Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275

Vol. 26, 2020, No. 2, 85-104

DOI: 10.7546/nntdm.2020.26.2.85-104

Infinite series containing generalized

harmonic functions

Kwang-Wu Chen' and Yi-Hsuan Chen?

! Department of Mathematics, University of Taipei
No. 1, Ai-Guo West Road, Taipei 10048, Taiwan
e-mail: kwchen@uTaipei.edu.tw

2 Department of Mathematics, University of Taipei
No. 1, Ai-Guo West Road, Taipei 10048, Taiwan
e-mail: ben263042Q@gmail.com

Received: 4 December 2019 Revised: 10 April 2020 Accepted: 24 April 2020

Abstract: We use Abel’s summation formula and the method of partial fraction decomposition to
study infinite series involving generalized harmonic numbers of any positive integral order, with
any positive integral power.

Keywords: Abel’s summation formula, Generalized harmonic functions, Multiple Hurwitz zeta
functions, Digamma function.

2010 Mathematics Subject Classification: 05A19, 11M06, 40A25.

1 Introduction

Let N be the set of all positive integers, and Ny be the set of all nonnegative integers. For
m,n € N,z € Cwith z # —1, -2, ..., —n, the generalized harmonic functions [5,7] are defined
by H" () = 20, W The generalized harmonic function H.™ (z) is a generalization of

the generalized harmonic number aim (0) = H™. Also we have



It is known that
HY = H, =~ +(n+1), (1.1)

where -y is Euler’s constant and ) is the digamma function given by

- 1 1
o)==+ > e 12
=0

In physics, the computation of Feynman integrals in massive higher order perturbative
calculations in renormalizable quantum field theories requires extensions of multiplying nested
harmonic sums [1, 14]. Binomial, inverse binomial and harmonic number series have been
studied in order to perform calculations of higher order corrections to scattering processes in
particle physics [2,9, 10, 13,26]. Hence, there is a great motivation to study the representation of
the following Euler series in closed forms:

o (HT(LP))m e (Hép))m i (Hﬁbp))m

, , and .
(nta)nt+atl) = (5 (")

(1.3)

n=1 n=1

In the literature there exists a lot of results on these series; for example, Sofo [20] studied the
case m = 1 and p € N, the cases with m, p < 2 were surveyed in [8, 18,19,21,24,25], and Xu,
Zhang, Zhu [27] investigated the cases m = 3,p = 1 and m = 2, p € N, etc. The interested
reader should refer to Hoffman’s webpage [12] for more references.

Abel’s summation formula is given by [23, Theorem 6.30]

n n—1

Z arby, = An,mbn - Z Ak,m(bk+1 - bk),
k=m

k=m =

where {a;}, {bx} are two sequences, and A, ,, = > ;_  ax. This formula is often employed
in studies dealing with the convergence of sequences. Abel’s summation formula is modified
by Chu [8] to derive many infinite series identities involving the harmonic numbers and their
variants. We require Abel’s summation formula in the following form: For an arbitrary complex
sequence {7y}, define the backward and forward difference operators V and A, respectively, by

VTk: e — Tk—1 and ATk: k— Tk+1-

Then we have - .
Y MVU = [UV]y —UVe+ Y U AV, (1.4)
k=e k=e
provided that one of both series is convergent and the limit [UV], = lim,,_,, U, V},11 exists.
Using Abel’s summation formula, Wang [24] recently established infinite series involving
generalized harmonic numbers of order 2 and order 3. For example, for any two positive real
numbers a and b [24, Theorem 1],

ahgf)(a,b) B 1
Z (ak +b)(ak —a+0b) Z (ak +b)3’

k>1 k>0
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s 1
k=1 (ak —a+b)™’

all results in [24] are special values of our formulas. In 2018, Wang & Chu [25] obtained infinite

where the harmonic numbers of order m is defined by him (a,b) = In fact,

series involving quadratic and cubic harmonic numbers, for example [25, Eq. (6)],

2hi(a,b) 1 1
Z(ak+b)(ak+a+b) B E+Z (ak + b)%’

k>1 k>0
Note that the generalized harmonic function /™ (z) is related to him (a,b) by
H™(2) = a™h{™ (a,b),

with z = (b — a)/a. Following Wang and Chu, we find that if we apply the method of partial
fraction decomposition additionally, we can then obtain infinite series involving generalized
harmonic numbers of any positive integral order, with any positive integral power, for example
(ref. Eq.(3.3))

(s) -
3 (H - >) 1 2\~ Hi(z) | = (D
= Ha - i 2 k-
nZ:; n+z+a n—|—z-|-a_|_1) a2s <Z>+a5k1 ks + prd ak+1 <(878 7Z>
25— 2 s—2 s k+1)
—1)k+ HHC(L
+Z k+1 _k;z)+22< ) e (s — ks 2),

k=0

where the multiple Hurwitz zeta function of depth k£ and weight s; + --- + si is defined by
[3,5,15,17]

C(81y -, 8852) = Z L

1<ni<ng<--<ny (nl + Z)Sl (n2 + Z)82 e (nk + Z>Sk .

It is known that multiple zeta values (MZVs) ((s1,...,sk) = ((s1,...,sk;0) and multiple
t-values (MtVs) t(sy,...,s;) = 27 G1F T8 (51, ..., 85 —1/2).

Here we highlight one new infinite series expression (ref. Example 5.3): for s, k any two
positive integers,

N
—

> oY k— 1\ (1) (H, + 21og(2))
;n(’i’“ ( r ) (2r +1)*

Il
o

5—2 , k—1 E—1 (—1)"
+2;(—1)t<5—@§( . )W

This result can be compared with the following formula in [5, Example 5.2], [20, Eq.(2.3)].
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2 Preliminaries

Let Q[[z1,z9,...]] be the set of formal power series of bounded degree. An element
u € Q[[x1,72,...]] such that the coefficient in u of any monomial z{!zg?---zg* with
a; < as < --- < ay is the same as that of z7"z5? - - - x* is called quasi-symmetric [11, 16,22].

Let QSym be the subring of all the quasi-symmetric functions. For any composition (ordered
partition) & = (aq, as, ..., ax) of n, we call the number of parts k as the length of I; and the
sum of parts || = a1 + g + - - - + «, as the weight of a.

The “smallest” quasi-symmetric function containing the term z7"z5?---x.* is denoted by
ay)- 1t is convenient to denote M, = 1. These elements form a basis for QSym.

.....

For positive integers n, s, we set z; = 1/(i + 2)*®, for 1 < i < n;x; =0, for i > n. Then

..... ag) — Cn(SQM SQ, . .., SOE; Z)

forms a basis for this particular QSym, which we denote by . By the well-known identity

[5,6,16]
k
(M(1))k = Z <)\> My,

AFk
where A = k& means that ) is a partition of £, or from an elementary result in the harmonic algebra
(Hoffman’s harmonic algebra) [6, Eq. (5)], we know that

k
k
H(2)k = Z Z <a1,a2, N 7%) Cu(saq, sag, ..., sa.; z), 2.1

where o = (o, @,..., ) and || =g + g + -+ - + .

Lemma 2.1. [4, Proposition 3.2] For m,n € Ny, and v € C\{0,—1,..., —n}, we have
" /n\ (—=1)F .
Z ( ) :B(n+1’x)Pm_1(H7gl—£1(17x)’Hfigl(]'?x)v'--7H7(z+1 1)(1ax))a
c~\k (x + k)™

where B(x,y) is Euler beta function, Py, (1, xs, ..., x,,) is the modified Bell polynomials defined

by
exp <Z Tk k) Z (X1, T2, ... ) 2™,

m=

and the finite Hurwitz—Lerch function HY )(.CE, y) is defined by

( ) n—1 CCk
H (z,y) = ;
k=0 (k +y)
Since
ZZ P axlvax% y @ xn)—eXp Z L Z
k=1
o0 x o
= exp (Z f(az)k) = Z "1, 2, - Tn),
k=1 n=0



the modified Bell polynomials P, have the following property:
P, (axy,a’xy,. .., a"s,) = a"Py(x1, 79, ..., 1,). 2.2)

For a complex number z, positive integers k, ¢, and (s1,..., ;) € NE, with 2z + % # 0, for

1 < j < k, we denote the symbol 7, (z;¢) as follows:

7777 Sk

1

,,,,,

77777

Lemma 2.2. [5, Lemma 2.2] Let s1, . . . , ;. be a nonnegative integer sequence with s;, s; > 1 for
1<i< )<k Ifsg+- -+ s >3, then

In this paper we will use the following four basic partial fraction decomposition formulas.

Lemma 2.3. For integers a > 0 and s > 1, we have

(—0)5~ 52 f)k+1
Ns0a,1(2;€) = (a+ 7 1771 0e,1(250) — Z a+1 sk (25 0), (2.3)
=0
1,001 (25 0) = at1 ;Uok,w('z?@, (2.4)
p5—1 52 €k+1
Mi00,5(23€) = Wﬁl 00,1 Z [ k(z:0), (2.5)

k:O
Nya+2(2; 0) T ' Z (T) Nor12(2; £). (2.6)

Proof. We use induction on the positive integer s to prove Eq.(2.3) and Eq.(2.5). Lemma 2.2
gives

14 4

5,001 — —— Uls = T]s—1,02,1) » and s = T 1 a,s—1 = 1joetl s )
1s,0a,1 a+1(77 Ns—1,0 ,1) 1,0a, a+1(771,0, 1— Mo +1,)

from which the results follow when we invoke the induction hypothesis.
We use Lemma 2.2 to obtain two expressions for 7; e 12(2; ¢):

1
C(Moa1 — Migatr 1) = Mganz(250) = a—+2<771,0a,1 — Moa,12)-
Therefore we have
_a+ 1 n 1
T1,0e+11 = ot 27]1,0a,1 o+ 2770a,12-
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We use this identity and use induction on the positive integer a, then we can obtain the result
of Eq. (2.4).
Eq. (2.6) is clearly true for a = 0. Assume that

P I G Y
e+ (2;0) = Z(— ) - Nor 12 (25 )

al
r=0

is true for a > 1. We use Lemma 2.2 to obtain

14

Ma+2(2;0) = m(ﬂyﬂrl(z;g) — 1o 1a+1(2; 0)).

Since 79 1a+1(2; £) = Myat1(z + %; ¢), we can apply the inductive hypothesis to these two terms
of the right-hand side of the above identity.

VA e a—1
nla-‘rQ(z;g) - a+ 1 ( al Z(—l)r< . )7707"12(Z,£)>

r=0

¢ (& fa—1 1
Ca+1 ( al ;(_1) ( r )nor’12(z+?€)>
a—1 a—1
IZ ( )UOTJ?(Z’S@

(1

a—1
a— 1)
770r+1,12(2;€)
(a+1)! Z—o (

< “;1>W (2 0) — Z (“_ DW (2 £)>

r=1

Using the fact ( ) + ( ( ) we get the desired result. By the mathematical induction
we get Eq. (2.6). ]

Using Eq.(2.6) the last two Euler series in Eq. (1.3) can be represented as

S Hép) m k-2 E—2 e Hy(LP) m )
Z( n+l<:) =k (—1)r( )Z( (Hn ) , if k > 2;
r=0 n=

r “(n+r+1)(n+r+2)

o0 P)\ym k-1 _ 0 (P)ym
S = () S e ey e

r — (n+r+1)(n+r+2)

Therefore we investigate the following series in this paper

o oo (10(=))
(m; 2) Z (n+z+a)n+z+a+1)

n=1

where s, m are positive integers and a € Z, z € (—1,0] in order to give them some simple
representations in terms of multiple Hurwitz zeta functions and generalized harmonic functions.
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3 Infinite series of Y,.*(m; z) with a € N,

Theorem 3.1. Let s, m, a be three positive integers and z € (—1,0|. Then we have

Y(s ) io: <H(s)( )>m

(n+z4+a)(n+z+a+1)

n=1

1 ; ms—2 1 k+1
= - azns H,(z) — Z <ak—)+1§“(ms—k:;z)
m—1 (m—k)s— : '
+Z( ) Z ] ZZ< )C(sal,...,sar,(m—k:)s—é;z)
k=1 (=0 r=1 lal=

m—1 (m—k)s—1 _@
3 () S 0
Proof. Consider two sequences V,, and U,,, given by
m -1
V, = (H d Uy=———. 3.1
(7)), an n+z+a+l G-1)
Then it is easy to check that

AVn=- mzl (m) ( <H£S)(Z)>g and VU, = !

=\ ) (n+1+4z)m=0s (n+z4+a)(n+z+a+1)

as well as the relations
-1
(14+2)(z+a+1)

Applying Abel’s summation formula Eq. (1.4) with € = 1, we can reformulate

O () = N (H’(‘S)(2)>m
¢ <m’Z)_;(n—|—z~l—a)(n+z+a+1)

oo 1 o0
N v.vu, = +>N U, AV,
; (14 z2)m™(z4+a+1) ;

UV]y =0, and UyV; =

~ n = (29)"
:;(n+z)msn+z+a 2( )Z (m+1+2)mks(n+z+a+1)

Using Eq. (2.3), the first term of the last equation can be rewritten as

2

1
( )msn+z+a an50a11n+2 11)
n=1
o 1 ms—1 ms—2 (_1>k+1
- Z qms—1 77170a7171(n +2z- 1’ ]') - Z W”ms—k(n +z— ]-, 1)
n=1 k=0
0 ms—2
- —_— —k; z).
am=t L= (n+2z)(n+z+a) ; ak+1 Clms ?)
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Using a similar trick, the second term can be written as

o et S G

m—k)s—1
— \k a(m=F) ~(n+tl+z)n+tztat+l)

k
P k — at+1 — (7’L+ 1+ Z)(mfk)sfﬁ

) ) 1
The series anl (n+2)(n+z+a)

the above equation can be rewritten as

can be simplifed as 1 H,(z). By Eq.(2.1), the last term in

—~ \k — a1 o (n+ 1+ z)(m=k)s—¢
m—1 (m—k)s—2 )
m (=1 k
- <k) pUaS Z (0417 ’QT)C<SQ1, say, (m—k)s —{; 2)
k=1 £=0 r=1 |a\:{c

(H(G)( ))
"=lln+l+z)(n+z4a+1)

L& (1Y) :
Ez(n+r+z+1)(n—l—r+z+2) :;a "

We use Eq. (2.4) to reformula the term 7 into the following

Therefore, we finally obtain

V) (m; 2)
( l)ms 1 ms—2 (_1)k+1
— e H.(z) — Z s, C(ms —k; 2)
k=0
m—1 (m—k)s—2 k
m (—1)* k
+Z (k:) o Z Z <a1,. ,ar)C(sal’ sy, (m —k)s — {;2)
k=1 =0 r=1 \aa‘\;{%
m—1 a
m ( 1)(mfk)sfl )
+2 < k) s 2 02)

]

For any fixed positive integer a, the formula in Theorem 3.1 is a recursive formula for
Y (m; z). The initial value v (1; z) is also obtainable from this recursive formula. Therefore
we use this recursive relation of Y[l(s)(m; z), we can find all the explicit formula for Ya(s)(m; z).
We state the explicit formulas of Y (m; z) for the first two values m = 1, 2 as follows.
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Corollary 3.2. Let s, a be two positive integers, and z € (—1,0|. Then we have

o0 H(S)( ) (_1)5 1 5—2 k+1
= — k; 3.2
Z n+z+a)(n+z+a+1) a* Z ak+ (s = ki2), ©2)

n=1 =0

i (H (e )) -1 2 Z Hi(z) | &2 (~1)F

=—H, 2 k;
“—~ (n+z+a) n+z+a+1) a®s <Z)+a5 — k * — ak+t < ?)
25— 2 s—2 s k+1)
_ 1)kt HHC(L
—l—Z k+1 k;z)+2z< ) e C(s —k; 2). (3.3)

k=0
Substituting @ = 1, z = (d — ¢)/c, and s = 2 into Eq. (3.2) we have [24, Theorem 4]

o

Z chf; (cd li 1
—(en+td)(ecntc+d) c=( cn—l—d Cd’

where ¢, d are positive integers. If we substitute a = 2, z = (d — ¢)/¢, and s = 2 into Eq. (3.2),
then the resulted identity is the main identity appeared in [24, Theorem 7]. Furthermore, if we set
s =3and z = (d—c)/cin Eq. (3.2), then we have [24, Theorem 28] with a = 1 and [24, Theorem
32] with a = 2.

Moreover, if we substitue s = 1 = a and z = (d — ¢)/c into Eq. (3.3), then we have (see [25,
Eq. (6)])

- h2(c,d)
;<Cn+d)(cn+c+d cd Z Cn—|—d (3.4)

Applying s =1, a = 2, and z = (d — ¢)/c in Eq. (3.3) we have the following new identity

i c2h2(c,d) _ be+6d +l§:
(cn+c+d)(ecn+2c+d)  dedlc+d) 2 cn+d

n=1 n=

Using Eq. (2.6) we know that n;y; = %(7711 — no11). Therefore

i 4302 (e, d)

(ecn+d)(en+ c+d)(cn + 2¢ + d)

n=1

_1 i Ah(e,d) i 4R (¢, d)
=3 ~(en+d)(ecn+c+d) = (en+c+d)(cn+2c+d)

[e.e]

1
“ (en+d)?*

___ctxd |
~ 2cd(c+d)

n=

The above identity is the same as [25, Eq. (7)].
Following the same method of the above theorem we derive the closed form of YO(S) (m; z) as
the following.
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Theorem 3.3. For positive integers s, m and z € (—1,0], we have

i (#(2)"

(n+2)(n+2z+1)

Z( )ZZ( >C(30€17~-7806r,(m—/€)s+1;z).

r=1 |a|=k
a;>1

= ((ms+1;2)

n=1

(3.5)

Proof. Using the same sequences V} and U as Eq.(3.1), we again apply Abel’s summation
formula Eq. (1.4) with & = 1. Then Y*) (m; 2) becomes

@)
; n+ Z ms+l + — < ) Z n+ 1+ Z)(m k)s+1°

From the known result Eq. (2.1), we get the desired identity. ]

If we putm = 1 and z = (d — ¢)/cin Eq. (3.5), then we have

3.6
Z cn—c+d cn+d Z cn+d5+1 (3.6)

n=1 n:(]

In particular, [8, Proposition 1] is the identity with s = 1, [24, Theorem 1] is the identity with
s = 2, and [24, Theorem 25] is the identity with s = 3.

4 Infinite series of Y_(fg (m;z) witha € N

Theorem 4.1. Let s, m, a be three positive integers and z € (—1,0). Then we have

VO ) — f: <H7§s)(z))

— (n+z—a)(n+z—a+1)

n=1
Ha(Z CL) ms—2
- qms o Z ak-‘rlC(mS - k’ Z)
k=0
m—1 (m—k)s—2
m 1 k
_ <k3> %Z (Oq, ’ar)g(sal, s, (m—k)s — {; 2)
k=1 (=0 r=1 |a|=k
a;>1
m—1 m 1 a—1
s)
+ <k:) ) Y2 (ks 2)
k=1 r=0
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Then it is easy to check that

¢
m—1 (H(S)(2)>
m n 1
;(5>(n+1+z)(m_f)s n (n+z—a)(n+z—a+1)
as well as the relations
-1

[UV]y =0, and UyVj =

(1+2z2)(z—a+1)
Applying Abel’s summation formula Eq. (1.4) with € = 1, we can reformulate

)"
()N N (H" (2)>
VA2 =) i et

n=1
1 oo
= V.VU, = + Uy, AV,
; (14 z2)™(z—a+1) ;

= m oo (H,(f)(z)>k
Z n+zm5n+z—a) 2( );(n+1+z)(mk)s(n+z—a+1)'

=1

Using Eq. (2.5), the above last equation becomes

00 1 1 ms—2 1

Z ms—1 _ o k
“—~a (n+2)(n+z—a) = o

m—1 00 ( >
+;< ) (m—k)s— 12 m+1+z)n+z—a+1)

n=1
k
(m—k)s—2 o0 (H(S)(z)>

1 n
< > Z altl 2::1 (n +1+ Z)(m—k)s—é

=0 n

(ms —k; z)

._.

m—

k=1

The series y -, (n+2)(n+z—a)

can rewrite the last term in the above equation as

)"
m—1 mi)SQ 1 00 (Hn (Z))
- altl (TL+ 1+ Z)(mfk)sfé

can be simplifed as %Ha(z — a). Applying Eq.(2.1), we

k= £=0 n=1
m—1 (m—k)s—2 k
m 1 k
- (k) WZ <a17.”7%)@(5@1,...,50474,(771—k;)s—ﬁ;z).
k=1 =0 r=1 lai=k
(1)’
We use Eq. (2.4) to reformula the term )~ S rerwe— into the following
k
oo ()
- Z = Y2 (k; 2).
~a‘=(n+rtz+l-a)nt+r+z+2-a) “a
Therefore we finally get the desired form. [
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For any fixed positive integer a, the formula in Theorem 4.1 is a recursive formula for
Y (m; z). Note that we use Theorem 3.3 to give the value of YO(S)(l; z) = ((s+1;2). In
what follows, we list the explicit formulas of Y_(fl)(m z) for the first two values m = 1 and

m = 2.

Corollary 4.2. Let s, a be two positive integers, and z € (—1,0). Then we have

i HY(2) _ H,(z—a) 522(5—/@2' @1
— (n+z—a)(n+z—a+1) e~ gttt '

S (1) Hy(z ~ a)

1 (n+tz—a)n+tz—-a+1) a?s +a5C(S+ ’Z)+ask:1 ks
25—2 s—2
C(2s — k; 2) 2
a Z gkt ak+1C( —kiz) - _ZH(kH (s —k;2). (4.2)
k=0

Substituting @ = 1, z = (d — ¢)/c into Eq. (4.1) we have

i ch? (¢, d) 1 _§ 1 i 1
(en+d—2c)(ecn+d—c) c(d—c) — kL (en + d)sF

n=1

It is clear that if we set s = 2, then the above identity becomes the identity in [24, Theorem
10]. If we set s = 3, then it gives the identity in [24, Theorem 34].
Moreover, if we substitute s = a = 1 and z = (d — ¢)/c in Eq. (4.2) we have

;(cn—l—d—c)(cn—i—d—%) _Cs(d—c)—i_%m‘ (4.3)

We substract Eq. (3.4) from Eq. (4.3), we have

> h2(c,d) = h2(c,d)
;(crﬂ—d—c)(cn—i—d—%) _;(cn—i-d)(cn—l—c—i-d)

1 +i 1 B 1 1 1
- A3(d—c) = (cn + d)? Alen+d)?  3d  c2d(d—c)

n=0

We rewrite the lefthand side of the above identity, then we have

= 2¢(2cn — ¢+ 2d)h%(c, d) B 1
; (en —2c+d)(en —c+d)(en+d)(en+c+d)  c2d(d—c)

This gives a correct form of [8, Theorem 3], where the original statement is imprecise. Also
the result of [8, Corollary 4] should be corrected as the following.

> nO? —1
; 2n—3)2n—1)(2n+ 1)(2n +3) 64"

When we allow the variable z = 0, the number n should begin from a + 1 to avoid the

(S)(

denominator in the infinite series Y, (m; z) being zero. Therefore we consider the infinite series

S (HT(I )) instead of V*) (m; )
n=atl (n —q)(n+1—a) Term s
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Theorem 4.3. For any positive integers a, m, s, we have

0 )(m ZZ -
x [C(sau, ..., s, (m —k)s — f) — Cat1(sar, ..., sap, (m — k)s — {)]

(n)

(n+r—a)(nt+r—a+1)

r=1 n=a+1
Proof. We let the two sequences V,, and U, as

V., = (Hqss))m, and U, =

Then it is easy to check that

s J4
AVn:—g(m)((L)), and VU, = !

=\ () (n+1)m=0s (n—a)(n—a+1)

as well as the relations
[UV]y =0, and UV, =— (Hgfgl) .

Applying Abel’s summation formula Eq. (1.4) with € = a + 1, we can reformulate

= (w)

Nt (n—a)(n—a+1)

- ZVVU—(%l) ZUAV

n=a+1 n=a+1
m 00 m—1 00 (Hr(z8)> .
— H(S) )
( atl +nz (n+1—a )(n 4 1)ms + 2 ( )ngl (n+1—a)(n+1)m-k
Using Eq. (2.5), the above last equation becomes
00 ms—2 00
1 1 1
()" + s 2 2 1
a+1 ms—1 _ k+1 ms k
a Bt (n+1—a)(n+1) c ahtt = (n+1
)"
m—1 oo s
m 1 ( )
* ; (k) a(m—k)s—1 n;ﬂ (n+1—a)(n+1)

Sy

—k)s—2 ! o (H,(f) k




The second term and the third term can be simplified as follows.

- 1 HaJrl -1 > 1 (ms—k)
E = and E ——— =((ms—k)— H .
_ ’ ms—k a+l
Bt (n+1—a)(n+1) a Bt (n+1)
()
We use Eq. (2.4) to reformula the term > 7 in the fourth term as

n=at+l (p 41 —a)(n+1)

()
Z Z (n+r—a)(n+r—a+1)

r=1 n=a+1

Moreover we apply Eq. (2.1) to the fifth term, we have

- )
Csal,.. sa,,)
O¢>1

The rightmost summation in the right-hand side of the above identity is
C(Sala <oy 8Qp, (m - k)‘g - e) - CaJrl(SO‘lv <y SQp, (m - ]{I)S - €>
Thus we conclude our result. ]

The following identity is the identity in Theorem 4.3 with a = m = 1,

> n[i o =1+s-> (k). (4.4)
=2 k=2

n

It gives the result in [24, Corollary 12] with s = 2 and the result in [24, Corollary 36] with
s = 3. Furthermore, the result in [24, Corollary 24] can be derived by Eq. (3.6) (with special
values c = d = 1, s = 2) and Eq. (4.4) (with s = 2):

H?

oo oo H2 o0 H7(l
nzn—l (n+1) Zn—l Zn(n—l—l)

5 Infinite series of Ya(s)(l; z) witha € Q"

(s) (s)
?L ) and Zn 1 0 > We present one simple identitiy

concerning Y,*) (1; z) with @ € Q% in Theorem 5.1.

In order to give formulas of > |
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Theorem 5.1. Let a, s, p, q be four integers with s > 1, ap+q > 1,0 < g < p,and z € (—1,0].
Then we have

.
—~ntztati)(ntztat+l+])
s—2
(=p)° q (=p)**
= — 1 — (1 =) - —— — ((s—k;
gy PO Vet ) =5 (e k)
Proof. We let the two sequences V,, and U, as
(s) -1
Vo.=H(z), and U, = :
ntzt+a+l+?
Then it is easy to check that
-1 1
AV,=-——F and VU, = 7 7
n-+z n+z+a+i)(n+z+a i
(n+z+1) (ntztat+l)nt+z+a+1+)

as well as the relations

—1

UV, =0 d UV = .
OVl =0, and Uohh (1+2)(z+a+1+9)

Applying Abel’s summation formula Eq. (1.4) with € = 1, we can reformulate

S
—~mtztatl)(ntztat+l+l)

o 1 o
nz:; (1+z)5(z+a+1+%)+;

- 1
- Z s ay’
= (n+z2)p(n+z+a+i)
Using Eq. (2.3), the above last equation becomes
5—2 k+1

(=p)°~ Z 1
(ap + q)*—! &= (n+z)(n+z+a+ — ap+qk+1
n=1 k=0

C(s—k;2).

Using Eq. (1.2) we have

- —p q
= I+z2)—yv(l+z+a+-)]),
; (n+z2)(n+z+a+i) ap+q(¢( ) =¥ p)>
therefore we conclude our result. ]

Applying a = 0, p = 2, ¢ = 1 in Theorem 5.1 and using the fact
d d 1 (1) 12
v (‘) v <z+§> e
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we have the following identity.

o0 265+2h£;9) C,d 0 s+n+123 s—2 o0 -1 k2kcsfk
> R T DR AL ) Phe e SR
“—~ (2cn —c+2d)(2cn +c+2d)  “= nc+2d = (cn + d)s—F
Setting s = 2 yields identical result in [24, Theorem 13].
Example 5.2. For nonnegative integers a, s with s > 1, we have
S oy D 2lop(2) NS (DM
~(n+a)(nta+tl) (2a + 1)s £~ (2a + 1)+ ’
Proof. We set z = —1/2, p =2, and ¢ = 1 in Theorem 5.1, then we have
0 250( ) 2)s 5—2 s+1
> = A wy2) - —b)
— (n+a)nta+1) (2a+1)* 2a+1’“+1

n=1 k:0

Since ¥(1/2) = —y—2log(2) and by Eq. (1.1) ¢(a+1) = H,—~, we conclude the result. [

Example 5.3. Let s, k be two positive integers. Then

i -3 (k R 1) (=) (H, + 21og(2)) (5.2)
n=1 n(n—;ﬂ_k) r=0 r (2T + 1)8 .
s—2 k—1 1)7"
" ( )—
e:o r:O r 2r + 1)1

= On) —k§ k= 2\ (1) (H,pq + 21og(2)) (5.3)
n+k\ s |
G-, (2r +3)
s—2 k—2 1)T
2%k 1)ft(s — (O & 3)+1
PR o)z

Proof.

- 0“ - k;'o( -
Z:: v :Z:: k) Z:: nlknl

Using Eq. (2.6) with ¢ = 1,

1 - a
a - —1 T I
Ta+2 (a+ 1>‘ Z( ) (T)TIO 12,

and Example 5.2, we get the results. [
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Applying Lemma 2.1 with x = 1/2, we have

1

5):

S (1) Gt = B+ L B0, ) H(

1\m
pr kE+3) 2 2

Since
22n+1

H®(1,1/2) =2°0%),, and B(n+1,1/2)= —=
n(1,1/2) wi1:  and  B(n /2) Gn+ D))

we rewrtite the above identity as

~ (n (_1>k2m 221 (1) m—1,y(m—1)
kzzo(k>(2k+1) (2n+1)(*") P (20,7, 2" 1O Y),

Using Eq. (2.2) we can simplify the identity as

~ (n\ (-DF 22n 1 (m—1)
2 (k) 2k+1)™  (@2n+1)(*) Bt (007, -, 027750,

k=0

Therefore the summation in Eq. (5.2) can write as

k—1
-1\ (=1 2%—2 (1) (0)
= PO, ...,0,."7).
( r )(27’—1—1)”1 (2k — )(2;712) (O O )

*M

Similarly the summation in Eq. (5.3) can rewrite as

k—1
k—2\ (-1) 92k
< ) - PO, 0),

ro ) @43 k(k—1)(3))

[{ng

where O’ S) — O — 1. Now we have a more efficient form for Example 5.3:
Corollary 5.4. Let s, k be two positive integers. Then

o0 Or(LS) (_1)s+122k—1

= log(2)P,_1 (O, ..., 0™ (5.4)
n+k k— k > s Ve
n=1 n( Z ) (2k —1) (2k 12)
572 é 2k—1 k-1 r+s+1
2 e) -1\ (-1
+ t(s — )P0 .. )+ .
yn Qk (2k_12) (8 ) e( TZ ( ’ ) ot 1)

Let s, k be two positive integers with k > 2. Then

(_1)s+122k 2 1 o1
Z ) = (k—1)(2k—1) log(2) Pyt (07, ..., 0"7Y) (5.5)
n=1 k—1
5—2 42216 2 ) o k—2 L —2 (_1)r+s+1
— P00, 0" +k LSk Iy 7
+£0 _1 2k‘ 1) (3 )f( k > ) k)+ ;( ’ )(2r—|—3)5 +1

where 0" = O — 1.
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At last we list some examples for special values of s = 1, 2:

= 0, 22%6-110g(2) A <k: - 1) (—1)H,
- o 11 5.6
; n("tN (26— 1)(3)) * ; r o +1 (5.6)
i 7(12) 92k—4,2 92k—11] k W
Z 0 W 7T21<:—2 - ngk ?) Z( )>—27 (5.7)
o) -1 <2k—1>(k : —\ )@ty
= 0, 2% 210g k =2\ (=1)"Hy 1
00 07(12) 22/<;-5 2 22k—2 log( 1) r+1 Hr+1
- - k —. 5.9
H(s) H(s)

and ) °  —"—. Since
(") L

our explicit formulas are different from the known formulas in [20], we state them as our final

Using a similar method, we can derive closed forms for > |

conclusions. For s, & € N, we have two explicit formulas

o0 H(S) -1 r+s+1H S k-1 -1 1)rts+e
> 3 () sy () S

n=1 k =
(5.10)
k—1 s—1
kb — -1 r+s+1Hr
Z( ) ) £ Clo+ 1=ORU, )
r=1 {=
(5.11)

Eq. (5.10) also appeared in [5, Example 5.2]. On the other hand, for positive integers s, k with
k > 2, we have

o H7(18) k—2 _9 ( 1)r+s+1H +1 5—2 k—2 _9 ( 1)1"4—[
;(nzk>:’“;( r ) e TR HTZ( ) s &1
o (k= 2\ (1), [T
=k ( ) >( ()r—i—l) T g 2D s — R H).
r=0 =0
(5.13)
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