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1 Introduction and statement of result

Let x; and 5 be two primitive Dirichlet characters with conductors ¢; and ¢, respectively. For
x > 1, define

S (@) =Y x1(a)xa(b). (1)

ab<z

The sum (1) is a generalized form of the character sum. A symptotic formulas for (1) can found

in [2] and [3]. In 2010 Banks and Shparlinski [1] bounded S, ,,(x) for small values of x and

proved that, if z > ¢2/* > ¢%/* and log z = ¢2"), then

Sy ona ()] < @13/18g3/ T g/ O4e D) )
. 3/4 3/4 o)
andif x > ¢, > ¢;’ and logx = ¢, ’, then
Sy v ()] < @187 2510, 3)
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Banks and Shparlinski combined the Polya—Vinogranov bound with the Burgess bounds to prove
(2) and (3).

In this paper we shall provide another bound for the sum in (1) by using exponent pairs. Our
result is following;

Theorem 1.1. Let x, and xs be two primitive Dirichlet characters with conductors q, and qs,
respectively. For x > qf, 1= 1,2, we have

SX1,X2(x) = O( 1/3 5/9 7/9 log(h)

2 Prerequisites

Notation. Throughout this paper € denotes a fixed positive constant, not necessarily the same in
all occurrenes. Let ¢)(z) = z — |z] — 1. For 7 = 1,2, ... the exponent pair is

1 r—+1 1 1
ko) = (= — = A=
(v 1) (2 2(2h — 1) 2+2(2A—1))

The following lemmas are needed in our proof.

Lemma 2.1. Let x be a primitive character modulo q. For a real z > 1, we have
GRS SN RS
a<lz 71<q

Proof. From the periodicity of the primitive character modulo ¢, we have

dox@=3 > =) > x()=D ) Zl:ZX(j)E_g“J'

a<lz 1< a<lz < a<z < a<z <
- J=4 a=j (mod gq) J=4 a=j (mod q) J=4 a=j (mod q) J=4

]

Lemma 2.2 (see [4, Lemma 17]). Let x,n, a,w be real numbers, j and q be positive numbers,
where v > 1, > 0,1 > 1,1 < j < q, and (k,l) is an exponent pair with k > 0 and

. X
R(Iﬂ%a;q,];(ﬂ): Z ¢<—a+w>>
n<n n
n=j (mod q)

if w is independent on n. Then

@) <xki+1nl;fqu;+l1> forl > ak,
R(z,n,0;q,j;w) = O(1) + Oz 2 3¢ 1) + 4 O (x’“% lognqﬁg forl= ok,
O ((a:q*a)lﬂlfa)’“—l) forl < ak,

where the O-Constants is dependent on only c.
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3 Proof of Theorem 1.1

Proof. For x > 1, we have

Sue(@) = D> xala) D xa®) + D x2(0) > xala) = D xila) > xa(b).

a<zl/? b<z/a b<zl/2 a<z/b a<zl/2 b<zl/2

In view of Lemma 2.1 we have

SXl,Xz(x) = k) + Ey — E3,

where

B=Y ) X @ |2 - L),

7<q2 a<zl/2 442 12
T h
Ey =Y xi(h) > xa(b) b oL
h< 1/2 @1 q
Sq1 <z
a2 2172 .
Es =Y xi(h)>_ xa2() {———HJ Lb——iHJ :
h<q <o q1 q1 q2 q2

From [z] = 2 — ¢(z) — § , ¢ (x) = ¢(z + 1) and the identity Y~ xi(j) = 0, fori = 1,2, we
have

Er=> x2(i) Y_ xia) <%_i+1_w(i_i)>

— oy aga Gz 2 aga G2
: J T
= _ZXQ(]) Z xi(a) <— + 1 (a_ - —)>
i<e a<zl/? q2 qQ2 42
1 . . T j
= Z]Xz(]) Z xi(a) — ZX2(J) Z x1(a)y P
© J<a2 a<zl/2 J<q2 a<zl/2 2 42

In view of Lemma 2.1 and the periodicity of the character modulo ¢, we have

Bi=—— 3 julial) {—/ o 1J

hem q1 q1
i<az
. T
- x1(h)x2(5) (0 (— - —> .
Jj<ag a=h (mod q1)
For E5 and F3, computation similar to £ yields,
1 1/2
By =—— Z hxi(h)x2(7) \‘_ _ L + 1J
A R a2 a2
i<az
= ) D @ (i - ﬁ) :
h<ay a<zl/2 “n
Ji<as Nt

a=j (mod qg)
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and

1 N h
Ey=——) ixi(h)x2(d) {— - 1J
92 =7 1 al
i<aqy
1 1/2 j J
— =S hah) () | =— = L+ 1] + O(qge).
i 2 mael) -1 (012
i<aqs

Thus, we have

Srna(T) = — Z x1(h)xa(7) Z Y (i B i)

h<ay Y aqs q2
J<az a=h (mod q1)
. T h
- E x1(h)x2(7) E V| ———)+O0(@aap)
h<a Y aqq q1
i<q2 a=j (mod q2)

In view of Lemma 2.2, for the exponent pair (2/7,4/7), we have

S atel) Y @ (i - i)

h<qq a<7;1/2 GQQ QQ
i<az a=h (mod q1)
. z —J
= Z Xl(h)XQ(j)R<_7 1'1/2, 17 qi1, h’7 _>
h<ai 42 a2
Jj<ag
1/4,1/2 1/3
x4y x
D D (R
h<a 1 42 ¢
Ji<az

- O<q1q2 + gy log g1 + 213} gqg/g>‘

In the same way, we have

. T h
Z x1(h)x2(7) Z (G <— - —) = O(q1q2 + x1/4qi’/2 log g + xl/?’qg/gql?/g).

a
h<a weal/? G ¢
Ji<a2 a=j (mod q92)

Thus, we have

Sy (@) = O<x1/4q3/2 log q1 + :El/gq?/gq;/g) n O<x1/4qf/2 log s + x1/3q§/9qz/9) +O0(qi0).

We note that, for x > ¢?, ¢2, the error term z'/ 3q2/ 9q;/ ?log ¢1 dominates the remaining terms.
Thus, for z > ¢?, ¢, we obtain the result in Theorem 1.1. ]
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