifs>t, then 1 —rK,; + (—=2)"r? divides (Ky — 1 Kyynt)" — (—2)"r [Ks_t — rKSJr(n,l)t]n.
Corollary 3.27. Letr € Z.

1. If s < t, then 1—rQy+(—1)"'r? divides (Py—rPyypy)"—r [(—1)"T Py — (—1)t7’PS+(n_1)t}n.
2. Ifs=1t, then 1 — rQys + (—1)"*r* divides (Ps — 1 Pny1y5)" — (—1)™r (=1 P,s)".

3. If s> t, then 1 —rQu + (—1)"r?* divides (Py — 7 Pyipt)™ — (—1)"r [Ps_t — TPS+(H,1)t}n.
Corollary 3.28. Let r € Z.

1. If s < t, then 1—rQu+(—1)"r* divides (Qs—rQsynt)"—7 [(—1)°Qt—s — (—1)'r Qs (n1yt] -
2. Ifs=1t, then 1 — rQys + (—1)"*r* divides (Qs — rQni1)s)" — (—1)"1 [2 — rQns]™

3. Ifs>t, then 1 —rQu + (—1)"r? divides (Qs — 1Qqynt)" — (—1)"r {Qs_t — TQSJr(n_l)t}n.
Theorem 3.29. Let a,b,p,q € Z andr = 1.

1. Ifs <t then1 =V, + ¢" divides Wy — Wyt — ¢°Ui_s + ¢ Wi (n_1ys-

2. If s =1, then 1 =V, + ¢° divides Wy — Win11)s — ¢° [a — Wi,).

3. Ifs > t, then 1 — V; + ¢' divides Wy — Wiy — ¢' [Wi_y — Wi (no1ye].-

Proof. If a,b,p,q € Z and r = 1, we obtain the sum identity from Theorem 3.15 where the
W e-s are all integers. Hence the sum is an integer, so the theorem immediately follows. [

For the special cases, we have the following.
Corollary 3.30. Letr = 1.
1. If s <t thenl — L, + (1) divides Fy — Fy iy + (=1)*""Fy_g + (=1)' Fyy (n_1ys-
2. Ifs=t, then 1 — Ly + (—1)® divides Fy — F,,11ys + (—1)°F,.
3. Ifs > t, then 1 — Ly + (—1)" divides Fy — Fyyy — (—1)" [Foey — Fop(no1yt]-
Corollary 3.31. Letr = 1.
1. If s <t thenl — L, + (—1)" divides Ly — Loni + (—1)*t'Li—s + (=1)" Lyt (n—1ys-
2. Ifs=t, then1 — Ly + (—1)° divides Ly — L(n11)s — (—1)% [2 — Ly4).

3. Ifs>t thenl — L+ (—1)" divides Ly — Ly .y — (—1)" [Ls_t — Ls+(n,1)t].

189



Corollary 3.32. Letr = 1.

1. If s <t then 1 — K, + (—2)" divides J; — Joini + (—2)*Ji—s + (=2)" Jsy (n—1)t-
2. If s=t, then 1 — K, + (—2)° divides J; — J11)s + (—2)° Jys.

3. If s >t, then 1 — K; + (—2)" divides J;, — Joins — (—2)* [Js_t — Js+(n71)t]

Corollary 3.33. Letr = 1.

1. Ifs <t thenl — K; + (—2)" divides Ky — Kony + (—2)°Ky—s + (—2) Kyt (n—1)-

2. Ifs =1, then 1 — K, + (—=2)*® divides K, — K(n11)s — (—2)° [2 — K]

3. If s>t then 1 — K; + (—2) divides Ky — Ky — (—2)" [Ks_t — Ks+(n—1)t}-
Corollary 3.34. Letr = 1.

1. If s <t thenl— Q,+ (—1)" divides Py — Psiny + (—1)°Up_s + (—1)" Pyt (n_1t.
2. If s=t, then 1 — Q, + (—1)® divides Py — Py, 11)s + (—1)°P,s.

3. Ifs >t then1 — Q; + (—1)" divides Py — Psyy — (—1)" [Ps—t — Pot(n—1yt)-

Corollary 3.35. Letr = 1.

1 Ifs <t thenl—Q;+ (_1)t divides Qs — Qs + (—1)S+1QH + (_1)th+(n—l)t'

2. Ifs =1, then 1 — Q, + (—1)° divides Qs — Qni1)s — (—1)° [2 — Qns).

3. If s>t then 1 — Q; + (—1)" divides Qs — Qsrnt — (—1)" [Qs_t — Qs+(n_1)t].

3.5 Norms of M(r, W)

For the Euclidean norm, we have the following results.

Theorem 3.36.

|asc W)HZ —(A+ B) [0 — (1— [rP)] — AB [n€s — (1 — [rP)%2]

—2AB [7195 — (1 — |T|2)QG}

where
( Was — Wotsint) — @ Usp—s) + ¢ Wosi(n-1))t oot
1 — Vo + ¢ ’
o () — W2s - WZ(n—i—l)s - QQS [CL - WZns] s —1
' 1— ‘/23 + qQS 7
Was — WQ(s—i—nt) - q2t [WZ(s—t) - W2(8+(n—1))t] s> ¢
\ 1 — Vo + ¢ ’
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QQ _ 71<37t) B 72(57 t)
(1= Vo +¢*)°
( Vas — Vatstnt)y — €@ Vag—s) + @ Vs (n-1)t
1 — Vo +q¢*
‘/25 - ‘/2(n+1)s - QQS [2 - ‘/Qns]
1 - ‘/23 + q23

, s=1
Vas — Vagsanty — @2 [Vais—ty — Vas+(n—1))t]
\ 1 — Vo + ¢?

Ul(S,t) — UQ(S,t)
(1 — Vo + ¢%)?

s+nt

0, =

q —q
Q=19
5 1_qt

s+t _ nqurnt + (n _ 1)qs+(n+1)t
(1—¢")?

(W2s - W2(8+nt) - QQSUQ(t—s) + thW2(8+(n—1)t))(‘/2t - 2q2t)7 s<t

(s, t) =9 (Was = Wagusnys — g% (@ — Waps) ) (Vas — 2¢%), s=1

| (Was = Wagernt) — @' (Wage—ty = Wagsr(n-1yt))) (Var — 2¢%), s>t

(¢ Us(t—s) + nWagsin) — (4 1)¢* Wogern-1)) (1 — Var +¢*), s <t
Ya(s,t) = (ag® + nWani1)s — (n + 1)g* W) (1 — Vas + ¢%%), s=1
(" Wags—ty + nWaisinty — (0 + 1)@* Waisy n-1yp)) (1 = Var + ¢*), s >t
(Vas = Vagsgnt) — @ Vag—s) + @ Vatsrn-1y) (Var — 2¢*), s <t

o1(s,t) = ¢ (Vas = Vamin)s — ¢*5(2 = Vans)) (Vas — 2¢°°), s=1

(Vas — Vo(sant) — q2t(‘/2(sft) - Vv2(s+(nfl)t)))(‘/2t - 2q2t)7 s>t

([ (% Vau—s) + nVagssnt) — (0 + 1)@ Vageroryy) (1 — Vi +¢%), s <t

02(37 t) = (2(]25 + n‘/2(n+1)s - (n + 1)(125‘/2713)(1 - ‘/25 + qQS)a s=1

(q2t‘/2(s—t) + n‘/2(s+nt) - (n + 1)q2t‘/2(s+(n—1)t))<1 — Vo + q2t)7 s>t
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Proof.

i
L

lewl* [0 — k(1 = [r[*)] Z ekt [ = k(1= [r*)]

0

=
Il

_ Z [Aaerkt + Bﬁs+kt]2 [n — k(1 - ]r|2)]
k=0

n—1
_ Z A2 2(s+kt) + 2Aqu+kt + BQﬂQ(S—Hct} [TL . ]{3(1 . |T|2)}

_ Z A2 2(s+kt) (ABB2(s+kt) . ABB2(s+kt))] [n — k(1 — |r|2)}

+ Z 3252(5+kt + (ABa 2s+hkt) ABoz2(s+kt))} [n — k(1 — |7‘|2)]

n—1

+ 2ABZqS+kt [n—k(1—|r]*]
=0

n—1
_ Z [A(Aa2(s+kt) + BBZ(s—i-kt))] [n . k?(l . ’T|2)}

k=0

n—1

+ Z [B(Aa2(5+kt) + B/@?(s-‘rkt))} [n . k(l . |7‘|2>]
=0

-1

Z [AB( 2(s+kt) + 62(S+kt)ﬂ [n . k(l . |T|2)}

+ Z [2ABqS+kt] [n — k(1 - ]7’|2)}

k=0

3

1
[(A+ B)YWaesre) — ABVa(ssrn) + 2AB¢™ ] [n — k(1 — [r[*)]
=0
n Y [(A+ B)Waeiry — ABVa(sprn) + 2ABg™]
k=0

I
El 3
|
—

n—1
k=0

Using the sum identities that we have derived and the sum of finite geometric sequence, we
obtain the following expression from the first summation:

—_

n [(A + B)W2(5+kt) - AB‘/2(s+kt) + 2Aqu+kt} = (A + B)an - ABTLQg - 2AB7LQ5
0

3

i
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For the second summation, we use the following finite generating functions

( Ws - qSUt—sx - Ws—l—ntxn + ths+(n—1)txn+l

1 —Vix + ¢ta?
n—1
W, — aq®c — Wini1)s2™ + ¢ W™
Fs x = Ws ﬂfk = 5 (nt1)s ns —
) = W Wome 4 o
W — ths—tx - Ws—l—ntxn + thS+(n_1)tl’n+l
. 1 — Viz + ¢la?
4 V's _ qs‘/t_sx _ Vs-i—ntxn + qt‘/:s+(n—1)t33n+1 _y
s
1 —Vix + ¢ta? ’
n—1
‘/8 - 2qsx B ‘/(n+1)szn + qSVnsanrl
Goalz) = Virrr™ = , s=t
+() kz; +kt Voot oc?
Vi = ¢"Vemix — V2™ + ¢V (noryex™™! St
s
\ 1 —Vix + ¢'a? ’
n-l s s+nt .n
— T
H, _ stht bk _ 4 94
+() ¢ 1 dir s

i

0
Consequently, we have

n—1

(1 - |T2’) Z [(A + B)kW2(3+kt) — ABk‘/Q(s+kt) + 2AquS+kt}

o

k
= (1—[r?]) [(A+ B)F3,9,(1) — ABGY, 5,(1) + 2ABH ,(1)]
= (A+B)1—|r])Q — AB(1 — |r|>)Qy + 2AB(1 — |r|*).
Hence we have

|arcr, W)HZ — (A4 B) [0 — (1 - [r[)] — AB [n9s — (1 — [r[2)]

— 2AB [n€5 — (1 — |r[*)Qs] -

For r = 41 we have the following result.

Corollary 3.37.

= N 2
HM(l, W)H — n[(A+ B)Q, — ABQ; — 2ABQ;] = HM(—L W)

2
E

5
For the spectral norm, we have the following results.

Theorem 3.38.
|1y

2

, s<t

, §>1

o \/ [ (r, s,t)]2 — 201 (7, 5,t)05(r, s, )|/ cos 7, + [02(r, s,t)]2 |7[2/m
0<m<n-—1

1= 2Vi|r[t/m cos 7 (1 4 g![r[2/m) + 12/ (4q" cos? Ty + Var + g2 |r|2/)

where:
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0+2( —

5 ( ) WS — TWS—G—nt; S 7é t
® 0i(r,8,t) =
Wy —rWignys, s=t1

9

qSUtfs - thWs—i-(n—l)t; s<t
o Oo(r,5,t) =< ¢ la—rWpl, s=t.
qt [Ws—t - TWer(nfl)t} , s>t

Proof. LetT,, =

. Ws—1mWeins, s#t
M_m)”,gl(r,sﬂg)_{ ot 7 and

n Wy —rWeni1)s, s=1

CUs = ¢ Wi (nory, s <t
do(r,s,t) =< ¢ la—rWhl, s=t.

q" [stt - TWs—i-(n—l)t] , s>t
Computing the spectral norm, we have
01 (r,s,t) — da(r, s,t) pw™™
(1 —atpw=m)(1 = Blow=m) |
Note that for any M, N € R, we have the following equation.

M — Nlrll/" [cos (9+2ij _m)> + isin <9+27T<j _m))H

n

= max
2 0<m<n—1

HM(?", W)

M — pr_m‘ =

= |M - Nr|[Y™ [cos T + i sin 7|

= /M2~ 2MNr|Yn cos T, + N2|rf2n
Applying the norm equation above, results to:

e )|

2

B [01(r, 5,8)]° — 201(r, 5,)05(r, 5, 8) |71/ cO8 Ty + [0a(r, 5, 1)) |1[2/7
—o<m<n—1 \[ 1 = 2Vi|r|Y/m cos T, (14 ¢t|r|2/m) + |r[2/™ (4¢t cos? 7, + Vi + q2t|r|2/m)

[
For the cases » = 41, we have the following results.
Corollary 3.39.
- 01 (1, 5,1)]° — 201(1, 5,)d(1, 5, t m (021, 5,))
HM(LW)‘ = max 011, 5, ) 1(L,5,8)0(1, 5, ) €08 T + [0a(1, 5, )] . (33)
9 0<m<n-1 1 —2Vicos 7, (14 ¢t) + 4¢t cos® 7, + Vo + ¢2
Corollary 3.40.
| =107 = max [51(=1,,6))° = 261 (=1, 5,)8x(=1,5,8) cos T + [Ba(~ L5, 1))
9 0<m<n-—1 1 —2Vicos T, (14 ¢t) + 4¢t cos® 7, + Vo + ¢2
(34)
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4 Conclusion and recommendations

We have obtained the explicit forms of the eigenvalues, determinants, Euclidean norms and
spectral norms of r-circulant matrices whose entries are Horadam numbers having arithmetic
indices. Special cases (Fibonacci, Lucas, Jaconsthal, Jacobsthal-Lucas, Pell and Pell-Lucas)
were also obtained for the eigenvalues and determinants. Special cases where r = 41 were
also obtained for the Euclidean norm and spectral norm. Furthermore, sum identities and
divisibility results were also obtained. Lastly, we have generalized the results that involve
eigenvalues, determinants, Euclidean norms and spectral norm in Bozkurt [2—4], Bueno [7-14],
Civciv and Turkmen [16], and Lind [19].

For future work, we recommend the following:

e determine the inverse of r-circulant matrices with Horadam numbers having arithmetic

indices;

e determine the eigenvalues, determinants, Euclidean norms and spectral norms of the matrix

given by
G Gs+t Gs+2t Gs+(n—2)t Gs+(n—1)t
er—i—(n—l)t Gs Gs-‘rt to Gs+(n—3)t Gs+(n—2)t
= TGS n— er n— Gs e Gs n— Gs n—
M[r, G] _ +‘( 2)t +.( 1)t . . +(. 4)t +(. 3)t 35
rGsyo rGiyat rGstar - Gs Gt
TGyt rGsyot rGoyze - TGs+(n—1)t G

where G;-s are Generalized Fibonacci numbers.
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