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Abstract: In this article, we study the functions w(n) and Q(n), where n is an s-full number.
For example, we prove that the square-full numbers with 2(n) even are in greater proportion than
the square-full numbers with ©2(n) odd. The methods used are elementary.
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1 Introduction and preliminary notes

Let us consider the prime factorization of a positive integer n = g¢;'---¢°", where g;
(¢t =1,...,7) (r > 1) are the different primes in the prime factorization and s; (i = 1,...,7)
are the multiplicities or exponents. We need the following well-known arithmetical functions:
w(n) = r that is the number of different prime factors in the prime factorization of n,
Q(n) = s; + -+ + s, that is the total number of prime factors in the prime factorization of
n,u(n) = q - - - g- that denotes the kernel of n and w(n) = (¢ + 1) - - - (¢~ + 1). Note that w(n)
is the sum of the positive divisors of the kernel of n.

The functions w(n) and Q(n) were studied by G. H. Hardy and S. Ramanujan in 1917 [6].
They obtained the following formulas

Zw(n) = zloglogz + Mz + o(x),

n<x

21



ZQ( = zloglogx + <M+Z—1)> x +o(z),

n<z
where M is Mertens’s constant. In the same paper they define the normal order of an arithmetical
function and they prove that the normal order of w(n) and Q(n) is log log n.

Let ©,(x) be the number of positive integers n not exceeding x such that Q(n) is even and
Q;(x) the number of positive integers n not exceeding x such that (2(n) is odd. The following
asymptotic formulas are well-known

Q;(x) = %x + o(x), Qy(z) = %x + o(x).

That is, these two sets of positive integers have density 1/2.

Let w,(z) be the number of positive integers n not exceeding x such that w(n) is even and
w;(x) is the number of positive integers n not exceeding x such that w(n) is odd. Recently, R.
Jakimczuk [10] proved that also these two sets of positive integers have density 1/2. That is

wi(z) = %x + o(x), wy(x) = %:p + o(x).

A number is h-full if all the distinct primes in its prime factorization have multiplicity (or
exponent) greater than or equal to h. If h = 2 the numbers are called square-full. The square-full
numbers were studied by P. ErdGs and G. Szekeres [3] and many other authors. For example, P.
T. Bateman and E. Grosswald [1], A. Ivi¢ and P. Shiu (see [8] and [9]), S. W. Golomb [5], etc.
Also, recently, R. Jakimczuk [12] studied the kernel of A-full numbers. See also the reference [2].
An elementary proof on the distribution of /-full numbers is established here.

In this article, we study the functions 2(n) and w(n) on the h-full numbers. In particular,
on the square-full numbers. For example, between other results, we prove that the square-full
numbers n with (n) even are in greater proportion than the square-full numbers n with {2(n)
odd.

We shall need the following theorems on the distribution of square-free numbers. In this note
a square-free number will be denoted ¢ .

Theorem 1.1. Let Q1(x) be the number of square-free numbers not exceeding x, we have

Zl——x—l—o ).

1<z

Let (), (x) be the number of square-free n not exceeding x such that }(n) = w(n) is even and let
Qi(x) be the number of square-free n not exceeding x such that Q)(n) = w(n) is odd. We have

(prime number theorem)

16
Qp(z) = BPL + o(z),
16
Proof. See [7, chapter X VIII]. L]
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In this note a square-free multiple of the different and fixed primes ¢, . . . , gs, that is multiple
of the square-free q1¢ - - - g5, will be denoted gy, ...q, .

Theorem 1.2. Let Q) ..., () be the number of square-free not exceeding x multiple of the different

and fixed primes q1, qo, . .., qs , we have

Q@ = 3 1= S T[——a+ola).

<z el 1

dq1q2---as

Proof. See [11]. O]

Let (M P),,...q.(x) be the number of square-free n not exceeding x multiple of ¢; - - - g5 such
that 2(n) = w(n) is even. On the other hand, let (A I),,..,. () be the number of square-free
n not exceeding = multiple of ¢; - - - g5 such that (n) = w(n) is odd. We have the following
theorem.

Theorem 1.3. The following asymptotic formulas hold.

16 v+ 1
2m? 1 qi+ 1

(Mp)th qe( ) = z + o(x),

s

16 1
MI)g,... = —-— .
( )q1 ds (x) 92 7T2 E ¢ + ]"CIj + 0(.1')

Proof. See [10]. [l

Theorem 1.4. If a > 0 the following two series of positive terms are convergent

= 1 — 1
Z w(n)n®’ Z u(n)n

n=1 n=1

and besides the following two equations hold

i w(i)na -1l (1 T+ 1)(1p°“ - 1)) ’

n=1 p

o0

> e (45 7).

n=1

where the notation [ | means that the product runs over all positive primes p.
p

Proof. We have

>

n=

-l

S

1 1
H( T +<p+1><pa>2+<p+1><zoa>3+”'>
1 1
1+ p+1p <1—i)>:H<H(p+1)(pa—1)'

—_
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Now, the product

11 (” e 1>)

p

converges to a positive number, since the series of positive terms

1
2 Gr )

clearly converges. The theorem is proved. [

2 Main results

Let h > 2 be an arbitrary but fixed positive integer. A number is h-full if all the distinct primes
in its prime factorization have multiplicity (or exponent) greater than or equal to i. That is, the
number ¢;' -+ - ¢ is h-full if s; > h (i = 1,...,7) (r > 1). We shall denote a general h-full
number ny,. If h = 2, the numbers are called square-full. The h-kernel of the h-full number n;, we

—. Note that the h-remainder

define in the form (u(ny))" and the h-remainder in the form sy

is 1 if and only if the h-full number is of the form (g¢; - - - ¢,)".
Let Aj(x) be the number of h-full numbers not exceeding .

Theorem 2.1. Let h > 2 be an arbitrary but fixed positive integer. The following asymptotic
formula holds

Ap(x) = Z 1= %C’o,hx}i +o0 <l‘%> , (1)

np<x

where

p+1)(pr —1)

Co’h:ZwLmnii:H <1+( = . ) (w(1) = 1). 2)

Proof. Let us consider the prime factorization of a positive integer a > 2

S1 .52

a=q'q" g
where ¢, ¢o, . . . , q; are the different primes in the prime factorization of a. We put
a=qq-q

and
d"=(@+1)(e+1)- (¢ +1).

Ifa=1,thenweputa =d” =1.
Therefore, we have (see Theorem 1.1 and Theorem 1.2)

6 1
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Let us consider the set H of all ~A-full numbers n;, not exceeding x. Now, let us consider the
set T, of all h-full numbers n; not exceeding x with the same h-remainder a, that is,
To = {nn :np < z,v,(ny) = a}. Note that if a; # as we have T,, N T,,, = ¢, that is, the sets
T,, and T, are disjoint. Suppose that A, (depending on x) is the greatest h-remainder among the

Az
Ur.=x
a=1

Therefore, the sets 7;, are partitions of the set /. Note that some 7}, can be empty.
The set of the h-kernel of the numbers in the set 7}, will be denoted by S,,. Hence,

numbers in the set H. Then

(1/h)
I BV S A G Y S
Su={d i<} = {qa, o < a(l/h)}. @)
The series ) -, %% converges (see Theorem 1.4). Hence
ah
11
> —— =Con (5)
a=1 a’an
We choose B such that (see Theorem 1.4)
=11
— T <€ (6)
a=B+1 aan
and
2 > 1
T — < 7
a=By1 A"
Therefore, we have (see (3), (4), (5) and (6))
A(z) B
we= ¥ =3 ¥ o
a=1 2(1/h) a=1 L(1/h)
o <21 7m) 9’ S (177
) 5 (16t
L 1
C 3| |- el
a=B+1 L(1/h) am1 \@ T an
'S (A7)
Alz) B
6 11
F 3 | x-S () o)
a=B+1 2(1/h) a1 & ar
'S (T7R)
6 6 11
P3| X |- St et (3 5L
a=B+1 2(1/h) T a=p1 & ar
Qa! = (T7R)
6 . A(z)
+ o) et + >, (8)
a=B+1 +(1/h)
qa/_m
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Equation (8) can be written in the form

Ah(ﬂf) =1
6 _Covh:_<z "’

1
th a=B+1

<
|

> +o(1)

Az
ZaiB)H <an,<m<1/h> 1)

+ e — ©)
Tz
We have (see (8) and (7))
A(z) Az)
IS SN ID SIN1 D Sl D SR
a=B+1 <21/h) a=B+1 < _2(1/D)
Qo = (7R D=0 7R
A(z) A=) 2(/h)
531 ID SN ED Sy
a=B+1 n< z(1/h) a=B+1
=L a7m
A(z) 2 00
1 1 6 17 1
= xh < —gh—
a—;i-l CL/CL% 7T2 6 a—%—l a,a%
6 1
< ot (10)
s

We choose x, such that if z > ¢ then |o(1)| < € in equation (9). Equations (9), (6) and (10) give

Ah($>

6
P

- CO,h S 3€.

=

Therefore, since € is arbitrarily small, we have

That is (1). The theorem is proved. O

Remark 2.2. If h = 2 then it is well-known that the constant can be written in terms of the
Riemann zeta function ((s), that is, the value of the constant is gé%?) This can be obtained from

our formulas (16) and (17), since

=11 ((“5) (” <p+1><;1/2—1>))

p

1
1 p1/2+1) ( 1) (—1_ L
:Il 1——+ :” 14+ — :” e et
2 2 3/2 1
p( p p . p L\ o

¢(3/2)
¢(3)

= 2.1732543125...
See [4, page 112].
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Let w, ;(x) be the number of h-full numbers 7, not exceeding x such that w(ny,) is even and
let w; ,(z) be the number of h-full numbers 7, not exceeding x such that w(ny,) is odd. We have
the following theorem.

Theorem 2.3. The following asymptotic formulas hold.

16

wyp(z) = 5;00,1155% + 0 (x%> , (11)
16 1

wi7h(x) = 5;00,;1:5? + o0 (.’13%) . (12)

Proof. The proof of (11) is the same as the proof of Theorem 2.1. Equation (3) is replaced by
(Theorem 1.1 and Theorem 1.3)

161
g l=—-——x+o(x).
2
byt 21 a”

w(g,)=0 (mod 2)

If a = 1 we put ' = a” = 1. The proof of (12) is by difference using (11) and Theorem 2.1 or
using the equation

161
2. l=gagete)
g, <
w(gyr)=1 (mod 2)

The theorem is proved. U

Let €, () be the number of h-full numbers n, not exceeding x such that Q(n;,) = r (mod h)
(r=20,...,h—1). We have the following theorem.

Theorem 2.4. The following asymptotic formulas hold.
6 1 1
Qpr(z) = = Coppt —i—o(xh) (r=0,...,h—1),
T

where the constants Cy j, . are given by the series

1
C’O,h,r = Z w—n)

Q(n)=r (mod h)

3
==

and

h—1
E CO,h,r = CO,h-
r=0

Proof. Since the total number of prime factors in the h-kernel is multiple of h, the proof is the
same as the proof of Theorem 2.1, where we consider only the h-remainder a such that Q(a) = r
(mod h). Ifa=1weputa =a” =1and Q(a) = Q(1) = 0, therefore (1) = 0 (mod h). The
theorem is proved. [
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Let €2, () be the number of h-full numbers 7, not exceeding x such that 2(n;,) is even and
let €2; (=) be the number of h-full numbers n;, not exceeding x such that {2(nj,) is odd. We have
the following theorem.

Theorem 2.5. If h is even, then

=

).
)

6 1
ijh($) = PDh70$ﬁ +o0 ([L’

=

6
Qin(x) = ﬁDh’lx% +o0 <x

where the constants are given by the series

1 1 1
Dig = =1y —
D D e

and
Dy o+ Dpy = Cop.

If h is odd, then

16 1 1
Qp’h(l') = §PC07}1.TE +o (L"Cﬁ) R (13)

Qin(z) = %%wa}l +o0 (x%> :
Proof. If I is even, then the total number of prime factors in the h-kernel is even, therefore, the
proof is the same as the proof of Theorem 2.4. If h is odd, in the proof of equation (13) we
consider two cases.
Case 1. w(¢e) = 0(mod 2) and ©2(a) = 0(mod 2).
Case 2. w(qy) = 1(mod 2) and Q(a) = 1
Hence, the theorem is proved. [

If h = 2 (square-full numbers), we shall prove in the next theorem that Dy > D, and
consequently the proportion of square-full numbers not exceeding = with a total even number of
prime factors is greater than the proportion of square-full numbers not exceeding x with a total
odd number of prime factors.

Theorem 2.6. The following inequality holds.
D270 > D271. (14)
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Proof. We have

=1 1 1 1 1 T
Zw—mﬁzg(l+(p+1)p+(p+1)p2+m):1;[<1—%):E' (1>

Note that by Remark 2.2 we have

6 6 6
—Dao+ Doy = —Co2 = 2.1732543125... (16)
T T s
Now (see (16))
6 6 =1 1
—D > —
s (Z w(abr?) ¢—b)
6 w— 1 1 1 1
(BT e 2 =
2
<7r =R ( @iz (@ T DE D) Vab
16
> ——COQ = 1.086627...
272
since by (15) we have
6 v 1 1
— ———=1.
2 Z w(n)n
n=1
Therefore (14) holds. The theorem is proved. L]

3 Conclusion

In this article we have studied the distribution of h-full numbers by use of an elementary method.
By use of the same elementary method we have proved theorems on the functions w(n) and Q(n)
defined on the sequence of A-full numbers. In particular, if ~ = 2 then we have obtained that the
square-full numbers with {)(n) even are in greater proportion than the square-full numbers with
Q(n) odd.
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