Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275

Vol. 25, 2019, No. 4, 30-43

DOI: 10.7546/nntdm.2019.25.4.30-43

Some studies on Eisenstein series
and their applications

H. C. Vidya and B. R. Srivatsa Kumar *

Department of Mathematics, Manipal Institute of Technology
Manipal Academy of Higher Education, Manipal-576 104, India
e-mails: vidyaashwath@gmail.com, sri_vatsabr@yahoo.com

* Corresponding author

Received: 21 September 2018 Revised: 12 September 2019 Accepted: 7 October 2019

Abstract: In the present paper, we discuss some results on Eisenstein series of level 4 and 8.
Also, as an application of this, we construct certain differential equations, incomplete integrals
and deduce approximation to 3/7 and convolution sums.

Keywords: Theta functions, Eisenstein series, Convolution sums.

2010 Mathematics Subject Classification: 11M36, 14K25.

1 Introduction

For ¢ = exp(2mit), the Dedekind n-function 7(7) is defined for Im(7) > 0 by

[e.9]

n(r) =g J1—q"), (D

n=1

where here and throughout this paper, we assume |g| < 1. As customary, we define

n—1 00
(a;q)o =1, (a;q)n = H(l —aq") and (a;q9)00 == H(l —aq").
k=0 n=0
For |ab| < 1, Ramanujan’s general theta-function and the Jacobi’s triple product identity [9, p.35]
is given by
f(a,b) := Z aM D202 — (s b)) oo (—b; ab) oo (ab; ab) s

30



The three most important special cases of f(a, b) [9, p.36] are

oo

— _ n? (L o2\2 (20 2y _ M
p(q) = fla.q) = n;wq = (—4¢) (07 0) ——— )
- n(n+1)/ q q )
v(q) == Zq =GP 3)
F(=q) == f(=¢,—q") = D (=1)"¢"®*" D = (g;¢)o :== ¢ **n(7). )

Also after Ramanujan, define
X(@) = (=4 ¢")oc

The Bailey’s 4106 summation formula [1] is defined as

i (qa}/Q,—qcﬁ/2 bi,c,d,e;q)n(qa’/bycde)”
n=—o0 (ai/Q _a1 alQ/blaal(J/c a1q/d,a1q/e; q)y
_ (GIQaQIQ/blca G1Q/b1d, alQ/b1€7QIQ/Cd7 alQ/C€7QIQ/d€7Q)Q/a1;Q)oo

(a1q/br, a1q/c, arq/d,arq/e,q/b1,q/c,q/d, q/e,qai/bicde;d)os

where (a1, a2, ..., tn; @)oo = (15 9)00 (025 @) oo---(An; @)oo Setting a; = ab,by =a=c,d=b=¢e

in the summation formula and then replacing g by ¢*, we obtain

C ag'" bg'" ¢ f(—ab,—q*/ab) f(=b/a, —aq*/b)
> i |=a ~

1—ag™)? (1 bg™)? Y f(—a, —q"/a) f2A(—b, —q" /b)

®)

n=—oo

The Ramanujan type Eisenstein’s series are defined as

—1—242 _1—24§:al(m)qm,
m=1

1—q

Q(q) =

3, m 0
q

=1 - 240 oz(m
— mZ:l 3

and

o0 5 m o0
R(g):==1-504) 1m_qqm = 1504 o5(m
m=1 m=1

If [ is any positive integer, then P, be defined by
P = P(q).

Ramanujan, in his lost notebook [22], recorded some of the identities involving incomplete
elliptic integrals and integrals of theta functions. The function f is the Dedekind n-function
as defined in (1). If

af*(=a) f*(=¢")

=) (=)’

v(g) =
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then

1 2tan~1(1/v/5)
| reoreereeeea =
5 Jatan—t1 e ﬂj}}“vv \/1— sin? gp

We have never seen the identities of the above type. Furthermore, S. Raghavan and S. S.

Rangachari [20] have proved all these types of integral identities recorded by Ramanujan by
employing the modular forms. For example, for four identities including the above, Raghavan
and Rangachari appealed to differential equations satisfied by certain coefficients of n-functions
which can be found in [15]. In an effort to find Ramanujan methods and to better understand the
origin of these identities, Berndt et. al. [10] have devised the proofs independent of the theory
of modular forms. Particularly they have relied on the results found in his notebooks [23] and
lost notebook [22]. To prove these integrals Berndt et. al. [10] have used identities for the
Eisenstein series. These relations and several n-function identities are found in Ramanujan’s
second notebook and also from the unorganized pages of his lost note book. Using the represen-
tations of Eisenstein series, N. D. Baruah and B. C. Berndt [8] deduced several Ramanujan-type
series for 1/m. Also in [13], S. Cooper and S. Cooper and D. Ye [14] deduced some interesting
series for 1 /.

In this paper, we derive some relations between Eisenstein series. Using Eisenstein series
relations we construct certain differential equations. Also, using the above differential equations,
we deduce certain incomplete elliptic integrals. The relations between Eisenstein series are
also used to obtain an approximation to 3/7. Further, as an application, we evaluate certain
convolution sums for the derived identities involving Eisenstein series. Section 2 is dedicated to
record some preliminary results.

2 Preliminary results

For convenience, we denote f(—qg") by f,, for a positive integer n. It is easy to see that

IR iy _f _ 3 _g = I
90( Q) - f2’ ¢(Q)_ fl’ 90<Q)_ f12 Zv ¢( Q)_ f2 )
W= B o=t e = ©
Afy fa Jifa

Now, we define some formula for ¢, 1 at different arguments in terms of «, ¢ and
= 2F1( i 1 a) recorded by Ramanujan [9, pp.122—124].

elq) = Vz, (7

p(—q) = Vz(l—a)'/*, (8)

e(—¢*) = Vz(l-—a)'f, 9)

) = \/§(1+\/1—a)1/2, (10)

o(q°
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W) = 4/ (ag™)"", (11)

2
v(=q) = /5 (@ —a)g)"" (12)
Lemma 2.1. We have
p(—a)ele) = ¢*(=¢%), (13)
pla)v(@®) = ¥(a), (14)
() +¢*(—a) = 2¢°(d"). (15)
Proof. The identities (13)—(15) are due to Ramanujan [21] and for a proof see [9]. [l
Lemma 2.2. We have
1 —x, =21 and Zi/m = Vnz,, (16)
P(e” 2™V = (1 — 2z,,) i(?)k: + 1) AXE (17)
k=0
P(e™™V?) 4 P(e™V?") = 6% (18)
where X, = 4z,(1 — x,) and A}, = %, k>0.
Proof. For a proof one can see [7, 8]. L]
Lemma 2.3. We have the following identities:
Py — 2P, = ¢'(—q) — 2¢"(q), (19)

P, — 4P, = —3¢*(q), (20)
Py — 2P, = 8q¥*(¢*) — ¢ (q). (21)

Proof. For a proof of (19) and (20) one can see [25]. Proof of (21) follows directly by eliminating
P, between (19) and (20). [l

3 Relations between the Eisenstein series P(¢) and P(q")

Theorem 3.1. We have

. 902<q2) 2/ 2\ 2 2 2\, /.2
P3P+ 2P = 6,575 [ (¢*)0*(=q) — * (=" )V ()] -
Proof. Setting a = q and b = —1 in (5), we obtain
- gt " 1 6 fla,d*)f(1/g,d°)
2 {(1 —gm e i) TR ) L)

n=—oo
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which is equivalent to

! S S 2 G’ ) L C)
Z 2n+1 nz_:oo (1 +q4n)2 - 4w2(_q) . (22)

n:0

Setting a = ¢? and b = —1 in (5), we find that

i {( gt q*" }: 26 1@ @) f(1/d% ¢°)

L—qn 22 (14 ¢ L= =) (L gt

n=—oo

Using the multiplicative identity [12, Entry 25, p. 40], p*(—¢*) = ©*(¢*)¢*(—¢?) and after
simplification, we obtain

4n+2 > 4n (’04 (q2)

Using (23) in (22) and the above multiplicative identity, we obtain

i 2n+1 i 4n+2 _ g04(_(]2>¢2(q) B g04((12)
1 _ q2n+1 1 _ q4n+2 41/12(—(]) 4 :

n= 0

Expanding each of these summands into a well known geometric series, then interchanging the
order of the summation, adding the inner geometric series and upon using the definition of F,,
we complete the proof. O]

Theorem 3.2. We have

P*(—q) l 4 2 ©*(—q*)
P, — 6P, +8F =12 —
) 2+ 8P = 2(q) Vi (=q") + 1
Proof. Seta = —¢* and b = —q in (5), we obtain
i { gt g } _ a6 -0 f(-1/g, —d°)
(1+ghn )2 (14 gin+2)2 Y@ ) e @)

n=—oo

which is equivalent to

> 4n+1 > 2n+2 oo 4n+2 qw(_qg)wg(_q)
Z W Z 2n+2 Z 1_|_q4n+2 = ¢2(Q) . (24)

n=—o0o 0 0

On setting a = —1 and b = —¢q in (5), we see that

i { ¢t g } T Gl T
= (gt (T g2 ] (LY fg,¢%)
which is equivalent to
f: g+ i A o L G VR
(1 + q4n+1 1 + q4n 4,¢}2(q) 4’

n=—oo =1



Using (24) in the above and on simplification, we deduce that

e 4dn 0 2n wQ(

q q Q) [ 4 o' (—q") 1
4;;(1+q4”)2_2;(1+q2") 2(q) {¢( R }_71'

We expand summands into geometric series, and then interchange the order of summation, adding

the inner geometric series and finally using the definition of P,,, we obtain the result. ]
Theorem 3.3. We have

Y (—q)
¥*(q)

Proof. Replacing ¢ by ¢'/" in (5) and then setting @ = —1 and b = ¢, we find that

904<4_q4) + 2804(Q) + 1(104(_q)‘| .

P, — 8P = —12 @t (—¢*) +
P, — 4P, = —3¢%(q).

Using this in Theorem 3.2, we obtain

)
¥*(q)

Using (19) in (25), we complete the proof. ]

40 4
3P, — 2P, — 16Ps = —24 W (—¢?) + % —95%(q). (25)

4 Construction of differential equations

Theorem 4.1. If
_ q1/8 f(_q4)
f(=a)
then

vdq 8

gdv _ ¢*(q)

Proof. By the definition of theta function, we note that

_ 1/8f(_q4) _ 1/8(614;@4)00
T TE) T @

Logarithmically differentiating v, we deduce that
4n 1

ldv 1 =, 4ng
;d—q—‘zl_q T

n= n:l

By the definition of Eisenstein series, we have

1 dv 1
= 4P, — Py .
v dq 24q S

Using (20) in the above and then rearranging the terms, we arrive at the desired result. [
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Theorem 4.2. If

v 7/24f(_ )
T
then p 102 4 4 1 7
v 3 [0 - e

Proof. Logarithmically differentiating v, we find that
1dv 8ng"
S

1
P, — 8P,
24q[ ! 5.

1—q"

Using Theorem 3.3 in the above, we complete the proof.

Theorem 4.3. If
— 1/24f(_(12)
U )
then
gdv _¢'(9)  ¢'(=9q)

v dq 12 24

Proof. By logarithmic differentiation of v, we deduce that
1dv = 2ng*"
S
Using the definition of Eisenstein series, we obtain

Qd/U_QPQ—Pl
vdg 24

L—q

Using (19) in the above, we get the required result.

Theorem 4.4. If
_ q—5/24 f(_Q)f(—q4)

v F(=)f(=?)’
then
10— D e+ 258 - Lot - 30 - Savtad

Proof. By logarithmic differentiation of v, we deduce

1dv 1 = ng" > 2nq 4nq = 8nq
e

By using the definition of Eisenstein series, we have

ldv 1 1
vdg 24

P, — 2P, + 4P, — 8F%).
Using Theorem 3.2 and (21), we obtain the result.

36



Theorem 4.5. If
(=9 f(=q")

V= ,

f3(=a?)

then

qgdv @) [ o) 2\ 2 2(_o2)o)2
a4~ T [*(@*)V*(—q) — P* (=) (q)] -

Proof. By logarithmic differentiation of v and simplification, we find that
ldv Z 3 i 2ng®r 1 i dng*™
vdg qnzll—ff” q = 1—q

Now by the definition of Eisenstein series, we have

1—q

qdv 1

P, —3P, 4+ 2P
vdq 12(1 2+ 25).

Finally, using Theorem 3.1 in the above, we readily arrive at the required result.

Theorem 4.6. If

q1/4f(—q2)f2(—q8)
fl=qt)

vy + £

then
qdv _ Y*(—q)
vdg — 29?(q)

Proof. Logarithmically differentiating v, we deduce

1dv 2ng>" an 4nq 1
iy iy S

1
=—— [P, — 6P, + 8P,
12q[2 w + 8F3].

Using Theorem 3.2 in the above and on simplifying, we obtain the result.

5 Ramanujan type series for 3 /7

Theorem 5.1. We have

i 8 —5vV2)(3k +1) + (1 — v2)](2v2 — 2)* 4,.

3
whereAk:%, k>0.

We can prove this theorem in two methods.
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Proof. First method: Using (9)—(12) in Theorem 3.1, we obtain
Py — 3P, + 2P, = —3(1 — 13)2;.
From [11, Theorem 9.2], we have x4 = (\/§ — 1)2. Substituting in the above, we obtain
Py — 3P, + 2P, = —6(v/2 — 1)22. (26)

Setting ¢ = e~™/V2 and employing (18) and (20) in (26), and then comparing with (17) , simpli-
fying, we obtain the desired result.

Alternate method: By using (9) — (12) in Theorem 3.2, we deduce

2\1/2
Py~ 6P, + 8P = 12(1 — a(q))/4(1 — 2(?)22(¢?) {% i ﬂ o

Setting ¢ = e~™/V2 and using (16), we find that
x(e_“/ﬂ) =1- x(e_”\/ﬁ) =1— 1y, z(e_“/ﬂ) = \/iz(e_”ﬂ) = V2z,.

Substituting these in (27), we have

1/2
1
Py = 6Py + 8P = 1203/ (1 = 22)' /%23 | 2=+ 5

From [11, Theorem 9.2], we have xy = (1/2 — 1)2. Substituting in the above, we obtain
Py — 6Py + 8Py = 6(v2 — 1)22. (28)

On replacing ¢ to ¢* in (20), then setting ¢ = e~/ V2 in the resulting identity, also using (18) in
(28) and further comparing with (17), then simplifying, we complete the proof. [

6 Incomplete integrals

Theorem 6.1. If , \
fr(=a)f(=
v:i=v(q) = (fgq()_(;)q )7

1, v(a) &7
— —t)dt = ——dt.
Proof. Using (13) and (15) in Theorem 4.5, we have

adv _ [¢*(q) + ¢*(=q)]
v dg 8Y*(—q)

Using (6) and simplifying, we arrive at

%Z—Z = % [1 - (%)8] v ().
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(29)

then

[(o(q) + o(—0)¥*(—q) — 20(q)e(—q)V*(q)] -



Further, it follows that y :
=), _ 8v
Let v(t) be defined by (29). Then the limits ¢ = 0, ¢ are transformed into v = 0, v(q) respectively

and the result directly follows. [

Theorem 6.2. If

_ q1/4f(—q2)f2(—q8)
=) 7

a 1 A v(@) 4t
—— Y (—=t)dt = —dt.
/0 2\/Z¢ (=) /0 44 + 1

Proof. Using (6) in Theorem 4.6 and then simplifying, we arrive at

v:=v(q): (30)

then

1
2’

Let v(t) be defined by (30). Then the limits ¢t = 0, ¢ are transformed into v = 0, v(q), respectively,

4u

Y—q)dg = ——d
(=g = v dv

and the result directly follows. ]

7 Convolution sums

Let N denote the set of natural numbers. Let Z denote the set of all integers. For k£, n € N, we set

or(n) = _d",

d/n

where d runs through the positive integers dividing n. If n ¢ N, we set o4 (n) = 0. We write o(n)
for o1 (n). For a,b € N with a < b, we define the convolution sum W, ;(n) by

Was(n) ==Y a(l)o(m).

al+bm=n

For all n, the convolution Y o (i)o(j) has been evaluated explicitly for k = 1,2, 3,4,5,6,7,8,
i+kj=n
9,12,16, 18 and 24, by S. Alaca, A. Alaca and K. Williams. For wonderful work one can see

[2-6,18,19,24,26,27]. Also E. X. W. Xia and O. X. M. Yao [28] derive the representations for

the convolution sums > o(i)o(j)and > o(i)o(j).
i+6j=n i+12j=n

Theorem 7.1. For alln € N, we have

) 5 om0 (5) - e (3) i () o ()~ e )

~ LA+ LB@m) - —cm),

18 1536
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0,5 o005 (3) 3 (3) i (§) + 8 ()

2
+ 19570 (5) - 7 (5) + %W(Z%ém(%) + 157 ()

1 1 1 1
- 153 [_@A(n) + 1—83(n) — @C(n) —3D(n) — 5 E(n )]

and
i) 3 o) =ggo(n) = ggnotn) + 50 (5) = 3o () + gm0
i)k
where

n=1
sy 4 2 0
et L B = [0 (=) + 52|, 1+ X O = 6Mg)
= 4(_ 404 2
5+ 2 D" = S [Z50 vt (=)
> _ 4(_ A 2
Bt 2 Bn)g" = (=350 |00 (—a) + TG — ea) — 3o (-a)

i+ 2 Fne" = { e [Q@/)A‘( 2) 4 £ )} + 219" (@) + 2_14904(—61)} :

Proof of i). On squaring Theorem 3.1, we obtain

P%(q) + 9P*(¢*)+4P*(¢") — 6P(q) P(¢*) +4P(q)P(¢") — 12P(¢*) P(q")
20,2 5 31
=365 [P0 - )] ey
From [16,17], we have
P(q) =1+ 2(24003(71) — 288na(n))q". (32)

On employing (32) and the definition of P(¢') in (31) and then equating the coefficients of ¢", we
obtain

6005(n) — T2n0(n) + 54003 (g) — 324no (2) +120(n) + 360 (2) + 24007 (Z)

—240(4)+720( )—864 S o(i)oli)+576 Y o(olj)—1728 3 o

i+2j=n i+4j=n 2i+4j=n
= 9A(n),
(33)
where A(n) is as defined earlier. On squaring the identities (19) and (20), employing (32) and
then equating the coefficients of ¢" on both sides, we have

3 et0ot) =ggestn) = o) + o (5) - o ()
i+2j=n 1 ) 1 1 s
+570 (5) + 5500 = 5B,



and

N g ) 1 5 1
Z o(i)o () :%ag(n) — Ena(n) + "3 <%) - (%)
i+4j=n (35)

+ 70 (3) 4 57000 — 50,

where B(n) and C'(n) are as defined earlier. Now on employing (34) and (35) in (33), we obtain
the result.
Proof of ii). On squaring Theorem 3.2, we have

P*(¢*) 4 36P*(¢") 4+ 64P(¢*)—12P(¢*) P(q") + 16 P(¢*) P(¢°) — 96 P(¢") P(¢")
!(—q) 4/ 2 v'(—q") ’
w4(){Q¢(Q)+ 1 }

On employing (32) and the definition of P(¢') in the above, then comparing the coefficients of ¢"

=144

on both sides and after simplification, we obtain

503 (5) =20 (%) =300 (5) + 1800 (Z) —5ano (1) + 540 (1) = 4000 (%)
+32005 (2) +480 (5) =140 3 alDo()+192 " oi)o())

2i+45=n 2i+8j=n

—1152 > o(i)o(j) = 3D(n), (36)

4i+85=n
where D(n) is as defined earlier. Subtracting (20) from Theorem 3.3, we deduce

W( q) e'(—=¢")] 11 ,

Squaring the above, then employing (32), the definition of P(¢') and further comparing the

Py — 2P = {qw“(—qz) + v'(—q).

coefficients of ¢" on both sides, we obtain

S oo () () (o)
() () -

where E(n) is as defined earlier. Substituting (37) and Theorem 7.1(i) in (39) and simplifying,
we obtain the result.

Proof of iii). Squaring Theorem 3.3, then using (32) and the definition of P(q') and finally
comparing the coefficients of ¢", we obtain the result.
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