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1 Introduction
The Lucas sequence (U,,),>; and associated Lucas sequence (V/,),> are defined by
Un+1 = PUn - QUnfh VnJrl = Pvn - QVTL717 (l)

where P, () are integers such that A = P? — 4(Q) > 0 and the initial terms are given by
(Uy,Uy) = (0,1) and (Vp, V1) = (2, P) respectively. The sequence (U,,),>1 and (V},),>; are
often called Lucas sequence of first and second kind respectively. The Binet formulas for these
sequences are given by
U= =0y o )
a—pf
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P+4/P2-4Q

where o, f = 5 are roots of the characteristic equation X2 — PX + Q = 0 having
discriminant A = P? — 4Q. Clearly, « + 8 = P, a3 = Q, a — 8 = v/A. These sequences can
be extended to negative indices n as U_,, = —Q~"U,, and V_,, = QQ~"V,, respectively.

Farhi [4] obtained expressions for sums of certain infinite Lucas sequences. Some identities
for the sums, ratios, products and convolutions involving some second order recurrence sequences
have been explored in [1,3,5-11]. In the present work, we explore certain infinite sums involving
Lucas and associated Lucas sequences.

2 Preliminaries

This section deals with some identities which will be useful for the main results of this paper.

Lemma 2.1 ([4, Lemma 2]). Let (x,),>1 be a convergent real sequence and let x € R be its
limit. Then, for all k € N, we have

00 k
Z(x’”k —z,) = kx — Z:Un
n=1 n=1

The following identities can be easily proved using the Binet formulas (2) and hence, we omit
the proof. Let m, n,r and ¢ be integers. Then,

Usy = Up Vi, 3)
Uy = a"Uy = Q"Uy-y = B0, = 8"V, @)
'V — 0"V, = —VAQ U,y = "V, — Vi, (5)
Vi, — VAU, = Q'V,_, = BV, + VAB"U,, (6)
Upyi — a'U, = B"U,, (7)

o'V, — VAU, = BV, ()

o'V, — Ve = VAB'U, 9)

AU NVA + Vi = BV, (10)

UnUnir — UnUnyr = QU Upm, (11)
ViVirir — ViViiw = AQ™U,Upy (12)
UnVintr — UnVor = Q" Vo Up o, (13)
VaUntr = VilUngr = Q" VUi, (14)

i = i P a3

o Unm 1 Viim Q™" a6



3 Main results

In this section, we explore some infinite weighted sums with terms from Lucas and associated
Lucas sequences. Some of the results of this section are variants of results of Farhi [4].

Theorem 3.1. Let (a,),>1 be a sequence of positive integers tending to infinity with n, and let k
be a positive integer. Then, for any non zero integer t, we have

Z QM Denien _ i(i Vonrt - k:at)
Us Us, U Ua,

Ontk n=1

Proof. In view of Eq. (11), Q*"U,U,, ., —a, = Ua,,,Uan+t — Ua,Ua,,,+t» Wwhich implies

An+k
Qa" an+k an i Uanth . Uan+k+t
UanJrk U Ut Uan Uan+k ‘
Taking summation over n, from 1 to infinity on both sides of the above equation and then applying
Lemma 2.1 for z,, = U[‘}"“ the desired result follows from Eq. (15). O

an

Theorem 3.2. Let (a,,),>1 be a sequence of positive integers tending to infinity with n, and let k

be a positive integer. Then, for any non zero integer t, we have
k

Z Qo U%MUM _ % (Z % + k\/Zaf)
t an

An+4k n=1

Proof. Using Eq. (13) and (16) with z,, = Vl‘}”“ in Lemma 2.1, the proof follows similar to that
of Theorem 3.1. [

Remark 1. Use of Eq. (7) in the right hand side of the equality in Theorem 3.1 or use of Eq.
(10) in the right hand side of the equality in Theorem 3.2 gives

k gan
Qan an+k an =

; Uan+kU ; Uan
which appears in [4, Theorem 1].

Corollary 3.2.1. Let (a,),>1 be an increasing arithmetic sequence of positive integers and let r

be its common difference. Then, for any positive integer k, we have

r(n—1) Q—al k Ua 41 Q—a1 k ‘/a 41
ZU N7 Unr < U, re ): PU,W(n:1 U.. +k‘/_0‘)

Gntk n=1

Proof. The result follows immediately by putting a,, = r(n — 1) 4+ a; and ¢t = 1 in Theorem 3.1
and Theorem 3.2 respectively. O]

Remark 2. Using Eq. (7) or Eq. (10) in Corollary 3.2.1 gives

0 Qr(nfl) _thh k /Ban
ZU U Usr ZUan’

an ™~ Gptk n=1

which appears in [4, Corollary 4].
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Theorem 3.3. Let (a,,),>1 be a sequence of positive integers tending to infinity with n, and let k
be a positive integer. Then, for any non zero integer t, we have

= Ua —a 1 : ‘/a +t
Qan n+k no_ (k’at _ n )
Proof. Using Eq. (12) and (15) with z,, = % in Lemma 2.1, the proof follows similarly to
that of Theorem 3.1. O

Theorem 3.4. Let (a,),>1 be a sequence of positive integers tending to infinity with n, and let k
be a positive integer. Then, for any non zero integer t, we have

X Uiman 1kt S Ui
Yo uls X

n=1 Gntk n=1

Proof. Using Eq. (14) and (16) with z,, = % in Lemma 2.1, the proof follows similar to that
of Theorem 3.3. O

Theorem 3.5. Let (a,),>1 be a sequence of positive integers tending to infinity with n, and let k
be a positive integer. Then, for any non zero integer t, we have

0o anUan —an 1 k &
2 S R

n=1 An+k ~ An

Proof. The proof of this theorem follows directly by using Eq. (9) in Theorem 3.3 or using Eq.
(8) in Theorem 3.4. [l

Corollary 3.5.1. Let (ay,),>1 be a sequence of positive integers tending to infinity with n. Then,
we have

Z Qa" Uan+1*an o 6111

‘/;LnJrl an B \/Z‘/al '

Corollary 3.5.2. Let (a,)n>1 be an increasing arithmetic sequence of positive integers and let r

n=1
be its common difference. Then, for any positive integer k, we have

o e ka_ivml _ Q™ ([ ka _annH _ Q" i@
n—=1 Va V AUkr Van PUkr \/Z ‘/an \/ZU]W V

n ¥ Antk n=1 n=1 n=1 9%n

In particular,

— Van‘/;ln+1 B \/ZUT‘/al

Proof. The first result of this corollary follows immediately by putting u,, = r(n — 1) + u; and

i Qr(n—l) (ﬁ/@)al

t = 1 in Theorem 3.3, 3.4 and 3.5, while the second result of this corollary can be obtained by
putting £ = 1 in the first result. O

With (P,Q) = (1,—1) we get the Fibonacci sequence F,, = U,(1,—1) and the Lucas
sequence L, = V,(1,—1). The following are some applications for Fibonacci and Lucas
numbers:
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e Putting suitable values in Corollary 3.5.2, we get

1 5 _3V5-5
Z Lon-1Lony1 Z Loy, 30

L2n+2

i (-t 5-+5 i (=1t 40— 24f
LyLpi 2 LyLpio 15

=1

3

e Taking a,, = ka"(k > 0,a > 2) in Corollary 3.5.1, we obtain

e}

Z Hootr ! Where(I)—l—i_\/g
Lkan Lkan+1 \/nga(bka’ 2

is the golden ratio.

In addition, taking ¢ = 3 and using Eq. (3), we obtain the following formula of Bruckman
and Good [2]:

which gives

(which was also pointed out by Bruckman and Good [2]).
e Taking a,, = F,, and a,, = L,, respectively in Theorem 3.5, we obtain
- F 1/1 - F 1/1 1
Z(_l)FnL — _(__1>’ Z(_l)LnL— — _(___>_
n=1 LFn LFn+1 4 \/5 n=1 LLn LLn+1 2 \/5 3

Theorem 3.6. Let (a,,),>1 be a sequence of positive integers tending to infinity with n, and let k

be a positive integer. Then, we have

( ) Qan an+2k an Q(J,Qn 1 a?n a2n—1
; Van+2k Z ann ‘/aZn 1
Proof. The proof follows similar to that of [4, Corollary 5] by using Eq. (5). [

Corollary 3.6.1. Let (a,),>1 be an increasing arithmetic sequence of positive integers and let r
be its common difference. Then, for any positive integer k, we have

f: (_1)n—1Qr(n—1) B Ur k QQr(n—l)

2 VoVariw Untr = Vi Vo,
In particular,
00 )t Q'r n—1) 1
,; e VaVaVr
Proof. The proof is similar to that of [4, Corollary 6] and hence it is omitted. [
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0 —1)n—1 r(n—1)
Theorem 3.7. Let r and k are natural numbers and S, j, = Z ( V) VQ
rn Vr(n+k)

n=1

. Then for any

odd positive integer k, we have

(k—1)/2 2r(n—1

U, (n—1)
Sy p = Q" §j ).
ke Urk( 1+Q ‘/2m" )

v2n+1)r

Proof. Using Eq. (13) and Corollary 3.6.1, proof of this theorem follows similarly to that of
[4, Theorem 8] and hence, it is omitted. O

Theorem 3.8. Let (a,),>1 be an increasing sequence of positive integers. Then, we have

> 6 QE —az 1
( )n 1 \/_ Qa2n 1 n n—
; Z ‘/;1277, Va2n 1
Proof. Using Eq. (5), the proof follows similar to that of [4, Theorem 11]. ]

Theorem 3.8 can also be proved by using Eq. (15) in Theorem 3.6, when £ tends to infinity.

Corollary 3.8.1. If n is any positive integer, then

o ‘5’11 |Q’2n—1
=2|P E

2:: Z | | ‘/2n‘/2n—1

Proof. Putting a, = n in Theorem 3.8, the result follows immediately using the identity

V., — VAU, = 253", O

Corollary 3.8.2. If n is any positive integer, then

oo

2

e Further applying Theorem 3.8 for (P,Q) = (1,—1) with a, = 2n,2n — 1 and 2n + 1
respectively, we obtain the following summations involving Lucas numbers:

[o.o]

1 F, 1
V5 Li IZL o sznLQn_l

1
NG ; Lop®? ; LiLin—s /5 ; Lop 1 ®2n-1 ; Lan-1Lan-3’

1
NG ; Loy @201 ; Lint1Lan—

Theorem 3.9. If r > 1 is any positive integer, then

o

n=0

527‘n+2r 1

_\/_Z Q" Uy,

‘/2rn+2r 1 ‘/727‘ ‘/27” 1n

Proof. The proof is similar to that of [4, Theorem 16] using Eq. (5) and hence, we omit the
proof. [
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