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Abstract: A polynomial sequence is a sequence of n positive integers which represents the
values of an integer polynomial at the first n positive integers. We extend this notion to dif-
ferential and difference polynomial sequences which are defined analogously by incorporating
not only the polynomial values but also the values of its derivatives and/or differences at integer
points. Characterizations and their algebraic structures are determined.
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1 Introduction

Throughout the entire paper, n is a fixed positive integer. By a polynomial sequence (of length
n), we mean a sequence a := (ay,as, ....,a,) € Z" for which there exists f(z) € Z[x] such
that f(i) = a; (1 = 1,2,...,n), and f(x) is referred to as a polynomial which generates
the sequence a. Denote by P, the set of all polynomial sequences. Cornelius and Schultz in [1]
characterized P, using Lagrange and (implicitly) Newton interpolation polynomials and
determined the structure of Z"/P,. In [4], the results of Cornelius—Schultz have been
generalized from Z to an integral domain D.
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Our first objective here is to extend these results further to differential polynomial sequences,
the concept that we now describe. Let [ = (iy,iy,...,7,) € D™ with i3 # 4, for s # t, let
r; € Ng:=NU{0} (j=1,...,n),and let

A:( 0) (1) (r1) (0) (1) (r2) a® a7(11)

T 1+ +rntn
Ay ,a) .0y Ay Gy e Oy ,aé"))ED n

If there exists f(x) € D[z] \ {0} such that
f(m)(lj):a‘gm) (m:()?]‘?"'?,rj;j:1727"'7n)7 (1)

then A is referred to as a D-pol seq (differential polynomial sequence) of order R = (r1,...,7,)
with respect to /, and denote the set of all differential polynomial sequences by p(R, I). It is easy
to check that the set p(R, I) is an abelian group under addition, and for ¢ € D if A € p(R, ),
then ¢ - A € p(R, I), which shows that p(R, I) is a D-module.

Our second objective is to introduce and investigate the concept of difference polynomial
sequences. Let [ = (1,2,...,n) € Z™. For a polynomial f(x), define its differences, [2, Section
2.7], by

(Af) (@) = (Al f)(@) = fz +1) = f(2)
(A"f)(@) = (A" f)lz+1) = (A" f)x)  (n>2).

Fork € {1,2,...,n— 1}, let

Zlx), = {f(z) € Z[x] : degf < n}
A*Z[z], = {g(x) € Z[z],_ : there exists f(z) € Z[x], such that (A" f)(x) = g(x)}
AFP, = {b:= (b1,...,b,_t) € Z" " : there is f(z) € Z[z] satisfying (A" f)(i

N—
I
&

The set A¥P, is referred to as a A*-pol seq (k' difference polynomial sequence). The last part
of this work is to derive characterizations and related direct sum decompositions of the set A*P,.

2 Differential polynomial sequences

Recall, [5, Theorem 1], that there is a unique polynomial
H(z):= Ha(z) € Dg[z] (D¢ the quotient field of D)
of degree less than n + Z?Zl r; satisfying the same relations as in (1), viz.,

HO () =0 (0 <m <1< <n).

This polynomial, referred to as a generalized Hermite interpolation polynomial, has the following
explicit form

H(@) =Y Ajmlz) al™, )

7j=1 m=0
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i m T'J—m].
Ap) = L) TS L 00 @y
t=0 3
@) = (2= )" 1o = )™ (1 iy ) = o i)

9;(x) = 1/L;().
We start with a characterization of p(R, I).

Theorem 2.1. Keeping the above notation, the sequence

A= (ag),agl),.. a&rl) aéo),agl),...,aém),...7an0),a£z1),...,ag"))

is a D-pol seq (of order R with respect to 1) if and only if its generalized Hermite interpolation
polynomial H(x), as in (2), is in D[x].

Proof. If A € p(R, 1), then there exists f(z) € D[z| such that (1) holds. Let
p(x) = (z —ir)" T (x —ip)"* " - (w — i)™ € D[z], degp(z) =n + Z .

Since p() is monic, by the division algorithm, f(z) = ¢(x)p(z) 4+ r(z), where ¢, € D[z] with
r=0ordegr <n+ Z;‘:l r;. Taking derivatives, we get

- Z (Z)p(m)(ﬁf)q(k—m)(x) + ") (z) (1<k<r).

m=0

It is easy to check that p(™(i;) = 0 forall 1 < j < n, 0 < m < r;. Evaluating at these points,
we see that 7™ (i;) = M (i;) = (m). The uniqueness of the generalized Hermite interpolation
polynomial, H (x), shows then that H (x) =r(x) € Dlx].

Conversely, if the Hermite interpolation polynomial, H (z), is in D[z], it is indeed a polyno-
mial generating the sequence A. [

We proceed next to derive another characterization based on divided differences and Newton
polynomials. Given a set of n + » ", r; points (i, agm)) eD? (1<j<mn, 0<m<r;) with
distinct z;. Recall, [5, p. 44], that the divided difference corresponding to these points is defined
by

D1y ey 21025000502, 0 05 lny oy Uy _sz'(r]_m)'gj (Z])aj )

ri+1 ro+1 rn+1 Jj=1 m=0

where the functions g;’s are as defined in (3). Apart from the explicit shape in (2) (Hermite form),
the unique interpolation polynomial corresponding to these points has another representation,
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known as its Newton form,

N(z) = [i] + [t ix]pa(z) + -+ + [ir, .., iy, do]p] T (@)

r1+1
11, Z1722722 p2 e ilw"vilaiQ?" 22,23]p£2+1($)+"'
L_ R L_ PR RNa
ri+1 ri+1 ro+1
217 7117227"'7 72n77znp:1n($)
ri+1 T2+l rn+1
n
= Z Z ij, Ce ,ij] pg(f]f) + il, Ce ,il, e ,ij, e ,ij,’ij+1] prj+1(l')
o R,—/ — N—— N—_——
ri+1 q+1 ri+1 ri+1
4)
where
-1
i) = (H(z—m““) G- (Q<j<ml<q<r+l. O
h=1

The elements po(7) := 1, pi(z) are referred to as the Newton basis polynomials.
By the uniqueness of the interpolation polynomial and Theorem 2.1, we deduce that A is a
D-pol seq if and only if N(z) = H(z) € D]x]. Equating coefficients, we have:

Theorem 2.2. Keeping the above notation, the sequence A is a D-pol seq (of order R with respect
to 1) if and only if all the divided differences

2N O 270 2 PN [ TTURR A0 AYUNRR A A IR | ESUUE TR ORI

ry+1 ry1+1 ro+1 r1+1 ™ + 1

are elements of D.
We collect now several special cases, whose straightforward verifications are omitted.
Corollary 2.2.1. Let A = (a,aV,...,a®™) € D**' and c € D. Then

L. there exists T(z) = by+bi(z—c)+- - -+by(z—c)k € D[z], where b; = a9 /j! € Dg (j =
0,1,2,...,k), such that TY(c) = a; for all j.

1. AisaD-polseq<=b; € Dforall j <= j!|a"¥) forallj.

IIl. K'A is a D-pol seq; moreover, k! is the least positive integer for which this is true for such
sequence of length k + 1.

3 Difference polynomial sequences

Throughout this section, we fix the sequence I = (1,2,...,n) and take D = Z. Clearly, A*Z|z],
is a subset of Z[z],,_; it is indeed a proper subset as seen from the example f(x) = 3z+1 € Z[z]y
which is not an element of AZ[x]3 because A(ax? + bxr + ¢) = 2ax + a + b # 3z + 1 when
a,b,c € Z. However, it is easy to check that both A*Z[z],, and A¥P, are abelian groups under
addition. In fact, they are isomorphic as we now show using the same technique as in [1].
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Theorem 3.1. For 1 < k < n, the group (A*Z|z],, +) is isomorphic to (A*P,, +).

Proof. Since for each g(x) € A*Z[z],,, there is a polynomial f(z) € Z[x], such that (A*f)(z) =
g(z), define a map v : A*Z[z],, — A¥P, by

v(g)(=v(AYf)) = (ARF(1), A" f(2),..., A f (n — k).

It is easy to see that v is an additive homomorphism. To show that v is an isomorphism, it remains
to show that v is bijective. Let ¢ = (c1, ¢, ..., ¢, k) € AFP,. Then there exists f.(z) € Z[z]
such that

(AFf)(i)=¢  (1<i<n—k).

Recall from (5) that the Newton basis polynomials of order R = (0,...,0) corresponding to
I=(1,2,...,n)are

po(z) =1, pu(z) = (z—1)(x —2) -+ (z —n) € Zlx]h1 (n € N). (6)

Since each p,(z) is monic, by the division algorithm,
fe(x) = q(x)pn(x) +7(2),
where ¢,r € Z[z] withdegr <n —lorr =0.Letmy(z) = zq(x + 1) — (x — n)q(x) € Z[x],
m;(z) =axm;_1(x+1) — (x —n+j—1)m;_1(z) (2<j<k).

Then
(A*fo)(x) = (A" qpa) (@) + (A*r)(2) = pui(@)mu(z) + (A%r)(z),
with deg(A*r) < n—k—1, or A¥r = 0. Evaluating ati € {1,...,n— k}, we see that (AFr)(z)
generates the sequence c, which shows that v is surjective.
To show that v is injective, let g1, go € A*Z[x], with gy = A*f1, go = A*fy (f1, fo € Z[z],)
be such that

(AR A1), ., AP filn = k) = v(g1(2)) = v(g2(@)) = (A" fa(1),..., A" fo(n — k),

and so AFf1(i) = A¥f,(i) (1 < i < n—k). Since both deg A* f; and deg A¥ f, are < n — k, and
the two polynomials agree at n — k distinct points, they must be identical, i.e., v is injective. [

Our next result gives a necessary and sufficient condition for a sequence ¢ € Z"* to be an
element in A*P,.

Theorem 3.2. Letc = (c1,¢a,. .., Cn_1) € Z" % whose Newton interpolation polynomial (4) of
order R = (0,...,0)is
n—k—1
Ne(z) = Z dipi(x) € Q[z]. (7N

7=

Then ¢ € AXP, if and only if each d; is an integer divisible by
(G+k)Nil=>G+1)(E+2)---(i+k) (0<i<n—k-—1).
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Proof. If ¢ = (c1,¢0,...,¢n) € Z"* N AFP,, then from the definition and the proof of
Theorem 3.1 there is f(z) € Z[x], satisfying

(A*f)i)=c  (1<i<n—1),

i.e., (A¥f)(x) generates c. The two polynomials N.(x) and (Af)(z) being of degree < n — k
and agreeing on n — k points, must be identical. Let the polynomial f(x) be written with respect
to Newton basis polynomials as

n—1
= Z bipi(x)
=0

and so all coefficients b; € Z. Using Afp;(z) = i(i —1)--- (i — k + 1)pi_x(x), we get

n—k—1 n—k—1
0

Z zpz - ()— Z 7/+1 Z+2 (Z—l—k’)bﬁkpl(a:)

1= =0

Equating coefficients, we get
di =G+ 1)@ +2) (4 k)biyk 0<i<n—k-1), ()

which shows thatall d; € Z and (i + 1)(i +2)--- (i + k) | d;.

Conversely, if each coefficient d; in the Newton interpolation polynomial N.(x) in (7) is
an integer divisible by (i + 1)(i + 2)--- (i + k), i.e., the relation (8) holds, then retreating the
above steps, we see that the integers by, . . ., b,_; are uniquely determined from the d;’s, while the

integers by, . . . , b, can be given arbitrarily. The sequence c is thus generated by (A* f)(x) with
f(z) = 321 bips(x), showing that ¢ € A* P, O

Remarks. In the last part of the proof of Theorem 3.2, the fact that the integer coefficients
bo, - . ., b_1 can be chosen arbitrarily is a consequence of the fact that the operator A* annihilates
all polynomials of degree < k — 1. Should these integers be required to be uniquely determined,
one possible condition to be imposed is that c € AP, forall j = 1,... k.

The algebraic structures of related quotient groups will be explicitly determined next.
Theorem 3.3. For positive integersn > 2and 1 < k < n — 1, we have

L 27k IARP, 2 RS L) (k+ D) 2B L) (k+2) 2B L) (k+3)Z& - B Z/(n—1)Z.

I P, /APP, 27/87 & 2/%P'7 & 2/%27 & - & 2/ 5L,

Proof. 1. Since the Newton polynomials p;(z) (i = 0,1,...,n — 1) as in (6), form a basis for
the Z-module Z[z|,,, and for j > k since
j!

Afpi(x) =G — 1) (= k+ Dpj_i(z) = mpjfk(m),

the polynomials

k! (k+1)!

apﬂ(x)a




are elements of A*Z[z],. In fact, it is easy to check that these elements form a Z-basis for
the Z-module A*Z[z],,. The map v : A*Z[z], — AFP,, as defined in Theorem 3.1, being an
isomorphism shows then that the elements

v((sj—!k)!ps_k(m)) (s=kk+1,...,n—1)

form a Z-basis for A¥P,. Let C' = (¢; ;)1<i j<n—k be an (n — k) x (n — k) lower triangular matrix
with

[k+j=D(k+j=2) ) {li-D—2)(i—j+ 1} #2<j<i<n—k
cij= k! ifj=1

0 if1<i<j<n-—k

— (k+j— 1) (;:11)

Clearly, the elements

ol g =02 ) =0 (T L) =12

represent the jth column of C. Next, let A = (a;;)1<ij<n—k be an (n — k) x (n — k) lower
triangular matrix with

(D) if2<j<i<n—k

1i1 if j =1 <i_1)
ai,j: 1]: = .
j—1

0 ifl1<i<j<n-—k,

and denote the jth column of Abye(j — 1) (j € {1,2,...,n — k}). Since A is unimodular,
i.e., det A = 1, we see that the elements e(j — 1) (j = 1,2,...,n — k) form a Z-basis for Z"~*.
Let D be the (n — k) x (n — k) diagonal matrix whose ;" diagonal entry is (k + j — 1)!, where
j=1,2,...,n— k. Itis easily checked that C' = AD, which in turn shows that

o((k+j =Dk +j—=2)-jpia(@) = (k+j—Dle(G=1)  (G=12....n—k),

andso {(k+j—1)e(j—1):j=1,2,...,n— k} forms a Z-basis for A*P,. Consequently, by
[3, Chapters 6, 8]

i (0) () (e2) &5 (tn— 1)
k:‘(e 0)) ® (k+ 1)1 e(1)) @ (k+ 2)!{e(2 >@ ® (n—1){e(n—k—1))
CO) ) @) (en—k-1)

B kN e(0)) — (k+1)e(1)) ~ (k+2)e(2) >@. (n— 1) e(n —k—1))
=Z/KZ2eZ/(k+1)Z2ZdZ)/(k+2)ZdZ/(k+3)Z&---DZ/(n—1)Z.

II. As seen above, the set {(j — 1)le(j — 1) | j = 1,...,n — k} forms a Z-basis for P,_j, and
from part I, the set {(k +j — 1)le(j — 1) |  =1,2,...,n — k} is a Z-basis for A*P,. Thus, by
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[3, Chapters 6, 8] we have

Por 01{e(0)) ® 1e(1)) ®2{e(2))® - ® (n— k — 1)!<e(n —k—1))

ARP, Ek{e(0)) @ (k+ 1)!{e(1)) & (k +2) < N @@ (n— 1 e(n—k—1))
_ (e0)) {e()) (e(2)) {e(n —2))
_k"<e >@ k+1)e(1) >@ -/{:—F2<e(2>69 @(n—k)---(n—1)<e(n—2)>
NZ/ Z@Z/ k“)zeaz/(k‘;)ze; @Z/ﬁiﬂl)!z. m

Acknowledgements

V. Kim acknowledges the support through the Royal scholarship under Her Royal Highness
Princess Maha Chakri Sirindhorn Education Project to the Kingdom of Cambodia.

S. Prugsapitak wishes to thank the Algebra and Applications Research Unit, Department of
Mathematics and Statistics, Faculty of Science, Prince of Songkla University.

References

[1] Cornelius Jr., E. F., & Schultz, P. (2008). Sequences generated by polynomials, Amer. Math.
Monthly, 115 (2), 154-158.

[2] Davis, P. J. (1975). Interpolation and Approximation, Dover, New York.

[3] Hartley, B., & Hawkes, T. O. (1974). Rings, Modules and Linear Algebra, Chapman and
Hall, London.

[4] Kim, V., Laohakosol, V. & Prugsapitak, S. (2019). Sequences generated by polynomials
over integral domains, Walailak J. Sci. Tech., 16 (9), 625-633.

[5] Spitzbart, A. (1960). A generalization of Hermite’s interpolation formula, Amer. Math.
Monthly, 67 (1), 42-46.

65



