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Abstract: Let B,, be the n-th balancing number. In this paper, we give some explicit expressions
of 37 3(—1)! ) ZJ1+ i Bj, --- Bj, and Z]fﬁ]ir = Bj, -+ Bj,. We also consider
the convolution identities Wlth’blnomlal coefficients: ) k1+” +kk =t ( oy )Bk1 - By,.. This type
can be generalized, so that B,, is a special case of the number u,,, where w,, = au,_1 + bu, o
(n > 2) with ug = 0 and u; = 1.
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1 Introduction

Higher-order convolutions for various types of numbers (or polynomials) have been studied, with
or without binomial (or multinomial) coefficients, including Bernoulli, Euler, Genocchi, Cauchy,
Stirling, and Fibonacci numbers [1-3,6-8, 10]. One typical one is due to Euler, given by

n

)3 (Z) BBy = =By — (n = 1)B,  (n=0),

k=0

where B,, are Bernoulli numbers, defined by

n
n!

(1t < 27).

A positive integer x is called balancing number if

142+ +@—1)=(z+1)+-+(y—1) (D
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holds for some integer y > = + 2. The problem of determining all balancing numbers leads to

a Pell equation, whose solutions in = can be described by the recurrence B,, = 6B, 1 — B,,_»

(n > 2) with By = 0 and B; = 1 (see [4,5]). One of the most general extensions of balancing

numbers is when (1) is being replaced by

P2 -Dr=(@+ 1)+ (y—1),

2

where the exponents k£ and [ are given positive integers. In the work of Liptai et al. [12] effective

and non-effective finiteness theorems on (2) are proved. In [9] a balancing problem of ordinary

binomial coefficients is studied. Using the method of linear forms in logarithms, 1 is the only

Fibonacci number [11]. Some more results can be seen in [13, 14].
The generating function f(z) of balancing numbers B,, is given by

f(z): S — Zan”.

:1—6x—|—x2:n_

Then f(x) satisfies the relation:

or

u=0 v=0
o) n oo n—2
DI ST 3) SN
n=0 j5=0 n=2 j=0
The right-hand side of (4) is
22 Z nB,z" ! = Z(n —1)B,_1z".
n=1 n=0

Comparing the coefficients of both sides, we get

n n—2
(TL - 1)Bn—1 = Z B]Bn—j - Z BjBn—j—2
j=0 j=0

n—1
= (BjBuj— Bj-1Buj).
j=1

Here, notice that By = 0. By changing n by n + 1, we get the following.

Theorem 1. Forn > 1, we have

n

nB, =Y (BjBn_jt1 — Bj-1Bn_j).

Jj=1
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Differentiating both sides of (3) by = and dividing them by 2, we obtain

x x?

T e ) ®
By (3) and (5), we get
F@) = @) )
= _”T;)gf’@:) + 2<1f—4x2>2f”<x> (©)
) (12 f () = af(@) + L1~ a) (@), @

The left-hand side of (7) is equal to equal to

o0

(1-32>+32"—2%>" Y B;B,B;a"

n=0 j1+ij2+J3=n

J1,32,3320
3 00
= (1) 3 B; B;,B;,a"
- l 7102 ]31’ .
=0 n=2[ J1+ig+J3=n—21
J1,32,321

The right-hand side of (7) is

7’ Z nBpa" ! + % Z n(n —1)Ba" 2 — % n(n — 1)Ba"™ 2
n=1 n=2 n=2
“(n—1)(n—2) > (n—4)(n—5)
_ B, o1 — By _az".
L ey e

Comparing the coefficients of both sides, we get the following result.

Theorem 2. For n > 4, we have

i(_l)l (?) > BiB,Bj = (n ; 1)Bn_2 - (n ; 4) B, ..

=0 j]_+.j2~‘FJ3:n72l
J1+42:3321

In this paper, we give some explicit expression of a more general case

2r—3

3 (-1 (27“ . 3) S BB,

1=0 d1eetgr=n—2l

J1seees Jr=>1
and
E Bj, -+ Bj,.
Jit-tir=n
F1seenir>1
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We also consider a different type for more general numbers:

S n R

k1+m+k7‘:n
K1yeens kr>1

where u,, = au,_1 + bu,—o (n > 2) with ug = 0 and u; = 1. When a = 6 and b = —1, this is
reduced to the convolution identity for balancing numbers. When a = b = 1, this is reduced to
the convolution identity for Fibonacci numbers. The corresponding identities for Lucas-balancing

numbers are also given.

2 Main results

First, as a general case of (3) and (6), we can have the following.

Lemma 1. Forr > 2, we have

22r=2 £(r=1) Z k (r=2 N, .2r—k+2j—2
fla)" = r— 1)1 ! x2 1 + k(r — ( )(k J(l)xxz)r+k1 Fr (@) ()
k=1

Proof. The proof is done by induction. It is trivial to see that the identity holds for » = 2. Suppose
that the identity holds for some r. Differentiating both sides by x, we obtain

rf(2) " f (@)
_ x2’r—2f('r) (l’) N (27, _ 2)w2r—3f('r—1) (ilf)
(r — 1) (1 —a2)r-t (r— 11 —a2)r
r—2 )er—k—2+2j

k: 1 (k
()(k: J . —t
+Z k(r (1 — 22)r+k-1 Fr(x)

k 1 r—2 2r—k—342j
OZT—k—2+2])()(k 1)93 AV
+Z ] r—k—2).(1—x2])r+k f( ’ 1)($)

S Xino B —2) () (%)™
D e i T e A

k=1
B x2’r—2f(r) (l’) 2x2r—3f('r—1) (.Z')
S (r=DI(1 =2t (r = 2)1(1 — 22
Zk 1 (k) (kr 21)x2r—k—2+2j

* Z k(r—k —2)1(1 — a2)r+k-1 f" ()

k=1

n S j= “o2r —k—1+2j) (k;1> (kiﬁz)m%_k_%% FO9 ()
)=k — D)1 — 22y

r—1 Z (3k; _9j— 1)( )(kTJZI)x2r7k72+2j
B o T ey [ e

k=2

1o (a)
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B x2r—2f(7‘)(x) -1 Z ( )(krj 1) 2r—k—2+2; .
a (r =YL —22)~ —l—?“kz k(r —k—1)1(1 — 22)r+k-1 f( )(37)

Together with (3), we get

33'2

F@)™ = = (@) [ (@)
9 222 () k 1 (k)( r]l )er—k—2+2j -~
1 f 22 \ ri(1— xZ)(:U 1 Z k(r : 11 — g2)rth-l f7 @)
_ 0@ i (’“) (,;" 11)952’“ e
T =)y ki —k - DI = 22 1), -

In general, we can state the following.

Theorem 3. Let r > 2. Then for n > 3r — 5, we have

QS(—W(%Z‘?’) S BB,

1t ir=n—2i
i1

_ (_1)k_1n—2k:—7"+3 n—2k+1\(n—k—-2r+3 B
r—1 r—k—1 k-1 noEker

Proof. By Lemma 1 we get

2r— 2\r—2 x2r72f(r71)(1.)
(1- ) 3f<>:( — %) (r—1)!
g =1 (kY ((7=2 \ p2r—k—2+2

R R
k=1 '

ﬁ

_l_

Since By = 0, the left-hand side of (9) is equal to

oo 2r—3 oo
. n 2r —3 n
A Y Bena =Y S (M) S mene
n=0 j1+- +7r>0n =0 n=2l Jiteetir=n=2l
]1 ..... IJr=

J1seendr 21

On the other hand,

2\r—2 szfzf(Tfl)(ff)

2
r—2
n—r+1
0( >x (r—1) ; n—r—f—l Baz

r—2 oo .
r— (n—r—2i+1)!
anrfi "
1) O( ) ) L (n—2r —2i 1 2)! 2410

7 n=2r-+2i—

ﬁ

%
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For i = r — 2, we have

(—1)72 i (n —3r +5)!

(r—1)! 2~ (n—drro) "
. n—3r+5/n—3r+4
= _17“72 - anr n’
D T o (R LR

which yields the term for £ = r — 1 on the right-hand side of the identity in Theorem 3. Notice

that .
Y /
<7) ( )

The second term of the right-hand side of (9) is

r—2 r—k—2 —1
Z (_1)1' ("’ - k’ - 2) G ' ( ) < r—2 )xQT—k—2+2j
— = 7 r —k— 2 — k—j7—1

J

= n!
X annfr+k+1
nrz—;—l (n—r+k+1)
= S Ti_:?w_z_g (—1)’ r—k—3
S g o D=k =3)n = 2r + k=20 - 25+ 3)! i

‘7:

k+1 -2
—I-_ > ' ) Z (n—r—2i—2j+1)!B, ;2 gjp12"
J

n=2r+2i+2j—k—3

_7“—3 r—2  r—i—3 (_1)1 r—k—3
= Z (k+1)<r—k—3)!<n—2r+’f—2ﬁ+5>!( ! )

=0 k=141 k=Kk—1—1

kE+1 r—2
_ _ | n
X <K_Z._ 1) (k—m+i+1> g (n—1r—2643)!By_r_oxi3z" .

n=2r+2k—k—>5

Together with the first term of the right-hand side of (9) we can prove that

(—1)k1 (7’ . 2) ((n —r — 2k + 3)!

(r—1\k—1/)(n—2r—2k+4)!
k-1 r—i-3 _1\k—
+§l ;1 [+ 1) r—l—3()!(iz>—12r+l—2k+5)!
X(T_i_3)<kl—+¢i1) J—ZI?H)(”_"’_%%)!
_ (_1)k—1n — 2rk_—17‘+3 (7:”—_2;:11) (n — 12:217‘+3> . (10)
Then the proof is done. O]
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3 Another result

In this section, we shall give an expression of > _j,+--+j,=n Bj, - - - B;
G1semndr>1
The left-hand side of (3) is equal to 1

n=0 j=0

e

The right-hand side of (3) is equal to

Comparing the coefficients of both sides, we have the following.

Theorem 4. For n > 2, we have

n—1 L%J
Z BjBn,] = Z (n —2m — 1>Bn72m71 .
j=1

m=0

In general, we have the following.

Theorem 5. Forn > r > 2, we have

Ln7r+1

5|
n—m-—1 m+r—2\n—2m-—r+1
E( B:. .---B. = B, —om—rt1 -
o o ( r—2 >( r—2 ) r—1 amortl

Jittir=n m=0
J1s--sdr2>1

Proof. The left-hand side of (8) in Lemma 1 is equal to
> > Bio Bt

The first term on the right-hand side of (8) in Lemma 1 is equal to
1;27’—2‘]0(7“—1) (I)
(r— 11 —a2)r—1

2772 SN i+ =2\ = (M7 — 1) .
S () e
1=0 =

m=0
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-2 = 1 (k+2r =41+ (-1DF
= T
7“—1' — (r —2)12r-2 k! 2
[e.e]
(m+r—1)! "
XZTBerrflx
m=0

0o n—r+1

(n—m+r—3)!
(r—=1)) r—2'2r2 Z Z (n—m—r+ 1)l

n=2r—2m=r—1

1 —1)yr—m-— r+1 |
« + (—1) m

B
2 (m—r+nl ™"

Concerning the second term, we have

Yo () (2 )
(1 _ x2)r+k—1 f (.l’)

k—1 00 .
_ k r—2 x2rik72+2jz 1+r+k—2 3321-
o \j)\k—j—1 L\ vt k-2

(m+r—k—1)! m
X Z ml Boyr—k—1T
m=0

1 k—1 k r—9 00 n—2r+k+2—-2j
:(r+k—2)!2’”+k—2;(j> (k:—j—l) 2 2

n=2r—k—2+2j m=0
(n—m+3k—2-=2)) 1+ (=)™ (m+r—Fk-—1)
(n—m—2r+k+2—-2j! 2 m!

e

n
Berrfkflx :

Since
(n—m+r+2k—3—2j)!l

(mn—m—r+k+3—2)!
ifm=n—-2r+k+2-25(G=12,...,k— 2), this is equal to

=0

1 k—1 k r—9 00 n—2r+k+42
)65 X X
X(n—m—|—3k—2—2j)!!1+(—1)”_m+k(m+r—k—1)!

(n—m+ k) 2 m!

B 1 Z nfl m—m+r—1)0/r+k—-2
C(r+k—2)12rtk-2 m—m—-r4+1N\ k-1
n=2r—k—2m=r—k— 1
(n—m+r—=31 14 (=1)m m!
(n—m-+r—2k—1)! 2 (m—r+k+1)

n
Bm—i—r—k—lx

B,,x".

Therefore, the right-hand side of the relation in Theorem 4 is

[e) n—r+1

(n—m+r—3)11+4 (—1)nmrtl
(r — Dl(r—2)127—2 Z Z (n—m—r+ 1)l 2

n=2r—2m=r—1

m!

—————B,
8 (m—r+1)! v
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r—1 0o

1 1
* ; R —k—2) (r + k —2)l2rik 2 2.

n=2r—k—2

A= n=m—r+ DU k=1 J(n—m+r =2k -1l
1 _1n—m—r+1 !
1D W
2 (m—r+k+1)

00 n—r+1

- S ¥ o mro gy
_(7"—1) 7‘—2!27"2 (n—m—r 1D 5

n=2r—2m=r—1

m!

X—

(m —7“—1—1)

N (n—m+r— 1)l
+nzr:1 |27" 2 Z Z ]{Z'(T —_ k 2)]2/€ (n —m—r4+ 1)”

m=1k=r—m-—1

n
mL

(n—m+r—=3" 14 (=1)»m "+ m! B
L
—m—|—7‘—2k—1)” 2 (m—r+k+1)!
n—r+1 r—2

T
- (n—m—+7r— 1
+nZ_1 2r2 Z Zk'r—k 22 (n—m —r + DI

(n—m—l—r—S)!! 1+ (=1)n—m—r+l m! .
X B,,x".
(n—m-+r—2k—1! 2 (m—r+k+1)

n

Since for 1 < m < r — 2 we have

r—2

1 1 (n—m+r—1N
(r—12r==2 —~ kl(r—k=2)12"(n—m—r+ 1
" (n—m+r—3)! m!
m—m+r—2k—1D!"(m—r+k+1)!
B 1 (n+m+r—=3!"(n—-—m+r—3)!
=Dl -2 (ntm—r+ DO (n—m—r+ )"

andforr — 1 <m <n —r + 1 we have

1 (n—m+r—3)! m!
(r—1)(r —2)'2"—2(71— —r—l—l)( —r+1)!
(n—=m+r— 1!
+
(r— 2T2k§_ Kl\(r —k —2)'2k(n—m—r+1)!!
" (n—m+r—3)! m!
(m—m+r—2k—DN(m—r+k+1)!

B 1 (n+m+r—=3!"(n—-—m+r—3)!
T DI -2 (ntm—r+ ) (n—m—r+ DI

By comparing the coefficients, we have

> B,

1t tir=n
e 21
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1
(r— D)I(r — 2)l22z—

Xn_r+ m+m+r—=3"n—-—m+r—3"1+ (=1)r—mrt! 7
mibm
— (n+m-—r+1ln—-—m-—r+1l 2
B 1
C(r=1D)l(r —2)1224
XL%HJ n—2m-REm s 2w
n—am-—r n—2m-—r
= (2n—2m —2r +2)!1(2m)!! mert
n—r+1
S n—m-—1\/m+r—-—2\n—-2m-—-r+1
= Z Bn—Qm—r+1- [
— r—2 r—2 r—1

4 Some other generating functions

Another kinds of the generating functions of balancing numbers and Lucas-balancing numbers
are given by

o 6,875 "

eot eﬂt e
bt) = ——C ZB and () == + Z

because they satisfy the differential equation y” — 6y’ + y = 0.
Since V'(t) = 3b(t) + ¢(t) and ¢/(t) = 8b(t) + 3¢(t), we have forn > 0, B, = 3B,, + C,
and C),,1 = 8B, + 3C,,. Since

et | 28t 6t

Y= ——— + —
we have
- (7 I , (20" 1K (66)
>3 (Haca=; el s O,
n=0 k=0 n=0 n=0
yielding
" /n 2nC, + 6™
- -n - >0).
£ (k) C’kCn_k 9 (n = 0)

Similarly, by
b(t)2 _ 20t | 2Bt - e_ﬁt’
32 16
we have

" /n 2"C,, — 6"
B.B,_, = ——— > ().
Z (k:) ke Dn—k 16 (n=0)
k=0
Sinceby 2+ =a+6anda+20=L£+6
e3ot _ 63,8t 3(6(2a+ﬂ)t _ e(a+2ﬁ)t)
(V2 (4v2)?

80

b(t)* =




we have

n o 1 n . n n—k
Z (kl’kQ’kg)BlekQBkg == (3 B, 32 (k>6 Bk) .

k1+kotks=n
kq,ko,kg>1

Notice that By = 0. Similarly, we can obtain that

n _ 1 n . n n—=k
> <k1,k2,k3>0klck20k3 =3 (3 Cn+32(k>6 ck) :

k1+ko+kz=n
k1,ko,k3>0

Letr > 1. If r is odd, then
at _ Bt\ T
b(t)" = (—6 < )
42

1 2 fr . . . .
— (—1)’ ( ) (6((T—J)oc+JB)t — e(Ja+(r—J)ﬁ)t)

<4¢1>”]§% (y) ;()6‘7 (r =20 By

Therefore, we get

k1+-t+kr=n
k1,eees kr>1

Similarly, we get

n B 1 2 r n n - o
) Z B (kl,...7kr)ck1 Cy, = 91 2 <j) (k:) (65)"*(r — 25)*Cy .
1+ +kr=n 0 0

k1, kr>0

If r is even, then

re(}) im%)

S ()= G e () X (oo -2ra



Therefore, we get

S More general cases

Let {u,},>0 and {v,},>o be integer sequences, satisfying the same recurrence relation:
Uy = AUyp_1 + bUy—o (n > 2) and v, = av,_; + bv,_2 (n > 2) with initial values ug, u1, Vo
and v;. If the general terms are given by

an_ﬁn
u P and v, =a"+ 5" (n>0)
where
a-++vVa?+4b a—va?+4b
o=y ad e,

we can set ug = 0, uy = 1, v = 2 and v; = a. Then, the generating functions of u,, and v,, are

given by
et _ eﬁt e tn

o t”
u(t) = —m—— = E u,— and v(t) :=e™ + Pt = E Up—,
(®) Va> +4b = nl () nl

respectively, because they satisfy the differential equation 3" — ay’ — by = 0.

n=0

Our main results can be stated as follows. The proof is similar to that in the previous section

and is omitted.

Theorem 6. If r is odd, then

> !
uk CEEEEY uk‘
ki,... k, ! "
ki+-+kr=n

Bpseeohr>1

- s () .20<—1>ﬂ' (7) @i =20t an

and
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2 <k1,.7.7/.,l<:,,)vk1m%: (Z) (;)(aj)n_k(r—Qj)kvk. (12)

ky etk =n k=0 =0
Eiyeeskr >0

If r is even, then

ki+-+kr=n

n %*1
1
T (Va2 T aby <Z> =V (y) (ag)" " (r = 2)" v
k=0 j=0
r (T ar\n
() ) o
and
n 75*1
n - n T nek (o ok r aryn
k;; ( 1 Jfr)%mvkr N ; (k) =0 (J)(a‘]> (r=2) Uk+(§) (2) (14)
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