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1 Introduction

For p and ¢ positive real numbers, the generalization of Fibonacci sequence {F},,,},>0 can
be defined as I, ., = pFpgn—1 + qFpgn—2 for n > 2 with the initial conditions £, ,o = 0
and F,,1 = 1. The sequence {F},,}n>0 is called the (p, q)-Fibonacci sequence. Each term
in the (p, q)-Fibonacci sequence is called the (p, q)-Fibonacci number. In a similar way, the
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generalization of Lucas sequence {L, ;. }n>0 can be defined as L, ,, = pLygn-1 + qLpgn—2
for n > 2 with the initial conditions L,,0 = 2 and L,,; = p, this sequence is called the
(p, q)-Lucas sequence. Similar to the (p, ¢)-Fibonacci numbers, each term in the (p, ¢)-Lucas
sequence is called (p, ¢)-Lucas number. The well-known Binet’s formulas for the (p, ¢)-Fibonacci
numbers and the (p, ¢)-Lucas numbers are given by

R — RY
= : 5 Lp,q,n = R? + RS,

F
P Ry — Ry
R, = LTV A

R Pt VP2 +4q
1 — )
2 2

are roots of the characteristic equation R?> —pR —q = 0, see [1, 2, 3, 4, 5]. Then, we have

R1 +R2 =D, Rl —Rg = \/p2+4qandR1R2 = —q.
In 2015, Suvarnamani and Tatong [1] showed some results of the (p,q)-Fibonacci num-

where

bers by using the Binet’s formula. The year after, Suvarnamani [2] proved some properties of
(p, ¢)-Lucas numbers by using Binet’s formula and he [3] studied on the odd and even terms
of the (p, ¢)-Fibonacci numbers and the (p, ¢)-Lucas numbers by using Binet’s formulas. In
2017, he [4] studied some properties of (p, ¢)-Fibonacci numbers by using the matrix methods.
And Suvarnamani and Tatong [5] showed some properties of products of (p, ¢)-Fibonacci and
(p, ¢)-Lucas numbers.

The Fibonacci-like sequence {S,},>¢ can be defined as S,, = S,_1 + S,—2 for n > 2
with the initial conditions Sy = S; = 2. In 2010, Singh, Sikhwal and Bhatnagar [6] proved
Binet’s formula and generating function of Fibonacci-like sequence. They showed some of
their properties using Binet’s formula. Next, Gupta, Singh and Sikhwal [7] studied some
properties of generalized Fibonacci-like sequence. In 2016, Wani, Rathore and K. Sisodiya [8]
showed some properties of Fibonacci-like sequence. Recently, Suvarnamani [9] studied some
properties of the generalized (p, ¢)-Fibonacci-like number.

In this paper, we present the investigation of products of (p,q)-Fibonacci-like and
(p, ¢)-Lucas numbers.

Definition 1.1 ([9]). For p and q positive real numbers, the (p,q)-Fibonacci-like sequence
{Sp.antn>0 is defined by Sy 4n = pSpgn-1 + @Spgn—2 for n > 2 with the initial conditions
Spqo = 2 and S,,1 = 2p. And the (p,q)-Fibonacci-like number is the each term of the
(p, q)-Fibonacci-like sequence.

That is,
{Sp.amnzo = {2,2p,2p° + 2q,2p” + 4pq, 2p" + 6p°q + 2¢*, 2p° + 8p’q + 6pg?, . . .}.
For p = ¢ = 1, we get the Fibonacci-like sequence, that is
{S11n}tn>0 = {2,2,4,6, 10,16, 26, ...}
For p = 1, By the recurrence relation and the initial conditions, then we have
Stgn = Frgn + Lign- (1
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Lemma 1.2 ([9]). The Binet’s formulas of (p, q)-Fibonacci-like numbers are given by

n+1 n+1
Ry —Ry™

>0
Rl—RQ yn =

Sp.gn = 2

where

P+ /P* +4q p—/DP*+4q
R1:—7 RZZf

are roots of the characteristic equation R*> — pR — q = 0.

Then, we have Ry + Ry = p, Ry — Ry = \/p? +4qand R Ry = —

2 Main results

In this section, we prove some properties of the products of (p, ¢)-Fibonacci-like and (p, ¢)-Lucas
numbers.

Theorem 2.1. For integers k, m such that k > 1 and 2k > m > 0, we have

_ 2k+m .
1. Sp,q,2k+mLp7q72k+m = Op,qak+2m T 2(_Q> ,

2. Sp,q,Zkmep,qQkfm = Sp,q,4k72m + 2(_Q)2k_m
Proof. Using Binet’s formulas, we have

2k+m+1 2k+m+1
I — I

Ry — Ry

Sp,q,2k;+mLp,q,2k+m =2 ( ) (R%k+m + ng+m)

., (Réllk+2m+1 . R;lkJerJrl T R%k+m+lR§k+m o R%k+ngk+m+1)
R, — R,
. (Rﬁllk-l-Zm-‘rl o R§k+2m+1> N 5 (R%k+m+1R§k+m o R%k“l‘ngk““m“rl
Ry — Ry Ry — Ry
R4k+2m+1 o R4k+2m+1 .
=2 ( — ) +2 (R Ry)™"
1 — 2

= Op,gdk+2m T 2(_q)2k+m

and

(R%kfm _'_ng:fm)

Sp,q,Qk m pq2k m =2

RQk m+1 R2k m+1)

(R 4k— 2m+1 R4k 2m—+1 + RQk m+1R2k’ m R%k’—ngk—m-‘rl)

=2
Ry — Ry
., R4k 2m—+1 R4k 2m+1 N ) R%kfm+1R§kfm - R%kmegkferl
— Ry Ry — Ry
Rk~ 2m+1 _ Rik—2m+1
=2~ 2 2 (R Ry)** ™
( R — Ry > +2(R1Ry)
= Op,gdk—2m T 2(_Q>2k_m- L]
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Corollary 2.1.1. For integers k, m such that k > 0 and 2k > m > 0, we have

2 2k .
1. S1g2m4mF1g26m = St goppm — Staarsam — 2(=q)"

_ 2 2k—
2. Sigok-mFrgon—m = S% g ok—m — Stqak—2m — 2(=q)**

Proof. Using equation (1) and Theorem 2.1, we have

S11%4k+2m + 2<_q)2k+m = Sl,q,2k+mL1,q,2k+m
= Sl,q,2k+m<51,q,2k+m - Fl,q,2k+m)
= Siq,Qk-&-m - Sl7q,2k+mF1,q,2k+m
S1,q.264m g 264m = Siq72k+m — Sl,gak+om — 2(—q)2k+m

and

2k—m
81,474]@*27” + 2(_Q) = Sl,q,2k7mL1,q,2k7m
= Sl,q,2k—m(81,q,2k—m - Fl,q,2k—m>
2
- Sl,q,%*m - Sl,%?k—mFLq,?k—m
2 2k—m
Stg2k-—mF1g28-m = 57 g ok—m — Stgak—2m — 2(—q)" "
Theorem 2.2. For integers k, m such that 2k > m > 1, we have

2k— .
mSp,q,2m’

1. Sp,q,2k+mLp,q,2kfm = Sp,q,4k‘ + (_Q)

2k—m+15

2. Sp,q,%—mLp,q,%er - Sp,q,4k - (_Q> P,q,2m—2¢

Proof. Using Binet’s formulas, we have
R%k—&-m-{—l _ R%k—&-m-{—l

Ry — Ry

Sp,q,2k+mLp,q72k—m =2 < > (R%k_m + ng_m)

., R%k*Fl _ R;lkJrl 4 R%k+m+1R§k7m _ R%kmengrnH»l
R — Ry
., Rzllk+1 o R;lkﬂ oy R%k+m+1R§k—m . R%k—ngkerH
Rl — Rg Rl - RZ
(R REY (R R
Ri — R, . Ri — R,
= Op,gdk T (_Q)Qk_msp,qﬁm

and
R%k—m-ﬁ-l . RQk—m+1

2 > (R%ker +R§k+m)

Sp,q,Qkmep,q,2k+m = 2 <

Ri— Ry
.y Réllk—‘rl o R;lk—i—l + R%k—m-{—lek—i—m o R%k—l—ngk—m—i—l
R — R,
.y Réllk+1 . R;lkJrl N ) R%kferlR%ker . R%kerngfn"H»l
Rl - R2 Rl - RQ
_ 2 Rﬁllk-‘rl . R;lk-l—l B 2 (R R )Qk;_m_i,-l R%m—l o R%m—l
Ry — Ry b Ry — Ry
= Sp7Q74k - <_q)2k_m+15p7Q)2m_2

219



Using equation (1) and Theorem 2.2, we can get the corollary.

Corollary 2.2.1. For integers k, m such that 2k > m > 1, we have

_ 2%— )
1. St g2k-mE1 g26—m = S1.g.2k+mS1,g.2k—m — 1946 — (=) " S1.g.2m

q)2k—m+181

2. S1g2k—mF1 g 2k+m = S1,0.26—mS1.g.26+m — S1,g.4%6 + (— q,2m—2-

Theorem 2.3. For integers k > 1 and m > 2, we have

2+IS

1. Spa2kLpgortm = Spgak+m + ¢ p.a,m—2

_ 2%k
2. Spgok+mLpgok = Spgaktm + ¢ Spgm-

Proof. Using Binet’s formulas, we have

R2k:+1 R2k+1

Ry — Ry

Sp,q,2kLp,q,2k+m =2 ( ) (R%k—l-m 4 ng-i-m)

_, RéllkerJrl o R%kerJrl 4 R%k+lR3k+m o R%k+mR§k+1
R — Ry
B 2 Rﬁllk-i-m-i-l . R;lk-l—m—l—l N 2 R%k+1R§k+m R2k+mR2k+1
B Ri— Ry Ri— Ry
_ 9 RFrmal — gt 2 (RyRy) ™! R — Ry
Ry — Ry H Ry — Ry
p,q,4k+m +4q k+1Sp q,m—2
and
R2k+m+1 R2k+m+l
Sp,q72k+m D,q,2 =2 ( ) (R?k + ng)
_ R k+m+1 R4k+m+1 + R2k+m+1R2k RQkRQk-H’)’H-l
N Ri— Ry
.y R4k+m+1 R4k+m+1 N ) R%k—&-m-{-lR%k o R%kng—f—m—‘rl
B Ry — Ry
R4k+m+l o R4k+m+1 Rerl o Rm+l
Rl — R2 Rl - R2

= Sp,q,4k+m + q2kSp,q,m'
Using equation (1) and Theorem 2.3, we can get the following corollary.

Corollary 2.3.1. For integers k > 1 and m > 2, we have
1. Sl,q,QkFl,q,2k+m = Sl,q,2ksl,q,2k:+m - Sl,q,4k+m - q2k+151,q,m—2;

_ 2%k
2. S1g2km P g2k = S1,g.26+mS1,9.2 — Sl.gaktm — ¢ S1,q,m-
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Theorem 2.4. For integers k, m such that 4k > m, k > 1 and m > 2, we have

1. Sp,q,%Lp,q,Qk—m = Sp,q,4k—m + (_

2. SpaqukimLp7q72k

Proof. Using Binet’s formulas, we have

= Sp,q,4k7m - ( Q)

)2k mSp s

2k— m-l—lqum .

R2k+1 o R§k+1 o o
B 2 Rlllk—m-i-l o R;lk—m-l—l + R%k—‘rlek—m o R%k—ngk—‘rl
B R — Ry
.y (Réllk:—m—l—l o R4k‘—m+1) N ) (R%k—&-lRSk’—m o R%k‘—ngk—‘rl)
Rl — R2 Rl - R2
R4kfm+l o R4kfm+l . Rm+1 o Rm+1
:2( 1 - )+2(R132)2k ( - R2 )
1 2 1 — 2
= Sp,gak—m + (_q>2k " Sp,gm
and
RQk m+1 2k m+1
Sp,q,2k m pq 2k =2 < ) (R%k + ng)
R 4k— m+1 R4k; m—+1 + R2k m-‘rlRQk R%kng—m-‘rl
=2
( Ry — Ry )
_, (R4k m+1 R4k m+1) Lo (R%km+lek _ g%kngm+l>
1 — 412
, (R%’“ i _ R‘““ m“) o (R Ry (R“f” - R§”1>
R1 - RQ Rl - R2
- Sp,q,4k—m - ( Q>2k m+1Sp q,m—2-

Using equation (1) and Theorem 2.4, we can get the corollary.

Corollary 2.4.1. For integers k, m such

1. Sl,q,2kF1,q,2k7m = Sl,q,QkSLq,Qkfm -

2. Sl,q,Qk—mFl,q,Wf = Sl,q,2k—msl,q,2k -

that 4k > m, k > 1 and m > 2, we have
Sl,q,4kfm - <_Q>2k_mSLq:m"

2k— 1
Stgak—m + (=@)** "8 gma.

Theorem 2.5. For integers k > 1 and m > 0, we have

]' Sp7Q>2k+mLp7Q72k+m+l

2. Sp,q,2k+m+1Lp,q,2k+m

= Spqak+am+1 + 2p(—

= Sp,q,4k+2m+1;

q)2k+m‘
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Proof. Using Binet’s formulas, we have

R2k+m+1 . R2k+m+1

_ 1 2 2k+m+1 2k+m+1
Sp,q,2k+mLp,q,2k+m+1 =2 ( R R ) (Rl + RQ )
1 — 12

_ <R411k+2m+2 . R;lk+2m+2 + R%k—l—m—&—lek-l-m-f—l o R%k—&-m—i—lR%k—&—m—i—l)

R — Ry
_, Rlllk+2m+2 . R;lk+2m+2 o R%k-ﬁ-m-}-lR%k-‘rm-ﬁ-l . R%k-ﬁ-m—i—lR%k‘ﬁ-m-ﬁ—l
Rl — R2 Rl - R2

= Sp,q,4k+2m+1

and
R%k-ﬁ-m-ﬁ-? . R%k-‘rm-ﬁ-?

Sp,q,2k+m+1Lp,q,2k+m =2 ( R, — Ry ) (R%kﬂn + R§k+m)

) (Réllk+2m+2 . R3k+2m+2 + R%k+m+2R§k+m o R%k+mR3k+m+2>

Ri — Ry
.y <R411k+2m+2 o R;lk+2m+2> o (R%k‘-i-m-‘r?ng-‘rm _ R%k+ngk+2m+2)
Rl — RQ Rl - RQ
_y (Réllk+2m+2 _ R;lk+2m+2> o (R1R2)2k+m <R% . R%
R1 — R2 Rl - RQ
= Spgaktamst + (—0) Sy 01
= Spqak+2m+1 + QP(_Q)2k+m- U

Using equation (1) and Theorem 2.5, we can get the following corollary.
Corollary 2.5.1. For integers k > 1 and m > 0, we have

1. 51 g 26+mF1 g 2k4ms1 = S1.0.26+m51 g, 2k+m+1 — S1,q,4k+2m+15

_ 2k
2. Sl,q,Zk—l—m—&-lFl,q,Qk-i-m = S1,q,2k+m+151,q,2k+m - Sl,q,4k;+2m+1 - 2p(—q) o

Theorem 2.6. For integers k > 1 and m > 0, we have

_ 2k —1.
1. Spgaktmblpgarim—1 = Spgakram—1 + 2p(—q)** ",

2. Sp,q,2k+mfle,q,2k+m = Sp,q,4k+2mf1-

Proof. Using Binet’s formulas, we have
2k+m+1 2k+m+1
Ry — I

Ry — Ry

Sp,q,?k—&-mLp,q,Qk—&-m—l =9 ( ) (R%k-i-m—l + ng’-l—m—l)

_, Rlllk+2m . R;lk+2m + R%k+m+1ng+mfl . R%k+mflR§k+m+l
Ry — Ry
_, Rlllk—i—Qm . R;lk—&—Qm s R%k-i‘m-i-lek-‘rm—l . R%k—f—m—lek—l—m—&—l
Rl — R2 Rl - RQ
Rl — R2 Rl - RQ
= Op,q,4k+2m—1 + (_Q)2k+m715p,q,1
= Spgak+am—1 T 2p(_Q)2k+m_1
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and

RQk—i—m o R2k+m
1 2
Sp,q,%-ﬁ-m—le,q,?k-Fm =2 (

Rl — R2 ) (R%k-l-m 4 ng-i-m)

) (RlllkJer . R;lk+2m + R%k+mR§k+m o R%kerR%ker)

Ry — Ry
_ 2 (Réllk-l-Qm . R;lk+2m) N 2 <R%k+mR§k+m - R%k-ﬁ-ngk-l-m
Rl — R2 Rl - RQ
= Op,q,4k+2m—1- [

Using equation (1) and Theorem 2.6, we can get the following corollary.
Corollary 2.6.1. For integers k > 1 and m > 0, we have
2k+m—1.

1. St g 2ktmE1 g2k1m—1 = S1,g.2k+mS1,g.2k+m—1 — S1,g4k+2m—1 — 2(—q)

2. Sl,q,2k+m—1F1,q,2k+m - Sl,q,2k+m—151,q,2k+m - Sl,q,4k+2m—1-
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