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Abstract: The interplay between algebraic structures and their elements have been the most
famous and productive area of the algebraic theory of numbers. Generally, the greatest
common divisor and least common multiple of any two positive integers are dependably
non-zero elements. In this paper, we introduce a new pair of elements, called classical pair in
the ring Z» whose least common multiple is zero and concentrate the properties of these pairs.
We establish a formula for determining the number of classical pairs in Z, for various values
of n. Further, we present an algorithm for determining all these pairs in Z.
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1 Introduction

Common divisors and multiples of numbers are two focal classes of positive integers which
have appreciated incredible regard in the hypothesis of numbers. For any two positive integers
a and b, the greatest common divisor and least common multiple of a and b are denoted by
(a,b) and [a,b], respectively. But a and b are relatively prime if and only if (a,b)=1, and
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these relatively prime integers assume a huge job in the investigation of the theory of numbers
and their outcomes. When dealing with a positive integer, it is clearly helpful to know its prime
factorization. Spreading something into its smaller parts allows further insight into how each
part and contributes to the behaviour of the whole numbers. We accomplish this decomposition
with the help of the following result, founded in [1].

Theorem 1.1. Let a and b be any two positive integers. Then (a,b)[a,b]=ab.

Given a positive integer n>1, the set ®(n)={k e N:0<k <n and (k,n)=1} represents the
numbers which are relatively prime to n and the number of elements in ®(n) is |®(n)| which is
defined as ¢(n), the Euler-totient function [2]. The function ¢(n) satisfies the following
properties.

1. ¢(n)=n-1ifand only if n is prime.

2. 1f n=p%p%.p*, then go(n):nH[l—iJ.

pijn i
3. 3 p(d)=n.

djn

4. p(mn) =gp(m)e(n) if and only if (m,n)=1.

In this paper, we are working the elements in the finite ring of integers modulo n which will
be represented by Z,. Now we are going to represent more on definitions and terminologies
associated with Z, and in particular the finite sets of units and zero divisors are also defined.
First, we can generally define a ring R. Let R be a non-empty set. Then the algebraic structure
(R, +, -) is said to form a ring R as an abelian group with respect to addition (+) together with
multiplication (-) such that (R, -) is semigroup and satisfies distributive laws a(b+c)=ab+ac
and (b+c)a=ba+ca forall a and b in R, see [3] for more details of a ring R. If ab=ba for
all a,beR, then R is said to be commutative, and similarly, if ab=0 forall a,be R, thenR is
called a zero ring [5], it is denoted by R°. For any finite commutative ring R with unity, we have
R is exactly a union of three disjoint non-empty subsets. So one method is to take as simply as a
subset U(R) of R that consists only of multiplicative inverse elements called units, that is,
acU(R) implies that there exists beU(R) such that ab=1=ba. Other than U(R), there is
another non-empty subset Z(R) in R which does not contain zero elements ‘0", that is, a € Z(R)
means that there exists beZ(R) such that ab=ba=0. These two concepts show that
R =U(R) {0} UZ(R) if and only if R a finite commutative ring with unity is.

Now we turn our attention to the elements in the finite commutative ring Z, with unity 1,
whereZ ={0,1, 2,...,n—=1}. It is important that Z, =U(Z,)U{0}UZ(Z,). In [4], Shan and
Wang defined mutual multiplies in Z, and establish a formula for enumerating the number of
unordered mutual multiple pairs in Z, for all positive integers n>1. By this motivation, we
define and count the set of all classical pairs of elements in the ring Z, of integers modulo n.

We conclude this section by stating two identities of U(Zn) and Z(Z») which significantly
helped in finding and enumerating the set of classical pairs of elements in Z,. For any positive
integer n>1, [U(Z,)|=¢(n) and |Z(Z,)|=n—-gp(n)-1.
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2 Properties of Classical pairsin Z,

In this section, we define classical pairs of elements which are in Z,. We also show a
connection between the classical pairs of elements in the sets of units and non-zero zero-

divisors of Z,, when n=p“p“%...p% with ¢ 21, V1<i<r.

Definition 2.1. Let n>1 be a positive integer and let Z, be the commutative ring of integers
modulo n. Then two distinct non-zero elements a and b of Z, are said to form a classical pair
if [a,b]=0(modn), where '0" is additive identity in Z,. The classical pair in Z, is denoted by
{a,b} which is a 2-element subset in Z, and the set of all classical pairs in Z, is denoted by

¢, =1{{a, b}:[a, b]=0modn} with cardinality |¢,|.

Note that the additive identity '0' cannot form a classical pair with any (non-zero) element
in Zn. Also, if n=p“, o >1 is a power of a prime, then clearly any two non-zero elements of

Zn does not form a classical pair, and thus ‘gpa =0.

Following is a more substantial example for existing established classical pairs in Zn.

Example 2.2. In the ring Zs, the numbers 2 and 3 form a classical pair, since
[2,3]=6=0(mod6) . Similarly, 3 and 4 forms another classical pair, since [3,4]=0(mod6). On

the other hand, 2 and 4 do not form a classical pair, since [2,4] =8 # 0(mod6) . Hence || =2.

Here, clearly observe that when two elements a and b which are in Z, does not form a
classical pair {a, b} if either a divides b, or, b divides a. Another way, if [a, b]=0(modn) , then
a does not divides b and b does not divides a. But the converse of this observation may not be
true. For instance, 2 does not divide 3 in Z12 and [2, 3] =6 =0(mod12) .

Lemma 2.3. If u and v are two distinct units of the ring Zn, then {u,v} is not a classical pair

of Z.
Proof. Suppose {u,v} is a classical pair in Z,. Then, by Definition 2.1, [u,v]=0(modn) .
Consequently, n divides [u,V]. There exists qeZ, such that [u,v]=nq. In view of Theorem 1.1,

nq(u,v):uv:(u,v):ﬂ :>[ u v j=1 = (m,mjzl.

nq uv/ng’ uv/nq v'u
. ng ng : . -
This means that, — and — are relative prime. Therefore, u and v are divisors of ng.
v u
It is clear that u and v are not units of Z,. So, our assumption is not true, and hence
[u,v] # O(modn). O

By Lemma 2.3, we conclude that the elements of U (Z,) does not form a classical pair. So,
our required classical pair exists in Z(Z,) only. For general positive integers a and b in Z,,

61



we have (a,b)#0 and [a, b]#0. But for some pairs of a and b in Z, the condition
[a, b]=0(modn) may be satisfied, while the condition (a, b) # 0(modn) is not satisfied.

Lemma 2.4. If a and b are any two non-zero elements of Z,, then (a, b) # 0(modn).
Proof. Let a<n and b<n,since a,beZ, . Then (a, b) <n and hence (a, b) #0(modn). O

Recall that a ring R° is called a zero ring if ab=0 for all a,be R® and 0 is additive identity
in R%. In [5], the author Buck introduced zero rings and studied its basic properties. However,
Z ° is a zero ring if and only if n= p*. Now we prove that each non-zero pair of elements in

n

Z.° form a classical pair.

Lemma 2.5. Every pair of non-zero elements in Z ° form a classical pair.
Proof. For each pair a and b of non-zero elements in Z °, by Lemma 2.3 and Lemma 2.4,
ab =0« ab=0(modn) < [a,b](a,b) =0(modn) < [a,b]=0(modn), since(a, b) # 0(modn)

< {a, b} is a classical pair of Z °. O

Example 2.6. The set of all classical pairs in the zero-ring Z,.°={0, 5,10, 15, 20} is
{{5,10}, {5,15}, {5, 20}, {10,15}, {10, 20},{15, 20} } .

3 Enumeration of classical pairs in Zn

In this section, we determine and enumerate all classical pairs which are 2-element subsets of
the ring Z, and the zero-ring Z °. First, we think the set ¢, of all classical pairs of Z, is
¢, ={{a, b}:[a,b] =0(modn)}and its cardinality |¢,|. By the previous section, ¢ , =0for
every prime power p“, a>1.But ¢, #0 for two distinct primes p and q. We generalize the
enumeration process of classical pairs in Z, and obtain a formula for enumerating the number
of classical pairs in Z, when n= p,“p,”...p,“, r >1.

Recently, the authors Sajana and Bharathi explored many results in [6]. The set Z(Z,) of all
non-zero zero divisors of Z, can be written as the disjoint union of the sets S,'s forall d in D,
where S, ={xeZ, :(x)=(d)} and the set D denotes the set of all non-trivial proper divisors

of the positive integer n. They obtained the result |S,|= go(gj ,Vd eD.

The set D can be written as the disjoint union of the sets D: and D2 where
D, ={d, e D:[d,,d] # O(modn), Vd #d,e D}and D,={d, e D:[d,, d]=0(modn), for some
d #d, e D}, the set Z(Z,) can be written as the disjoint union of the sets 1,(D,) and 1,(D,),
where 1, (D,)={xeZ, :(x)=(d),deD} and L,(D,)={xeZ, :(x)=(d), deD,}. Similarly

inD,, every element in 1,(D,) having the least common multiple incongruent to zero modulo
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n with every other element in Z,. This implies that the elements in the classical pairs are the
elements in the set 1,(D,).

First, we determine a formula for counting the number of classical pairs in the zero-ring Z?.
Define Z°?={aeZ, :ab=0(modn)forall beZ }. Therefore, Z°={0} if and only if
n= p®and Zgz ={0,p,2p,3p,.... p(p—1}.

Theorem 3.1. The number of classical pairs in the zero-ring Z° is (pz_lj , Where n=p°.

Proof. Without loss of generality, we have the non-trivial zero-ring Z?° is isomorphic ZSZ and

0
sz

= p. In view of the Lemma 2.5, every pair of non-zero elements in Zgz form a classical
pair, and the total number of non-zero elements in Zgz is p—1. Since, ab=0(modn) if and

only if [a,b]=0(modn). It follows that each pair {a,b} in Z‘;Z satisfies the condition

-1 _ _
[a,b] =0(modn) . Hence the number of classical pairs in Zgz is (pz j = W N

The following Lemma gives the cardinality of the set of all classical pairs of the ring Z, for
pe, a>1.

Lemma 3.2. The cardinality of oy the set of all classical pairs of the ring Zpa ,a>1is

¢,.|=0.
Proof. We have Z, =U(Z,)U{0}UZ(Z,)and from Lemma 2.3 no pair of elements in U(Z,)
form a classical pair. Let n=p“, then we have Z(Z,)=¢, if =1 and Z2(Z,)=1,(D,), if

a >1, see [6]. By the definition of 1,(D,), no pair of elements form a classical pair. Therefore,
€0l =0. 0

Next, we generalize the formula for enumerating the number of classical pairs in Z,, when
n=p"p,”..p,", r >1. Note that,

U S ap, 2 :‘S ik + S o +‘S a1
0<fy<ar, PPz e PP P P2
n n n
:¢( al)'F(D( @ ]+...+ ¢(—a1 %1]
pl pl p2 pl pz
. n
= O — , since |S =(p(—j,VdeD. O
0<g<:az ( Pt pzﬂ2 ] | d| d

Theorem 3.3. If n=p“p,”...p,", r>1and ¢ >1 forall 1<i<r, then the cardinality of the
Zn set of all classical pairs in the ring is
ICal= @7 =D(p{* ~D)(ps* ~D...(p7 ~D+ 27 =D (p* ~D)(p5* ~1)...(prs ~D +
L (TP (- 1)(ps D).
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Proof. Let n=p,“p,”...p,“, r >1, then the set 1,(D,) can be written as the disjoint union of
the following sets:
U S,apmpspn =x€Z,:00=(p"p," p..p,"),0< f <1 =23,...1}

0<fi<aey,
i=2,3,...,r

U Splﬁlpzazpsﬁs_“pr/fr :{XE Zn (X) = (plﬂ1 pzaz p3ﬁ3"'prﬂr)!osﬁi < aiyi =1|31'-'1r}!'--)
U Sy p g =X€Z 0= (pAP5 PP ),0< f <ei =127 T},

U Spl"lpz"zpskmﬂ“...prﬂr ={xeZ,:(x)=(p," p," pe,ﬂ3 p4ﬂ4--- prﬂr),o <B <a,i=34,..,r1},
0<fi<ae;,
i=3,4,...r

U SplalpzﬂZpsaSp4ﬁ4,..p,ﬁr ={xeZ,:(x)=(p" pzﬂ2 p?,a3 p4ﬂ4"'prﬂr)'osﬂi <op,i=2,4,.,1}...,

U Splﬂl 0,2 .. Py o2 py ML p o :{X € Zn :(X) = (pl[il Zﬂz pm—zﬂrm2 pm—lamil prar )1 0< ﬂl < a;,

i=12,.,r-2},..,
U Smalpzaz---prflarflprﬂr :{X € Zn :(X) = (plm1 pzaz pr—lap1 prﬂr )1 0 < ﬂr < ar}’
0<p, <a,

U Splalpzaz...prfza"z P 1p, T :{X € Zn :(X) = (p1a1 pza2 pr—zmr_2 pr—lﬂr_1 prar )' 0< lBr—l < ar—1}1 e

0<f1<ary

U Spﬂpzaz P, ={xe Z, () = (plﬁl pzm2 paas"' pra, ),0< B < al}'

0<f <y

The cardinality of the set of all classical pairs in the ring Zy is

1
=5 s U s +2Us
|é/n | 2 Z U Potp 2 pgs p PP, 2 . p, PP 2 py B p,

0<fi<a;, 0<fi <y 0<f, <qy
i=2,3,...,r i=3,4,..r
s JU s H U Sy [F
PP, 2 P8 p, 4 p PP, 2 pg 8 p PP, 2 Py p
0<pfi<q;, 0<p, <oy 0<p,<a,
i=1,2

S S +
Z U PP 2 P T p U pApy2 o g

0<B <ay _Oslﬂi;air, L
i=1,2,...,r—

S +..+
U plﬁl p2/32 prizﬁr—z P p, o

OS'Bi <di, Osﬂr71<ar71
i=1,2,..,r-2

a ar_: Br_1 a
PP 2 Py T2 Py p T
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3o} 3, | 2l %
2/ \ Loz, " U p P P2 o )
r n
Pl = o |7
[2} fof“iv [ pl 1 p2 2 p3ﬂ3 p4ﬁ4 prﬁr j Z { 1ﬂ1 pzﬂz . pr T j
r-1 n n
o —— — — |+..+
[ 1 jzpfsﬂrai, [ PP, P P p j ; [ P/ P, .. J
r n n
¢ a a a (D 1R & +
[I’ _:J 0<p, <a, ( [N R prﬁr ]leﬂ;i,l ( plﬂl pzﬂz---pr_lﬂrf P, j
¢ % a3 Orq ¢ 2 r-2 Oryq ay
(r —ijm% ( A R Oﬂzzz PR, Py
+..+

D R —
¢ a a: a, §0 a a s 2
( 1 ZO<;% P, ' P, “ Pra o prﬂr 0<ﬂ;0{r1 P, ' P, i Pr2 " pr—lﬁr_1 P

r r r ) » »
(PG L) ot vorsemoy

i=1,2,..,r

r r r
We have [1j+(2j+...+[r J = 2" —2 and simplifying the above, we obtain

&= @ =D(p —D)(p5? —D)...(pf 1)+ 2" -1 (P —1)(p5? —1)...(p; —1) +
7P -1)> (p —D(py* -1). [

Corollary 3.4. If n=p,“p,”? and ¢; 21 for all 1<i<2, then the cardinality of the set of all
classical pairs in the ring Z, is |gn| =(p —1)(ps —1).

Proof. For n= p,“p,”, the set 1,(D,) can be written as the disjoint union of the sets
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U 0,2 ={xeZ,:(x)=(p"p,?), 0< B, <}

0<p,<a,
and
U Spnpe =1x€Z,:00=(pfp,), 0< B <}

0<f <y

Now the cardinality of the set of all classical pairs in the ring Z, is

1
|§n|:E|:Z U Sploquﬂz U Sp1ﬂ1p2“2:|

0<p,<ay 0<pfi<oy
P
<ﬂ2<a2 p1a1 P, 0</i’1<a1 p1'81 p,™

(0.2
(2,2 elo") £ olor)

1
2

1
2

2 0‘1 By %25
Jkﬁ,m, P ")

I<i<2

r\>||—\

2
l

o(P)+0( P )+o( P )+t 0 (0,)+0@) —((p) +o(p) +ot

o +¢( D, ) (p2a2—1)+...+¢)(p2)+g0(1)))}

P.)
2
:%|:(]J(pl“1 P, —((p(pla1)+(p(pla1-1)+.._+gp(pl)+(o(1) +¢( p2“2)+ (D( pzazfl)_}_

] pl P, +(p(p1 p,” )+...+(p(p1p2)+((p(p1“1)+(0(p1“r1)+...+

l\)ll—\

+0(p,)+00) - o)) ] (since Y o (d)=
=%[(22—2)(p{’1 P, = (P, + P, ) +1) (by usmg[ ] -2,9(1)=1)
= (P -1)(p, -1). -

Example 3.5. For the ring Z,,={0,1,2,3,4,5,6,7,8,9},10=2.5, the set 1,(D,)=S,US;,

where S, ={xeZ,: (X)=(2)}={2,4,6,8} and S, ={xeZ,,: (x)=(5)}={5}. Clearly, every
element in Sy having the least common multiple congruent to zero modulo 10 with every
element in Ss and also these are the only classical pairs in Z10. So, the set of all classical pairs in
Z,, is &, ={{2,5}.{4,5},{5,6},{5,8}} with cardinality 4. Also from the above formula, we

have |¢,| = (2-1)(5-1) = 4.
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4  Algorithm

In this section, we present an algorithm for determining all the classical pairs in Z, depends on
the value of n and gave the outputs when running the program in C-language for various values
of n based on the algorithm.

Algorithm 4.1.

Step 1: Start

Step 2: Initialize variables n, i, j, a, b, minMultiple, Icm, r
Step 3: Read the value of n

Step 4: 1« 2

Step 5:j «—1+1

Step 6: a «— 1, b «— j, minMultiple <— (a>b) ?a:b
Step 7: While always be true

Step 8: If (minMultiple % a=0) and (minMultiple % b =0), then goto Step 9 else goto Step 14
Step 9: lcm «— minMultiple

Step 10: r < (Iem % n)

Step 11: If (r = 0), then goto Step 12 else goto Step 13
Step 12: Print Classical pair

Step 13: Break

Step 14: Increment minMultiple

Step 15: Goto Step 8

Step 16: If (j < n), then goto Step 17 else goto Step 19
Step 17:j « j+1

Step 18: Goto Step 6

Step 19: If (i <n), then goto Step 20 else goto Step 22
Step 20: 1 «— 1+1

Step 21: Goto Step 5

Step 22: Stop

Outputs 4.2. The obtained outputs for various values of n are:
(). For given number n=10, then the output is

Classical pairs:{2,3},{3,4}
(ii). For given number n=12, then the output is

Classical pairs:{3,4},{3,8},{4,6}{4,9},{6,8},{8,9}.

5 Conclusion

In this paper, we characterized and examined the classical pairs of a finite commutative ring.
Additionally, we acquired a recipe for finding the cardinality of the arrangement of every
classical pair of a Z, for all values of n. At long last, the outcomes were confirmed with
appropriate precedents by utilizing the calculation of C-program.

67



Acknowledgements

All the authors thank to the peer reviewers for their valuable suggestions to improve the
presentation of this paper.

References

[1] Rosen, K. H. (2019). Elementary Number Theory and Its Applications, 6" Edition.
Pearson New International Edition.

[2] Chalapathi, T., & Kiran Kumar, R. V. M. S. S. (2016). Graph structures of Euler totient
numbers. Daffodil International Journal of Science and Technology. 11 (2), 19-29.

[3] Beachy, J. A., & Blair, W. D. (2006). Abstract Algebra, 3" Edition. Waveland Press Inc.

[4] Shan, Z., Wang, E. T. H. (1999). Mutual multiplies in Z,. Mathematics Magazine, 72 (2),
143-145.

[5] Buck, W. K. (2004). Cyclic Rings. Master Thesis, Eastern Illinois University.

[6] Sajana, S., & Bharathi, D. (2019). Number theoretic properties of the commutative ring

Zn. Int. J. Res. Ind. Eng. 8 (1), 77-88.

68



Appendix

Here, we present a program in C-language for finding all the Classical pairs in Z, for various
values of n.

1 #include<stdio.h>

2
3
4
5
6
:
8

9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35

int main ()

{

int n, i, j, a, b, minMultiple, lcm, r;
printf ("enter n value:");
scanf ("%d", &n);
printf ("Classical Pairs:");
for (i=2; i<n; 1i++)
{
for (j=i+1; j<n; J++)

// maximum number between a and b is stored in minMultiple
minMultiple = (a>b) ? a : Db;
// Always true
while (1)
{
if (minMultiple%a==0 && minMultiple$b==0)
{
//1CM of the two numbers will be stored in minMultiple
lcm = minMultiple;
r = (lcm%n);
if( r == )
{
printf ("{%d, %d},",a,b);
}
break;
}
++minMultiple;
}
}
}

return 0;

}
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