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Abstract: In this paper, circular-hyperbolic Fibonacci numbers and quaternions are defined.
Also, some algebraic properties of circular-hyperbolic Fibonacci numbers and quaternions
which are connected with circular-hyperbolic numbers and Fibonacci numbers are investigated.
Furthermore, Honsberger’s identity, the generating function, Binet’s formula, d’Ocagne’s
identity, Cassini’s identity, and Catalan’s identity for these quaternions are given.
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1 Introduction

The real quaternions were first described by Irish mathematician William Rowan Hamilton in
1843. Hamilton [9] introduced a set of real quaternions which can be represented as

H={¢=w+ia+je+ke|qw ¢, ¢ g cR} (1)
where

The real quaternions constitute an extension of complex numbers into a four-dimensional
space and can be considered as four-dimensional vectors, in the same way that complex numbers
are considered as two-dimensional vectors. Horadam [10, 11] defined complex Fibonacci and
Lucas quaternions as follows:
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Qn:Fn+Fn+li+Fn+2j+Fn+3ka
K, =1L,+ Ln+1 i+ Ln—i—?j + Ln+3 ka
where F}, and L,, denote the n-th Fibonacci and Lucas numbers, respectively. Also, the imaginary
quaternion units ¢, 7, k have the following rules
2= =k =-1, ij=—ji=k, jk=—kj=1, ki=—ik=j.
The studies that follows is based on the work of Horadam [8, 19, 20].
The dual numbers are elements of the 2-dimensional real algebra

D={z=z+ecyle#0, e*=0, 2,y € R} ©

generating by 1 and ¢, [4,21]. The work on the dual Fibonacci numbers and quaternions can be
found in [19, 20].

Hyperbolic numbers have applications in different areas of mathematics and theoretical
physics. The work on the hyperbolic numbers can be found in [1,2,6, 18,22,23,26]. The set
of hyperbolic numbers H can be described in the form as

H={z=z+hy|h¢R, h®>=1, x,y € R}. (3)

Majernik has introduced the multicomponent number system [15, 16]. There are three types of
the four-component number systems which have been constructed by joining the complex, binary
and dual two-component numbers. Later, Farid Messelmi has defined the algebraic properties of
the dual-complex numbers in the light of this study [17].

Dual-hyperbolic numbers [1,3] w can be expressed in the form as

DH = {w =2z +ez|z, 2 € H, where j2=1,¢?=0,¢c#0 (je)* =0}. 4)
Here if 21 = 21 + 29 7 and 25 = y; + y2 j, then any dual-hyperbolic number can be written
w= (21 +127) + €Y1+ y27) (%)

G2 =1, e #0, e? =0, £j=je, (je)?* =0. (6)

where € H is set of hyperbolic numbers.
In 2019, Cihan, Azak, Giingdr and Tosun [7] have defined dual-hyperbolic Fibonacci and
Lucas numbers respectively, as follows

DHF, = Fy+ Fop1j+ Fopee+ Foigje (N

DHLy, =Lp+ Lyt1J+ Lyy2e + Lnysje )
where £, and L,, denote the n-th Fibonacci and Lucas numbers, respectively. Also, the imaginary
quaternion units j, €, j € have the following rules

=1, ej=je, E=(je)P=0.
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Furthermore, some algebraic properties are proven for these numbers in [3]. Circular-hyperbolic
numbers [5] w can be expressed in the form as

CH={w=2z+zhl|z,2 €C, i*=—1,*=1,h#+1, (ih)?*=1}, 9)

where € C is set of complex numbers. Here if 21 = x; + 25 and 2o = y; + 19, then any
circular-hyperbolic number can be written

w=(r1+ ix2) + (1 +iy2) h (10)

h? =1, h# +1, ih=—hi, (ih)? = 1. (11)

Addition, subtraction and multiplication of any two circular-hyperbolic numbers w; and ws
are defined by

wlﬂ:w2:<21+22h)i(23+24h):(21i23)+(22:t2’4)h,

wy X we = (21 4+ 22h) X (23+ 24h) = (21 23+ 22 24) + (21 24 + 22 23) .
On the other hand, the division of two circular-hyperbolic numbers are given by

w1 . Z1 + 29 h
Wo n Z3 + 24 h
(21 +20h)(23 —24h) (2123 — 2024) | (2223 — 21 24)

(23 + 24 h)(2z3 — 24 h) B 29% — 23 Z?% — 2

h.

If Re(wy) # 0,then the division % is possible. The circular-hyperbolic numbers are defined

2
by the basis {1,i,h,ih}. The base elements of the circular-hyperbolic numbers satisfy the
following commutative multiplication scheme (Table 1).

(o 1] il n]in]
TR
i | i —1|ih|=h
Wil h|—ih| 1] =i
ih||ih| h| i 1

Table 1. Multiplication scheme of circular-hyperbolic numbers

The circular-hyperbolic numbers, just like quaternions, are a generalization of complex
hyperbolic numbers by means of entities specified by four-component numbers. But hyper-
bolic and dual-hyperbolic numbers are commutative, whereas, circular-hyperbolic numbers are
non-commutative. Moreover, the multiplication of these numbers gives the circular-hyperbolic
numbers. Five different conjugations can operate on circular-hyperbolic numbers [5] as follows:
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w=1x1 4+ 1xy + hy +1hys,
w*t =(zq —ixy) + (1 —ty2) h = 27 + 23 h, complex conjugation,

w*? = (x1 +ixe) — (Y1 + 1y2) h = 21 — 22 h, hyperbolic conjugation,

w* = (x1 —ixe) — (y1 —iye) h = 27 — 23 h, coupled conjugation, (12)
N ) Y1+ 1Y X 22
f o (g — i) — (1= LMy o 22y,

w (w1 —iw2) — ( o1+ i%s ) =21 — ( - )

complex-hyperbolic conjugation,
w*® = (y1 +1iy2) — (x1 —ixe) h = 25 — 2] h, anti-hyperbolic conjugation.

Therefore, the norm of the circular-hyperbolic numbers is defined as

N{Zl = Hw X w*l” = \/’21|2 -+ ’2’2’2 + 2€R€<21 ZQ*) h,

No? =llw x w™[| = \/2f = 23,

Nz = lwx ws ) =\l — |zl — 24 (e 2270 b 13

2
Z
Nt =Jlw x w*|| = \/ Al = (2= ) + 2z b,
1

Ny =llw x w'l = 20 (20 Imz) — (Ja — 22 b

In this paper, the circular-hyperbolic Fibonacci numbers and Fibonacci quaternions will be
defined. In addition, the Honsberger identity, the d’Ocagne’s identity, the generating function,
Binet’s formula, Cassini’s identity, Catalan’s identity for these quaternions are given.

2 The circular-hyperbolic Fibonacci quaternions

The circular-hyperbolic Fibonacci and Lucas quaternions can be defined by the basis {1, i, h, i h },
where ¢, h and i h satisfy the conditions

it =—1 h # +1, h* =1, ih=—hi (ih)? =1,

as follows
(CHFn = (Fn+ZFn+1)+(Fn+2+ZFn+3>h (14)
=F, +iF g +hEy s +ihF,
and
CHL, = (Lp+iLpt1) + (Lyyo+iLyis) h 15)

=L, +iLyy1 +hLpio+ihL,ys.
The addition, subtraction and multiplication by real scalars of two circular-hyperbolic
Fibonacci quaternions gives the circular-hyperbolic Fibonacci quaternion. Then, the addition
and subtraction of the circular-hyperbolic Fibonacci quaternions are defined by

CHF, + CHFE,, = (F, =+ ) +i (Fop1 & Foi1)

. (16)
+h (Fn+2 + Fm+2) +1h (Fn+3 + Fm+3)-
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The multiplication of a circular-hyperbolic Fibonacci quaternion by the real scalar A is defined

as

ACHF, = F, + i AFi1 +hAE o+ ih X Fis.

(17)

By using Table 1, the multiplication of two circular-hyperbolic Fibonacci quaternions is defined

by

CHF,, x CHF,,

CHF™ = F,

(FnFm_Fn+1Fm+1+Fn+2Fm+2+Fn+3Fm+3)

+Z‘(Fn+1Fm+FnFm+1_Fn+2Fm+3+Fn+3Fm+2)

+h (Fy, Fso

— Fop1 Foys + Fago By + Fogs Frg)

+ih(Fn+1Fm+2+FnFm+3+Fn+3Fm_Fn+2Fm+1)
#+ CHF,, x CHF,.

Also, there exits five conjugations as follows:

_iFn+l+th+2_2.han+3a

CHF,:2 - Fn +/L.Fn+1 - th+2 - Z.h/Fn_i_g,
CHE' = F,, — i Fjypy — h Fyo + i h Fy s,

CHF* = (F,

CHF® = (Fyyo +iFuys) — (Fy —iFui1) by

complex conjugation,
hyperbolic conjugation,

coupled conjugation,

_iFn+1) - (1_

(Fn+2 +2Fn+3)h
Fn_'_iFnJrl ’

complex-hyperbolic conjugation,

anti-hyperbolic conjugation.

In this case, we can give the following relations:

CHF,
CHFE,
CHF,
CHF,

CH
CH
CH

~~ ~~ —~

CHF,

*1

*
4 F2n+17

CHF, (CHE,)" = —h (Foni1 — Fonis).

n) = Py — PP + 2 B0 (i Fys + h Fy +ih Fluyy),
F)™ = —FyuoFy 1 — Fonss +2 Fovt (i Fy+ h Fovg — i h Foyo),
Fo)™® = Fopy1 + Fop1 Froya —
129

)

2Fy3 (i Foyo +h i —ih Fy),

(18)

(19)
(20)
21)

(22)

(23)
(24)

(25)
(26)
(27)
(28)
(29)

The norm of the circular-hyperbolic Fibonacci quaternions CHZF, is defined in five different

ways as follows:

N, CHF;! —

N, CHF,2

N, CHF;3 —

N, CHF;4

N, CHF,5

|CHF, x (CHE,)* |

- ‘F2n+1 _Fn+1Fn+4+2Fn+2 (ZFn+3+th+Zth+1) |7

= [|[CHF,, x (CHF,)*|?

=| = Fopolns — Fopnys +2F i (1 Fu+h Fps —ih Fpp) |,

|CHF, x (CHE,)*|?

= |Fopt1 + Frp1Fnia —2F 3 (1 Foyo + h Fypy —ih Fy) |,

= [|CHF,, x (CHF,)*|?
:F3+F3+1 :F2n+17
= |CHF, x (CHF,)*|?

= | = h(Fapgp1 — Fonys) |.
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In the following theorem, some properties related to circular-hyperbolic Fibonacci
quaternions are given.

Theorem 1. Let £, and CHZF,, be the n-th terms of Fibonacci sequence (F},) and circular-
hyperbolic Fibonacci quaternion (CHF),), respectively. In this case, for n > 1 we can give the
following relations:

CHF, = CHF,_, + CHF,_,, (35)
CHF,,, + CHF,_, = CHL,, (36)
CHE,,, — CHF,_, = CHL,, (37)

CHF,, — iCHF,,, — hCHF, s —ithCHF, 3 =F, + Fh10 — F14 — F, 6. (38)
Proof: Using (14) and (15), the proof can easily be done. ]

Theorem 2. (Honsberger identity) For n,m > 0 the Honsberger identity for the circular-
hyperbolic Fibonacci quaternions CHF}, and CHF;,, is given by

(CHFn (CHFm + CHFH+1 CHFm+1 - CHFn+m+1 + 2 Fn+m+6

. . (39)
+1 Fn+m+2 +h Fn+m+3 +1h Fn+m+4-
Proof: By using (14) we get,
(CHFn (CHFm + CHFnJrl CHFerl = (Fn+m+1 - Fn+m+3 + Fn+m+5 + Fn+m+7)
+2i Fpmya + 20 Frpmyz + 20 h Fyymga
= CHFn+m+1 +2 Fn+m+6
+i Fn+m+2 + h Fn+m+3 +1 h Fn+m+47
where the identity F, F,,, + Fl,i1Fmi1 = Fhome1 isused [10,14,24,25]. O

Theorem 3. (Generating function) Let CHF,, be the circular-hyperbolic Fibonacci quaternion.
For the generating function for these quaternions is as follows:

desr (1) = Z: CHF, " — CHF, + 1((21%31? 15_2 CHFp)t. 40)
Proof: Using the definition of generating function, we obtain
gcur, (t) = CHFy + CHFy t + ... + CHFE, t" + ... . (41)
Multiplying (1 — ¢ — ¢?) both sides of (41) and using (35), we have
(1 —t — ) geur, (t) = CHF, + (CHF, — CHF) t.
Thus, the proof is completed. U

Theorem 4. (Binet’s Formula) Let CHF), be the circular-hyperbolic Fibonacci quaternion. For
n > 1, Binet’s formula for these quaternions is as follows:

CHEF, = — <a o — 5”) , (42)
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where

S

G=1+ia+ha®+iha®, a=1

and

B=14+if+hFB+ihp, p=1505
Proof: Binet’s formula of the circular-hyperbolic Fibonacci quaternion is the same as Binet’s
formula of the Fibonacci quaternion [8]. L]

Theorem 5. (d’Ocagne’s identity) For n,m > 0 the d’Ocagne’s identity for the circular-
hyperbolic Fibonacci quaternions CHF,, and CHF, is given by

CHF,, CHE, ; — CHE,, ., CHF, = (—1)"Fp n (244 +3h +4ih)

ALy (i —h +ih). )

Proof: By using (14) we get,

CHFE,, CHF,,, — CHFE,,4; CHF,, =2(=1)" Fpp +i(—1)" (Fp_n + Lyn_n)
+h(=1)" (3 Fyomn — Luny)
+ih(=1)" (4 Fyon + L),

where the identity F,, F,, + Frop1 Frv1 = Froaome1, Foas — Fhs=4F,and F, 1 — F,_1 = L,
are used [14,24,25]. O

Theorem 6. (Cassini’s Identity) Let CHF,, be the circular-hyperbolic Fibonacci quaternion. For
n > 1, Cassini’s identity for CHF, is as follows:

CHF,,, CHF,_; — CHF? = (-1)",(2+2i +2h +5ih). (44)
Proof: (44): By using (14) we get

CHF,y, CHF, , — CHFE,)? = [(Fyi1Fn 1 — F2)+ (F2,, — F.Fo12)
+(Fn+3Fn+1 - Fn+2) + (Fn+4Fn+2 - Fr%—l—?))]
[( n+2Fn 1 _Fn—i-an)
( n+4Fn+1 - Fn+3Fn+2) ]
+h[(F2 — F,Foio)
+( Foi1Fnys — F3+2)
+H(Fn3 Py — FraFy)
+(Foyaln — FoyaFog) ]
+ih[Fpi1Fryo — FuFpi1)
+(Fn+4Fn—1 n+3F )
+(Fn+2Fn+1 - Fn+3Fn) ]
= (=" (242i +2h +5ih).

where the identities of the Fibonacci numbers £, F,, 1 — F,,, ;1 F,, = (—=1)"F,,_, is used [14,
24,25]. O
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Theorem 7. (Catalan’s Identity) Let CHF,, be the circular-hyperbolic Fibonacci quaternion.
For n > 1, Catalan’s identity for CHF), is as follows:

(CHF’% o (CHFn+T CHF"*T = (_1)n—r Fr‘ [QFT‘ +1 (Fr + Lr) +h (3 Fr - Lr)

+ih(4F, + L,)]. *)

Proof. By using (14), we get

CHF? — CHF,,,.CHF,_, =[(F?- an Fn 7)) — (Fi — Foyrin Frorg)
+(F7 Froiryo Frryo)
F(F2 s = Furys Fuorys) |
+i [ (Fn Fas1 — Fogr Fupi)
+( n+1F Fn+r+1 Fn r)
—(F,
(£

n+2 Fn+3 - Fn+r+2 Fn—r+3>

+

w3 Froys — Fugrys Foorio) ]
+h [ (Fn Fryo2 — Fopr Fruorgo)
(Fn+1 Foys — Fopri Fn—r+3)
( n+2 F Fn+r+2 anr>

( n+3 Fn+1 Fn+r+3 Fn—r+1) ]
[(F Fys — Fugr Frumrys)

:—I——i—

+1
+(Fog1 Fogo — Fogrp1 Farg2)
—(Frv2 Fov1 — Frgrg2 Fmrn)
+(Fogs Fr — Fagris By |
=(-1)""F.[2F.+i(F,+L.)+h(3F, — L,)

+ih(4F. + L,)].

where the identities of the Fibonacci numbers F, . F,., — F? = (=1)""T'F? and

n

FoF, — FprFo = (=1)""Fpyp_py F,. are used [24]. O

3 Conclusion

In this study, a number of new results on circular-hyperbolic Fibonacci quaternions were derived.
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