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1 Introduction 

The problem of constructing efficiently a primitive element for a given finite field is 

notoriously difficult in the computational theory of finite fields. That is why one considers less 

restrictive question: to find an element with large multiplicative order. It is sufficient in this 

case to obtain a lower bound on the order. Large order elements are needed in several 

applications. Such applications include but are not limited to cryptography, coding theory, 

pseudo random number generation and combinatorics. A review of obtained in this area results 

is provided in [9, Section 4.4]. The problem of such elements construction is considered both 

for general and for special finite fields (extensions based on cyclotomic, Kummer or Artin–

Schreier polynomials, recursive extensions) [1, 3, 5, 8, 10–13]. For special finite fields, it is 

possible to construct elements which can be proved to have much larger orders. 

A partition of an integer C is a sequence of such non-negative integers Cuu ,...,1  that 


C

=j

j C=ju
1

. ),( dCU  denotes the number of such partitions of C, for which duu C ≤,...,1 , i.e. 

each part appears no more than d times. ),( dCQ  denotes the number of such partitions of C, for 
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which uj = 0 if dj mod0≡ , that is each part is not divisible by d. 

Let q be a power of a prime number p, and qF  be a finite field with q elements. We use *
qF  

to denote the multiplicative group of qF . Field extensions based on cyclotomic polynomials are 

considered in [1, 10, 12]. More precisely, the following extensions are constructed. Let 3≥r  be 

a prime number coprime with q. Let q be a primitive root modulo r, that is the multiplicative 

order of q modulo r equals to 1−r . Set )(/][)( 1 xxFFF rqr
q

q Φ== −θ , where 

1...)( 21 +++=Φ −− rr
r xxx  is the r-th cyclotomic polynomial and θ  is the coset of x modulo 

)(xrΦ . It is clear that the equality 1=rθ  holds. The element θθθθ +=+ −− 11 r  is called Gauss 

period of type )2,2/)1(( −r . 

The problem of finding lower bounds on the order of elements in the extensions based on 

cyclotomic polynomials was in particular considered in [1, 10, 11, 12]. Lower bound on the 

order of the Gauss period and some similar elements is given in [1, 10]. Voloch (see [12] and 

[9, Section 4.4]) gave lower bound on the orders for all elements in the extensions. He showed 

that, for ][)( xFxR q∈ , )(xR  not a monomial, )(θR  has the order at least )exp( δr  for some 

constant δ . In this paper, we prove Theorem 1 below that also gives explicit lower bound on 

multiplicative orders of all elements in the extensions. The obtained lower bound does not 

depend on any unknown constant. We also show that there are always elements of small order. 

The result from [1] is a consequence of our main result. 

2 Main result 

All lower bounds in Theorem 1 involve a notion of a partition, where each part appears no more 

than p – 1 times. We use for the proof of the theorem a modified technique from [10] that is in 

turn similar to that in [1]. Here  a  denotes the nearest integer smaller than a. 

 

Theorem 1. Let q be a power of prime number p, 3≥r  a prime number coprime with q, q a 

primitive root modulo r, θ generates the extension 1)( −= r
q

q FF θ . Let 10 −≤≤ re , 

21 −≤≤≤ rgf ; wg, wf, w0 belong to 
*

qF  and 1
1

−






 −
=

g

r
c . Then element )( 0ww

g

fi

i
i

e +
=

θθ  

has the multiplicative order at least ( )1, −pcU . 

Proof. As q is primitive modulo r, for each cj ,...,1= , an integer jα  exists such that 

rjq j
α

mod≡ . The powers 
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belong to the group generated by )( 0ww
g

fi

i
i

e +
=

θθ . Let S be the set of partitions )...1 cu,,(u  of 

the integer c, where each part appears no more than p – 1 times, that is 
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1,...,0,
1

1 −≤≤=
=

puucju
c

j

cj . For every partition from S we construct the following product 
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that also belongs to the group. We show that if two partitions from S are distinct, then the 

correspondent products do not coincide. 

Assume that partitions )...1 cu,,(u  and )...1 cv,,(v  from S are distinct, and the correspondent 

products are equal: 
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Since the polynomial )(xrΦ  is the characteristic polynomial of θ, we write 

))((mod)()(
1

0

1

0 xwxwwxw r

c

j

v
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fi
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i

c

j

u
g

fi

ij
i

jj Φ+=+ ∏ ∏ 
= == =

. 

As there are polynomials of degree )(deg2 xrcg rΦ<−≤  on the left and on the right side of 

the equality, these polynomials are equal as polynomials over qF , i.e., 
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Let k be the smallest integer for which uk  ≠ vk and, say uk > vk. After removing common 

factors on both sides of (1), we obtain 
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Denote the absolute term of the polynomial ∏ 
+= =

+
c

kj

u
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jwxw
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0)(  by b. Since 00 ≠w , then 

0≠b . Applying the multinomial formula to kk vu
g

fi

ik
i wxw

−

=

+ )( 0 , we obtain that there is the 

term 

fk
f

vu
kk xbwwv(u kk 1

0)
−−−  

on the left side of (2) with minimal non-zero power of x. Since 1,0 −≤≤ pvu kk , kk vu ≠ , 

0,,0 ≠bww f , the term is non-zero. And such term does not occur on the right side, which 

makes the identity (2) impossible. Hence, products, corresponding to distinct partitions, cannot 

be equal and the result follows.  � 
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Consider the element )1()1( 21211 +=+=+ −−− θθθθθθ r , that is the partial case 1−= re , 

2== gf , 10 == gww  of Theorem 1. Then we obtain the following corollary. 

 

Corollary 2 [1, theorem 1]. Let q be a power of prime number p, 3≥r  a prime number 

coprime with q, q a primitive root modulo r, θ generates the extension 1)( −= r
q

q FF θ . Then 

Gauss period 1−+θθ has the multiplicative order at least 







−−

−
1,1

2

1
p

r
U . 

 

Corollary 3. Let q be a power of prime number p, 3≥r  a prime number coprime with q, q a 

primitive root modulo r, θ generates the extension 1)( −= r
q

q FF θ . Let 21 −≤≤≤ rgf ; wf, wg, 

w0 belong to 
*

qF , 1
1

−






 −
=

g

r
c  and 0)( wwT

g

fi

i
i +=

=

θθ . Then )( jiT θθ  for 1,0 −≤≤ rji  has 

the multiplicative order at least ( )1, −pcU . 

Proof. According to [6, Theorem 2.18], the conjugates of an element from the group 1

*
rq

F −  with 

respect to any subfield of 1−r
q

F  have the same order in *
1−r

q
F . Clearly, all conjugates of )(θθ Te  

with respect to 1−r
q

F  are obtained by substitution jθθ →  for some 10 −≤≤ rj  and have the 

form )( jejT θθ . Then the result follows from Theorem 1.              � 

 

Remark 4. As a consequence of Theorem 1, most of elements of the form )(θR , where 

][)( xFxR q∈ , )(xR  not a monomial, have the large order. However, consider element 

1)( 2/)1(12/)1( ++= −+− rrR θθθ . Since c = 0, we cannot assert, using Theorem 1, that the )(θR  is 

of large order. But if we put 2/)1( −= rj  and rewrite )1()( 2 ++= − jjjR θθθθ , then, according 

to Corollary 3, the order of )(θR  is at least 







−−

−
1,1

2

1
p

r
U . 

 

Remark 5. It is known [4, exercise 2.3.10] that finite cyclic group of order n has a unique 

subgroup of order m for every positive divisor m of n, hence there are )(mϕ  elements of order 

m. Since 12/)1( −−rq  and 12/)1( +−rq are even, we have that 8 divides the order 11 −−rq  of *
n

q
F . 

Therefore, there are always elements of small order in *
n

q
F : 2 elements of order 4 and 4 

elements of order 8. If 4 does not divide 1−q , then these elements does not belong to *
qF . 

 

Explicit lower bounds on the orders of elements in terms of p and c (which depends on r 

and g) are of special interest in applications. That is why we use below some known estimates 

from [2, 7] and Corollary 1 to derive such bound on the multiplicative order of the examined 

elements. We consider the most interesting case when c is large comparatively to p. The 

following corollary holds in this case. 
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Corollary 6. Let q be a power of prime number p, 3≥r  a prime number coprime with q, q a 

primitive root modulo r, θ generates the extension 1)( −= r
q

q FF θ . Let 21 −≤≤≤ rgf ; wg, wf, 

w0 belong to *
qF , 1

1
−
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

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 −
=

g

r
c  and 0)( wwT
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=

θθ . If 2pc ≥ , then )( jiT θθ  for 

1,0 −≤≤ rji  has the multiplicative order larger than 
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Proof. According to [2, Corollary 1.3], the following equality is true: 

 ),()1,( dnQdnU =− . (3) 

It follows from Corollary 1 and Equality (3) that the multiplicative order L of )( jiT θθ  satisfies 

the bound ),()1,( pcQpcUL =−≥ . According to [7, Theorem 5.1], the following inequality 

holds for d > 1 and 2
dn ≥ : 

 
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





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





 −
> n

dn

dd
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d

)
1

1(
3

2
exp

160

)1(
),( π . (4) 

Inequality (4) implies the result.  � 
 

Remark 7. The considered above extensions exist for infinitely many r under the assumption 

that the Artin’s conjecture holds for q. Artin’s conjecture on primitive roots states that a given 

integer q which is neither a perfect square nor −1 is a primitive root modulo infinitely many 

primes r. For example, we give below some computed pairs q, r. 

q = 3,    r = 401   q = 5,     r = 257   q = 11, r = 419 

q = 11,  r = 1009   q = 3,     r = 65537 

Note that 655371216 =+  is the largest known prime Fermat number. 
 

Example. Elements of the form 0w+θ , where w0 is any nonzero element from qF , have the 

order larger than 







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1
1

3

2
exp

)2(160
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r

pr

pp
L

p

π . 

We provide a few numerical examples of the bound L. Recall that the number of elements in the 

multiplicative group *

1−rq
F  equals 11 −−r

q . We have chosen to take logarithms to base 2 of 

numbers 11 −−r
q  and L because of their size. Results for some pairs q, r (q = p) are given in the 

following table. 
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No. q r log2(qr – 1 – 1) log2L 

1 3 401 633.98 37.18 

2 5 257 594.41 28.27 

3 11 419 1446.04 41.39 

4 11 1009 3487.1 77.09 

5 3 65537 103872.1 737.6 
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