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1 Introduction

For p and q positive real numbers, the generalization of Fibonacci sequence {Fp,q,n}n≥0 can
be defined as Fp,q,n = pFp,q,n−1 + qFp,q,n−2 for n ≥ 2 with the initial conditions Fp,q,0 = 0

and Fp,q,1 = 1. The sequence {Fp,q,n}n≥0 is called the (p, q)-Fibonacci sequence. Each term
in the (p, q)-Fibonacci sequence is called the (p, q)-Fibonacci number. In a similar way, the

216



generalization of Lucas sequence {Lp,q,n}n≥0 can be defined as Lp,q,n = pLp,q,n−1 + qLp,q,n−2

for n ≥ 2 with the initial conditions Lp,q,0 = 2 and Lp,q,1 = p, this sequence is called the
(p, q)-Lucas sequence. Similar to the (p, q)-Fibonacci numbers, each term in the (p, q)-Lucas
sequence is called (p, q)-Lucas number. The well-known Binet’s formulas for the (p, q)-Fibonacci
numbers and the (p, q)-Lucas numbers are given by

Fp,q,n =
Rn

1 −Rn
2

R1 −R2

, Lp,q,n = Rn
1 +Rn

2 ,

where

R1 =
p+

√
p2 + 4q

2
, R2 =

p−
√
p2 + 4q

2

are roots of the characteristic equation R2 − pR − q = 0, see [1, 2, 3, 4, 5]. Then, we have
R1 +R2 = p, R1 −R2 =

√
p2 + 4q and R1R2 = −q.

In 2015, Suvarnamani and Tatong [1] showed some results of the (p, q)-Fibonacci num-
bers by using the Binet’s formula. The year after, Suvarnamani [2] proved some properties of
(p, q)-Lucas numbers by using Binet’s formula and he [3] studied on the odd and even terms
of the (p, q)-Fibonacci numbers and the (p, q)-Lucas numbers by using Binet’s formulas. In
2017, he [4] studied some properties of (p, q)-Fibonacci numbers by using the matrix methods.
And Suvarnamani and Tatong [5] showed some properties of products of (p, q)-Fibonacci and
(p, q)-Lucas numbers.

The Fibonacci-like sequence {Sn}n≥0 can be defined as Sn = Sn−1 + Sn−2 for n ≥ 2

with the initial conditions S0 = S1 = 2. In 2010, Singh, Sikhwal and Bhatnagar [6] proved
Binet’s formula and generating function of Fibonacci-like sequence. They showed some of
their properties using Binet’s formula. Next, Gupta, Singh and Sikhwal [7] studied some
properties of generalized Fibonacci-like sequence. In 2016, Wani, Rathore and K. Sisodiya [8]
showed some properties of Fibonacci-like sequence. Recently, Suvarnamani [9] studied some
properties of the generalized (p, q)-Fibonacci-like number.

In this paper, we present the investigation of products of (p, q)-Fibonacci-like and
(p, q)-Lucas numbers.

Definition 1.1 ([9]). For p and q positive real numbers, the (p, q)-Fibonacci-like sequence
{Sp,q,n}n≥0 is defined by Sp,q,n = pSp,q,n−1 + qSp,q,n−2 for n ≥ 2 with the initial conditions
Sp,q,0 = 2 and Sp,q,1 = 2p. And the (p, q)-Fibonacci-like number is the each term of the
(p, q)-Fibonacci-like sequence.

That is,

{Sp,q,n}n≥0 = {2, 2p, 2p2 + 2q, 2p3 + 4pq, 2p4 + 6p2q + 2q2, 2p5 + 8p3q + 6pq2, . . .}.

For p = q = 1, we get the Fibonacci-like sequence, that is

{S1,1,n}n≥0 = {2, 2, 4, 6, 10, 16, 26, . . .}.

For p = 1, By the recurrence relation and the initial conditions, then we have

S1,q,n = F1,q,n + L1,q,n. (1)
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Lemma 1.2 ([9]). The Binet’s formulas of (p, q)-Fibonacci-like numbers are given by

Sp,q,n = 2
Rn+1

1 −Rn+1
2

R1 −R2

;n ≥ 0

where

R1 =
p+

√
p2 + 4q

2
, R2 =

p−
√
p2 + 4q

2

are roots of the characteristic equation R2 − pR− q = 0.

Then, we have R1 +R2 = p, R1 −R2 =
√

p2 + 4q and R1R2 = −q.

2 Main results

In this section, we prove some properties of the products of (p, q)-Fibonacci-like and (p, q)-Lucas
numbers.

Theorem 2.1. For integers k,m such that k ≥ 1 and 2k ≥ m ≥ 0, we have

1. Sp,q,2k+mLp,q,2k+m = Sp,q,4k+2m + 2(−q)2k+m;

2. Sp,q,2k−mLp,q,2k−m = Sp,q,4k−2m + 2(−q)2k−m.

Proof. Using Binet’s formulas, we have

Sp,q,2k+mLp,q,2k+m = 2

(
R2k+m+1

1 −R2k+m+1
2

R1 −R2

)(
R2k+m

1 +R2k+m
2

)
= 2

(
R4k+2m+1

1 −R4k+2m+1
2 +R2k+m+1

1 R2k+m
2 −R2k+m

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+2m+1

1 −R4k+2m+1
2

R1 −R2

)
+ 2

(
R2k+m+1

1 R2k+m
2 −R2k+m

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+2m+1

1 −R4k+2m+1
2

R1 −R2

)
+ 2 (R1R2)

2k+m

= Sp,q,4k+2m + 2(−q)2k+m

and

Sp,q,2k−mLp,q,2k−m = 2

(
R2k−m+1

1 −R2k−m+1
2

R1 −R2

)(
R2k−m

1 +R2k−m
2

)
= 2

(
R4k−2m+1

1 −R4k−2m+1
2 +R2k−m+1

1 R2k−m
2 −R2k−m

1 R2k−m+1
2

R1 −R2

)
= 2

(
R4k−2m+1

1 −R4k−2m+1
2

R1 −R2

)
+ 2

(
R2k−m+1

1 R2k−m
2 −R2k−m

1 R2k−m+1
2

R1 −R2

)
= 2

(
R4k−2m+1

1 −R4k−2m+1
2

R1 −R2

)
+ 2 (R1R2)

2k−m

= Sp,q,4k−2m + 2(−q)2k−m.

218



Corollary 2.1.1. For integers k,m such that k ≥ 0 and 2k ≥ m ≥ 0, we have

1. S1,q,2k+mF1,q,2k+m = S2
1,q,2k+m − S1,q,4k+2m − 2(−q)2k+m;

2. S1,q,2k−mF1,q,2k−m = S2
1,q,2k−m − S1,q,4k−2m − 2(−q)2k−m.

Proof. Using equation (1) and Theorem 2.1, we have

S1,q,4k+2m + 2(−q)2k+m = S1,q,2k+mL1,q,2k+m

= S1,q,2k+m(S1,q,2k+m − F1,q,2k+m)

= S2
1,q,2k+m − S1,q,2k+mF1,q,2k+m

S1,q,2k+mF1,q,2k+m = S2
1,q,2k+m − S1,q,4k+2m − 2(−q)2k+m

and

S1,q,4k−2m + 2(−q)2k−m = S1,q,2k−mL1,q,2k−m

= S1,q,2k−m(S1,q,2k−m − F1,q,2k−m)

= S2
1,q,2k−m − S1,q,2k−mF1,q,2k−m

S1,q,2k−mF1,q,2k−m = S2
1,q,2k−m − S1,q,4k−2m − 2(−q)2k−m.

Theorem 2.2. For integers k,m such that 2k ≥ m ≥ 1, we have

1. Sp,q,2k+mLp,q,2k−m = Sp,q,4k + (−q)2k−mSp,q,2m;

2. Sp,q,2k−mLp,q,2k+m = Sp,q,4k − (−q)2k−m+1Sp,q,2m−2.

Proof. Using Binet’s formulas, we have

Sp,q,2k+mLp,q,2k−m = 2

(
R2k+m+1

1 −R2k+m+1
2

R1 −R2

)(
R2k−m

1 +R2k−m
2

)
= 2

(
R4k+1

1 −R4k+1
2 +R2k+m+1

1 R2k−m
2 −R2k−m

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+1

1 −R4k+1
2

R1 −R2

)
+ 2

(
R2k+m+1

1 R2k−m
2 −R2k−m

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+1

1 −R4k+1
2

R1 −R2

)
+ 2 (R1R2)

2k−m

(
R2m+1

1 −R2m+1
2

R1 −R2

)
= Sp,q,4k + (−q)2k−mSp,q,2m

and

Sp,q,2k−mLp,q,2k+m = 2

(
R2k−m+1

1 −R2k−m+1
2

R1 −R2

)(
R2k+m

1 +R2k+m
2

)
= 2

(
R4k+1

1 −R4k+1
2 +R2k−m+1

1 R2k+m
2 −R2k+m

1 R2k−m+1
2

R1 −R2

)
= 2

(
R4k+1

1 −R4k+1
2

R1 −R2

)
+ 2

(
R2k−m+1

1 R2k+m
2 −R2k+m

1 R2k−m+1
2

R1 −R2

)
= 2

(
R4k+1

1 −R4k+1
2

R1 −R2

)
− 2 (R1R2)

2k−m+1

(
R2m−1

1 −R2m−1
2

R1 −R2

)
= Sp,q,4k − (−q)2k−m+1Sp,q,2m−2.

219



Using equation (1) and Theorem 2.2, we can get the corollary.

Corollary 2.2.1. For integers k,m such that 2k ≥ m ≥ 1, we have

1. S1,q,2k−mF1,q,2k−m = S1,q,2k+mS1,q,2k−m − S1,q,4k − (−q)2k−mS1,q,2m;

2. S1,q,2k−mF1,q,2k+m = S1,q,2k−mS1,q,2k+m − S1,q,4k + (−q)2k−m+1S1,q,2m−2.

Theorem 2.3. For integers k ≥ 1 and m ≥ 2, we have

1. Sp,q,2kLp,q,2k+m = Sp,q,4k+m + q2k+1Sp,q,m−2;

2. Sp,q,2k+mLp,q,2k = Sp,q,4k+m + q2kSp,q,m.

Proof. Using Binet’s formulas, we have

Sp,q,2kLp,q,2k+m = 2

(
R2k+1

1 −R2k+1
2

R1 −R2

)(
R2k+m

1 +R2k+m
2

)
= 2

(
R4k+m+1

1 −R4k+m+1
2 +R2k+1

1 R2k+m
2 −R2k+m

1 R2k+1
2

R1 −R2

)
= 2

(
R4k+m+1

1 −R4k+m+1
2

R1 −R2

)
+ 2

(
R2k+1

1 R2k+m
2 −R2k+m

1 R2k+1
2

R1 −R2

)
= 2

(
R4k+m+1

1 −R4k+m+1
2

R1 −R2

)
− 2 (R1R2)

2k+1

(
Rm−1

1 −Rm−1
2

R1 −R2

)
= Sp,q,4k+m + q2k+1Sp,q,m−2

and

Sp,q,2k+mLp,q,2k = 2

(
R2k+m+1

1 −R2k+m+1
2

R1 −R2

)(
R2k

1 +R2k
2

)
= 2

(
R4k+m+1

1 −R4k+m+1
2 +R2k+m+1

1 R2k
2 −R2k

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+m+1

1 −R4k+m+1
2

R1 −R2

)
+ 2

(
R2k+m+1

1 R2k
2 −R2k

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+m+1

1 −R4k+m+1
2

R1 −R2

)
+ 2 (R1R2)

2k

(
Rm+1

1 −Rm+1
2

R1 −R2

)
= Sp,q,4k+m + q2kSp,q,m.

Using equation (1) and Theorem 2.3, we can get the following corollary.

Corollary 2.3.1. For integers k ≥ 1 and m ≥ 2, we have

1. S1,q,2kF1,q,2k+m = S1,q,2kS1,q,2k+m − S1,q,4k+m − q2k+1S1,q,m−2;

2. S1,q,2k+mF1,q,2k = S1,q,2k+mS1,q,2k − S1,q,4k+m − q2kS1,q,m.
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Theorem 2.4. For integers k,m such that 4k ≥ m, k ≥ 1 and m ≥ 2, we have

1. Sp,q,2kLp,q,2k−m = Sp,q,4k−m + (−q)2k−mSp,q,m;

2. Sp,q,2k−mLp,q,2k = Sp,q,4k−m − (−q)2k−m+1Sp,q,m−2.

Proof. Using Binet’s formulas, we have

Sp,q,2kLp,q,2k−m = 2

(
R2k+1

1 −R2k+1
2

R1 −R2

)(
R2k−m

1 +R2k−m
2

)
= 2

(
R4k−m+1

1 −R4k−m+1
2 +R2k+1

1 R2k−m
2 −R2k−m

1 R2k+1
2

R1 −R2

)
= 2

(
R4k−m+1

1 −R4k−m+1
2

R1 −R2

)
+ 2

(
R2k+1

1 R2k−m
2 −R2k−m

1 R2k+1
2

R1 −R2

)
= 2

(
R4k−m+1

1 −R4k−m+1
2

R1 −R2

)
+ 2 (R1R2)

2k−m

(
Rm+1

1 −Rm+1
2

R1 −R2

)
= Sp,q,4k−m + (−q)2k−mSp,q,m

and

Sp,q,2k−mLp,q,2k = 2

(
R2k−m+1

1 −R2k−m+1
2

R1 −R2

)(
R2k

1 +R2k
2

)
= 2

(
R4k−m+1

1 −R4k−m+1
2 +R2k−m+1

1 R2k
2 −R2k

1 R2k−m+1
2

R1 −R2

)
= 2

(
R4k−m+1

1 −R4k−m+1
2

R1 −R2

)
+ 2

(
R2k−m+1

1 R2k
2 −R2k

1 R2k−m+1
2

R1 −R2

)
= 2

(
R4k−m+1

1 −R4k−m+1
2

R1 −R2

)
− 2 (R1R2)

2k−m+1

(
Rm−1

1 −Rm−1
2

R1 −R2

)
= Sp,q,4k−m − (−q)2k−m+1Sp,q,m−2.

Using equation (1) and Theorem 2.4, we can get the corollary.

Corollary 2.4.1. For integers k,m such that 4k ≥ m, k ≥ 1 and m ≥ 2, we have

1. S1,q,2kF1,q,2k−m = S1,q,2kS1,q,2k−m − S1,q,4k−m − (−q)2k−mS1,q,m;

2. S1,q,2k−mF1,q,2k = S1,q,2k−mS1,q,2k − S1,q,4k−m + (−q)2k−m+1S1,q,m−2.

Theorem 2.5. For integers k ≥ 1 and m ≥ 0, we have

1. Sp,q,2k+mLp,q,2k+m+1 = Sp,q,4k+2m+1;

2. Sp,q,2k+m+1Lp,q,2k+m = Sp,q,4k+2m+1 + 2p(−q)2k+m.
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Proof. Using Binet’s formulas, we have

Sp,q,2k+mLp,q,2k+m+1 = 2

(
R2k+m+1

1 −R2k+m+1
2

R1 −R2

)(
R2k+m+1

1 +R2k+m+1
2

)
= 2

(
R4k+2m+2

1 −R4k+2m+2
2 +R2k+m+1

1 R2k+m+1
2 −R2k+m+1

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+2m+2

1 −R4k+2m+2
2

R1 −R2

)
+ 2

(
R2k+m+1

1 R2k+m+1
2 −R2k+m+1

1 R2k+m+1
2

R1 −R2

)
= Sp,q,4k+2m+1

and

Sp,q,2k+m+1Lp,q,2k+m = 2

(
R2k+m+2

1 −R2k+m+2
2

R1 −R2

)(
R2k+m

1 +R2k+m
2

)
= 2

(
R4k+2m+2

1 −R4k+2m+2
2 +R2k+m+2

1 R2k+m
2 −R2k+m

1 R2k+m+2
2

R1 −R2

)
= 2

(
R4k+2m+2

1 −R4k+2m+2
2

R1 −R2

)
+ 2

(
R2k+m+2

1 R2k+m
2 −R2k+m

1 R2k+2m+2
2

R1 −R2

)
= 2

(
R4k+2m+2

1 −R4k+2m+2
2

R1 −R2

)
+ 2 (R1R2)

2k+m

(
R2

1 −R2
2

R1 −R2

)
= Sp,q,4k+2m+1 + (−q)2k+mSp,q,1

= Sp,q,4k+2m+1 + 2p(−q)2k+m.

Using equation (1) and Theorem 2.5, we can get the following corollary.

Corollary 2.5.1. For integers k ≥ 1 and m ≥ 0, we have

1. S1,q,2k+mF1,q,2k+m+1 = S1,q,2k+mS1,q,2k+m+1 − S1,q,4k+2m+1;

2. S1,q,2k+m+1F1,q,2k+m = S1,q,2k+m+1S1,q,2k+m − S1,q,4k+2m+1 − 2p(−q)2k+m.

Theorem 2.6. For integers k ≥ 1 and m ≥ 0, we have

1. Sp,q,2k+mLp,q,2k+m−1 = Sp,q,4k+2m−1 + 2p(−q)2k+m−1;

2. Sp,q,2k+m−1Lp,q,2k+m = Sp,q,4k+2m−1.

Proof. Using Binet’s formulas, we have

Sp,q,2k+mLp,q,2k+m−1 = 2

(
R2k+m+1

1 −R2k+m+1
2

R1 −R2

)(
R2k+m−1

1 +R2k+m−1
2

)
= 2

(
R4k+2m

1 −R4k+2m
2 +R2k+m+1

1 R2k+m−1
2 −R2k+m−1

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+2m

1 −R4k+2m
2

R1 −R2

)
+ 2

(
R2k+m+1

1 R2k+m−1
2 −R2k+m−1

1 R2k+m+1
2

R1 −R2

)
= 2

(
R4k+2m

1 −R4k+2m
2

R1 −R2

)
+ 2 (R1R2)

2k+m−1

(
R2

1 −R2
2

R1 −R2

)
= Sp,q,4k+2m−1 + (−q)2k+m−1Sp,q,1

= Sp,q,4k+2m−1 + 2p(−q)2k+m−1
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and

Sp,q,2k+m−1Lp,q,2k+m = 2

(
R2k+m

1 −R2k+m
2

R1 −R2

)(
R2k+m

1 +R2k+m
2

)
= 2

(
R4k+2m

1 −R4k+2m
2 +R2k+m

1 R2k+m
2 −R2k+m

1 R2k+m
2

R1 −R2

)
= 2

(
R4k+2m

1 −R4k+2m
2

R1 −R2

)
+ 2

(
R2k+m

1 R2k+m
2 −R2k+m

1 R2k+m
2

R1 −R2

)
= Sp,q,4k+2m−1.

Using equation (1) and Theorem 2.6, we can get the following corollary.

Corollary 2.6.1. For integers k ≥ 1 and m ≥ 0, we have

1. S1,q,2k+mF1,q,2k+m−1 = S1,q,2k+mS1,q,2k+m−1 − S1,q,4k+2m−1 − 2(−q)2k+m−1;

2. S1,q,2k+m−1F1,q,2k+m = S1,q,2k+m−1S1,q,2k+m − S1,q,4k+2m−1.
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