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1 Introduction

Convolution identities (or the sums of products) for various types of numbers (or polynomi-
als) have been studied, with or without binomial coefficients, including the Bernoulli, Euler,
Genocchi, Catalan, Cauchy and Stirling numbers (see, e.g., [1-3,5,6,9, 10] and the references
therein). One typical well-known formula is due to Euler, given by

Zn: (Z) BBy = 1Byt —(n—1)B, (n>0),

k=0
where B,, are the Bernoulli numbers, defined by

=SB, (2] < 27).



Some convolution identities for the Fibonacci numbers F,, were established by Komatsu,
Masakova and Pelantova [9]. Recently, several convolution identities with and without bino-
mial coefficients for Tribonacci numbers 7}, were obtained by Komatsu [7]. By using symmetric
formulae, more various identities for Tribonacci and Tribonacci-type numbers were given by
Komatsu and Li [8].

The Tetranacci numbers ‘%, are defined by

‘In = In—l + In_g + En_g + Tn_4 (TL > 4) with ‘IO = 0, Il = ‘IQ = 1, Eg =2 (1)
and their sequence is given by
{Zn}n>0=0,1,1,2,4,8,15,29, 56,108, 208, . ..

([12, AO00O78]).
The generating function without factorials is given by

T(z) = = Z " (2)

because of the recurrence relation (1).
On the other hand, the generating function with binomial coefficients is given by

t(z) == c1e™ + 2™ + 37" + e’ = g Tnx—, ; ®)
n:
n=0

3_g22—x—1=0and

_ 2= (B+y+0)+ (By+70+38)

where o, 3, v and ¢ are the roots of 2% — x

(a—B)(a—7)(a—0)
1
T TP t6a—1]
. _2—(a4+7+0)+ (ay+70+00)
: (B—a)(B—7)(8—9)
1
T
. .:2—(a+6+5)+(aﬂ+65+5o¢)
. (v —a)(y—B)(y—9)
1
T P46y -1
oo 2= (@t Bt7) + (@B + By +7a)
. (6 —a)(d—B)(©0—1)
1
Tt 1

Notice that
ci+c+c3+cy =0,
cra+ ety +cd=1,
a1 + e+ sy F et =1,
cra® + 0253 + 0373 + c4® =2,

143



because T, has a Binet-type formula:
T =" +cf"+cy" +ey” (n>0).

There have not been many papers about the Tetranacci numbers, though they are a special
case of the so-called Fibonacci s-step numbers or s-generalized Fibonacci numbers F7(LS), defined
by

FO =F) + B4+ B,
with some initial values. Clearly, for s = 4, we have the Tetranacci numbers T,, = F,(f).

De Moivre-type identities for the Tetranacci numbers' and several related identities were
given by Lin [11]. Some properties of the Tetranacci sequence modulo m and certain identities
involving them were established by Waddill [13, 14]. Some congruences for lacunary sequences
were derived as an analogous result for the Tetranacci numbers by Young [15]. By using matrix
methods, explicit formulas for the Tribonacci and Tetranacci numbers were given by Kiric [4].

In this paper, we give convolution identities with and without binomial (multinomial) coef-
ficients for the Tetranacci numbers and convolution identities with binomial coefficients for the
Tetranacci and Tetranacci-type numbers. Some results are based upon symmetric formulae.

It may be possible to consider convolution identities for more general, Fibonacci s-step num-
bers, including pentanacci numbers (s = 5, [12, A001591]), hexanacci numbers (s = 6, [12,
A001592]) and heptanacci numbers (s = 7, [12, A066178]). However, when s > 5, by the Abel-
Ruffini theorem (in 1799, 1824), there is no algebraic expression for general quintic equations
over the rationals in terms of radicals. This result also holds for equations of higher degrees.
Therefore, to consider the identities exactly for the Tetranacci numbers would be meaningful.

2 Convolution identities without binomial coefficients
By (2), we have

14 2® + 22° 4 32
(1—2—a2—23—2%%

T(x) =
Hence,
(1+ 2% +22° + 32M)%T(2)? = 2°T'(2) . 4)
The left-hand side of (4) is
(142”4227 +32%) Y > " TT, 52"

n=0 k=0

n [11], it is called Tetrabonacci numbers.
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+ ) (Toor + Toa + 3T,g)a" + 2° + 227
n=4

The right-hand side of (4) is

7 Z (n+ )%, 2" = Z(n — 1%, 2",
n=0 n=2
Therefore, we get the following result.
Theorem 2.1. For n > 4, we have
n—4
> T Tk + Tniz + 2% ks + 3Tpa) = (0 — 2)T g — Ty — 3T, 3.
k=0

The identity (4) can be written as

[EQ

1+ 22+ 223 + 324

T(z)* = T(x). ®)

Since

1 = 1,.21
1+x2+2x3+3x4zz< 12 (1 + 22 + 327

00 j+4k<m

and

the right-hand side of (5) is

2AZ [+ 1D)Ta' =2 ) B(l+1)T 2"

8
3

n=0 [=0
oo n—2
=> ) Cl+1)Tpa",
n=2 [=0
where
3j+2kk<§m )
j+4 m m—17—
A_°° IR mee L (21T L pigkym
m=0 j,k=0 J ) Js



3j+2k<n—I

j+4k<n—i n—l—j—2k n=l—j—2k
nol—j—2k 1 + (—1) J ;
B = E (—].) 2 2 <n13j24k . ]C) 2J3k7
5.k=0 27

3j+2k<n—2—1
jtak<n—2—1

n—2-1—j—26 1 + (—1)n_2_l_j_2k n—2-l-j-2k :
C= > (- > 5 13k - 273",

j,k=0 2 1

Since the left-hand side of (5) is

I ILLIE

n=0 k=0
comparing the coefficients on both sides, we obtain the following result without binomial coeffi-
cient.

Theorem 2.2. Forn > 2,

n—2

> TTur = (+1)TaD,
k=0 =0
where

3j+2k<n—2-1

Jtak<n—2-1 91—k n—2—1—j—2k
n—2—l—j—2k 1 + (—1) J D )
D= (=1 9 <n2[3]2'4k k> 273",

2 I

3 Some preliminary lemmas

For convenience, we shall introduce modified Tetranacci numbers T40*1*2%)  satisfying the

recurrence relation

5250,51,52,33) _ §(50,51,52,53) + 51(182591782,83) + 3282591,82,83) + I&Sﬁfl,ms;ﬁ (n > 4)

n—1

(50,51,82,83) __ 51 1(80,51782,83)
- B

with given initial values ‘3850’81’32’83) = 50, %y 5 = 55, and I@SO*S“”W =

s3. Hence, T,, = ‘2510’1’1’2) are the ordinary Tetranacci numbers.
First, we shall prove the following four lemmata.

Lemma 3.1. We have

)
1 "
C%@MC + Cgeﬁaz + cge’yx + Cie&c _ 2 g%40764,215,344) )
563 ‘ n!
n=

Proof. For Tetranacci-type numbers s,,, satisfying the recurrence relation s, = s,_1 + S,_2 +
Sn—3 + Sp—4 (n > 4) with given initial values sy, s1, s2 and s3, we have

d1°% + doeP* + d3e™® + dye® = Z sn% ) (6)
n=0 ’
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Since di, ds, d3 and d, satisfy the system of the equations

di +dy+d3+dy=sg,

dia + dof + d3y + dyy = 51,
dia? + dyB? + dsy? 4 dyry? = 5o,
dio® + do8° + d3y® + dyy® = s,

we have
so 1 1 1
si By o
So 62 72 52
g _ 1% 67 47 8] soByd+ sa(B+ 7 +0) — 53— s1(8y + B3 +79)
1 1 1 1 (B—a)(y—a)(0 —a) ’
a B v 9
&2 52 ,)/2 52
a3 ﬁ?’ ,)/3 53
1 sog 1 1
a s v 0
Qs A2 8
0 ad sz P 8P _ soyda+ sy(y+0+a) —s5—s1(y0 + v+ ba)
1 1 1 1 (v = B)(0 = B) (e — B) ’
a B v 9
a2 B2 42 82
a3 53 ,YS 53
1 1 s 1
a [ s 0
a2 52 So 52
dy— ad B3 s3 63 _ spdaf + so(0 +a+ f) — s3 — s1(da+ 68 + aff)
11 1 1 (0 =) (@=7)(8—") ’
a B v 0
a2 BQ 72 62
ad BB 6
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1 1 1 s
a [ 7 s
@ B2 4 s
dy— ad B33 s _ soafy + so(a+ B+ 7y) — 53— si(afB + ay + (7) .
1 1 1 1 (@ =0)(B—0)(y—9)
a B v 9
a2 B2 2 8
PRI B

When sg = 40, sy = 64, ss = 215and s3 = 344, bya+B8+v+d =1, By + 86 + v =
—1—(af+ay+ad)=a?—a—1,a8vd =1and o' = a® + a® + a + 1, we have

_ 40873 + 215(8 + v + ) — 344 — 64(By + B3 + 9)
(B—a)(y—a)(0—a)

Similarly, we have dy = 563¢3, d3 = 563¢3 and dy = 563c3. O

d = 563c].

Lemma 3.2. We have

> n

X
n.

n=0

+ e3P 4y ePHOT 4 gV

where

1 " /n 2"
A T, — £ z(10,64215344) |
2 (Z (k) Kk T 53T

Proof. Since

(cre™® + o€ 4+ 37 + 04653”)2
= ?e™ + cgeﬁx + 2 + c2ed 2(01026(0”“8)90 + 10507 4 ¢y gel0tO)

+ 02036(5-1-”/)36 + 02046(5+5);r + 03046(7+5)x),

we can obtain the following identity:

n

(o) n 2 (o) n
(zsn%> 3 ([
1

n=0 k=0
_ i (40,64,215,344) (2z)" +2 f: ¢ x_n
563 <= " n! — "n!
Comparing the coefficients on both sides, we get the desired result. ]
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Lemma 3.3. We have

o0 n
1 7 (~5.2,13,32) z

C203C4€°% + 30401657 + 401097 + 1090367 = —— n )
563 — n!

Proof. In the proof of Lemma 3.1, we put sg = —5, 51 = 2, so = 13 and s3 = 32, instead. We

have
—56~0 + 13 0) —32—-2 ) 0
dl: 6’}/ + (ﬁ—i_fy_'_ ) (/8’7—1—5 +7):—563CQC3C4.
(B—a)(y =) —a)
Similarly, we have dy = —563c3csc1, ds = —563c4cico and dy = —563c;coc3. L
Lemma 3.4. We have 1
C1C9C3Cy = —% .

Proof. Bya+pB+~v+d=1,8y+Bi+70=-1—(aB+ay+ad)=a*—a—1,aB7 =1
and o* = a® + o + a + 1, we have

B 052 Bz

(@ =B)a—=y)(a=208)(B—a)B—7)(B-9)

72 52

- -B -0 -a) - )
_ a262,}/252

(a = B)*(a —7)* (o — 5)12(5 —7)2(y — B)%(B — 0)?
" (40® — 302 — 2a — 1)%(39a3 — 58a? — 23 — 23)

1

= [

4 Convolution identities for three

and four Tetranacci numbers

Before giving more convolution identities, we shall give some elementary algebraic identities in
symmetric form. It is not so difficult to determine the relations among coefficients.

Lemma 4.1. The following equality holds:

(a+b+c+d)?

= A(a® + b* + ¢* + d°) + B(abc + abd + acd + bed)
+C(a®+ b+ +d)(a+b+c+d)
+ D(ab + ac+ ad + bc + bd + cd)(a + b+ ¢+ d),

where A=D -2, B=-3D+6, C=-D+3.
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Lemma 4.2. The following equality holds:

(a+b+c+d)?
= A(a* +b* + ¢* + d*) + Babed + C(a® + b* + ¢ + d*)(a + b+ ¢ + d)
+ D(a* + b+ +d*)? + E(a® +b* + ¢ + d*)(ab + ac + ad + bc + bd + cd)
+ F(ab+ ac+ ad + bc + bd + cd)* + G(a* + b* + & + d*)(a + b+ ¢ + d)?
+ H(ab + ac+ ad + be + bd + cd)(a + b+ ¢)?
+ I(abc(a+ b+ c) + abd(a + b+ d) + bed(b+ ¢ + d) + acd(a + ¢ + d))
+ J(abc + abd + bed + acd)(a + b+ ¢+ d),

where A=—-D+FE+G+H-3, B=12D+12G-4J-12, (C=-F —-2G — H + 4,
F=-2D-2G—-2H+6, [=4D—-F +2G — H — J.

Lemma 4.3. The following equality holds:

(a+0b+c+d)P
= A(d® +0° + & + d°)

+ B(abc(ab + be + ca) + abd(ab + bd + ad) + acd(ac + ad + cd) 4 bed(be + bd + cd))
+ C(abc(a® + b* + ) + abd(b® + ¢* + d?)

+ acd(a* + ¢ + d*) + bed(b* + ¢* + d?))
+ D(abc(a + b+ ¢)* + abd(a + b + d)* + acd(a + ¢ + d)* + bed(b + ¢ + d)?)
+E@+b+ct+dYa+b+c+d) +Fla+b+c+d)abed
+Gla+b+c+d)

X (abc(a +b+c) +abd(a+ b+ d) + bed(b + ¢ + d) + acd(a + ¢+ d))
+ H(a®+ 0+ +d)(a® +0* + 2+ d?)
+ I(a® +b* + ¢ + d*)(ab + ac + ad + be + bd + cd)
+ J(abc + abd + acd + bed) (a® + b* + ¢ + d?)
+ K (abc + abd + acd + bed)(ab + ac + ad + be + bd + cd)
+ L@+ 0+ +d*)a+b+c+d)?
+ M (abc + abd + acd + bed)(a + b + ¢ + d)?
+N@+b++d)*(a+b+c+d)
+ P(ab+ ac + ad + bc + bd + cd)*(a + b+ ¢ + d)
+Q(a® + b + & + d*)(ab + ac+ ad + be + bd + cd)(a + b + ¢ + d)
+R@+b0*+E+d*)(a+b+c+d)?
+ S(ab+ ac + ad + be + bd + cd)(a + b+ ¢ + d)?,

where

A=T1+2L+2N+ P +2Q+6R+4S — 14,
B=-2D-2G—K —2M — 2N — 5P — 2Q — 6R — 125 + 30,
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C=-D—-G-1—J—2L—M~—-2P—3Q —6R— 7S + 20,
E=-1-2L-N—-Q-3R—S+5,
F=-3G—J—3K—7M —12P — 3Q — 6R — 275 + 60,
H=—-L-2N—P—Q—4R — 35 + 10.

Now, let us consider the sum of three products with trinomial coefficients.

Lemma 4.4. We have

1 « "
Ci)eocx + Cg@ﬁz + 636’736 + CZG&E — 563 E T (15,27,48, 107 ‘ ]

n=0

Proof. In the proof of Lemma 3.1, we put so = 15, 57 = 27, s, = 48 and s3 = 107, instead. We
can obtain that

15378 + 48(8 + v + §) — 107 — 27(By + B + ~0)
(B—a)(y—a)(d —a)

. Similarly, we have dy = 563c3, d3 = 563c3 and dy = 563c3. O

dy, = = 563c.

By using Lemmata 3.1, 3.2, 3.3, 4.1 and 4.4, we get the following result.

Theorem 4.5. Forn > 0,

n
2 (kl, ko, kg) S L

k1+ko+ks=n

k1,kg,k3>0
A B <~ /n _

— = gng(152748,107) _ 2 ‘3( 5,2,13,32) _1)k
5637 " 563 ,; k) ™k (=1)

C < (n —k(40,64,215,344) “ (n
— gn-kgUi061215340 L Tutns -

where A= D — 2, B=-3D+6,C =—D + 3, and t, in given in Lemma 3.2.

Remark. If we take D = 0, we have for n > 0,

n
Z (kla k27 k3) Tkl‘zk?zkii

k1+ko+kz=n
k1 kg ,k3 >0

2 6 — _
_ _@371{3215,27,48,107) . % Z (Z) ‘ZI(C 5,2,13,32)(_1)k
k=0

n

3 n —k(40,64,215,344)
- kg 1064215340
" 563 Z (k:) n—k g
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Proof. First, by Lemmata 3.1, 3.2, 3.3, 4.1 and 4.4, we have

(c1e™" 4 o€ 4 c3e™® + c4e’®)?
— A(SP 4 BT 1 BT | (BB
+ B(c1cac3e@PNT 4 0yaeieBHITOT 4 0oy e @B 4 o oagy @t O)T)
+ C(3 4 2P 4 2D 4 2 (016 + 03657 + cye™ + 46™)
+ D(Clcze(a+5) T L ) LI ) R G LI CE b

X (c1e*" + o + cg,e” + cq4€d )

_ A 3(15727748,107 52,1832\ L
563 2= " 563 nz D
C = x= (1 i (40,64,215,344) = L NN A "
+ﬁ22(k>2 0! z%wzz )it
n=0 k=0 n=0 k=0
On the other hand,

. 3
z" n z"
To— | = e B T —
(; Tl' ) Z (k’l, kg, ]ﬂg) o “ha < Tl'

kq+ko+kg=n
k1,ko,k3>0

Comparing the coefficients on both sides, we get the desired result. O]

Next, we shall consider the sum of the products of four Tetranacci numbers. We need the
following supplementary result. The proof is similar to that of Lemma 4.4 and, hence, omitted.

Lemma 4.6. We have

o0

1 "
4 eOT | C4 Br | ng R Ci 5T — _ Z‘3513052,4658,8804,16451)_'
563 n!

n=0

By using Lemmata 3.1, 3.2, 3.3, 4.2, 4.4, and 4.6, letting / = 0 in Lemma 4.2, comparing the
coefficients on both sides, we can get the following theorem.

Theorem 4.7. Forn > (),

n
Z (k17 k?a k?)a k4> Tkl ‘Zk2‘2k3‘zk4

k1+ko+ksz+kg=n
k1,ko,k3,kg >0

A B C &
4mz (3052,4658,8804,16451) _ 2 | (k) gn— k§(15 127,48, 107)Tk

5632 563 563
k=0
D - (40 64,215 344) (40 64,215 344)
et st
T 5632 % (k) ¢

E & " /n
2 gn-kg064215.340) | p bt
563 Z <k> i ; ) okt
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n (40,64,215,344) o
— T 2P, %
+ 563 Z (k:l? k2’ kg) kl k2 k3

k1+ko+kz=n
k1,ko,k3>0

n
H t Tho %
* Z (kb k?? k3> ke ks

k1+ko+kg=n
k1,ko,k3>0
J n (—5,2,13,32) k
— BT S D LEY
563 > (k:l, ks, k3> h (=1 %k,

ky+kotkz=n
kq,kg,k3>0

where A= —D+FE+G+H—-3 B=—-4D+4FEK+4G+4H —12,C =—-F —2G — H + 4,
F=-2D—-2G —-2H +6, J=4D — FE+2G — H, and t,, in given in Lemma 3.2.

Remark. t D = F =G =H =0,thenby A= -3, B=—-12,C =4, F =6and J = 0, we
have for n > 0,

3 ( " )zklzkzzkssm

k1+ko+kg+kg=n kl? k27 k37 k4
k1,kg,kg,kg>0

3 12 4 < /n
_ n (3052,465878804,16451)
- _56324 T + 0 (

_ _ 3n—k‘z(l5,27,48,107)(z
! 563 ' 563 & k) n—k k

+6 Z (Z) t ity
k=0

Let
>
— " nl

= 10903 @I (109% 4 5P 1 0377) + caesesPTITIT (008" 4 37T 4 ¢4€%7)

+ 10204 0PI (69 1 0P 4 046%%) 4 10304 CTIHIT (01697 4 37T 4 4€57).

By using Lemmata 3.1, 3.2, 3.3, 4.2, 4.4, and 4.6, comparing the coefficients on both sides,
we can get the following theorem.

Theorem 4.8. Forn > 0,1 # 0

n
=y ( >zklikzsk3%

kq+kg+ks+hg=n ki, ko, ks, ka
k1,ko,k3,k4 >0

A B C < /n
_ Jng(3052,4658,8804,16451) | 2 * gn—kq(15:2748,107)
5632 " 563 563 £ \k n—k k
D & (n ne(40,64,215,344) ~(40,64,215,344)
- s 2 () s
k=0

E < (n) — k(40,64,215,344) “~ (n
- — 2NTRE T Ty, — F E tn_kle
563 — k P k
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G n (40,64,215,344) 5k,
_ % Z (k17 k27 k3> r’zkl 2 ‘Zkz‘sz

kq+ko+kg=n
k1 ,ko,k3>0

n
- H te, T, T
Z (kb k27 k3) ke ks

kq+ko+hy=n
k1,kg,k3>0

J n (—5,2,13,32) k
- 34y 19, _1 1
T8 2 (kl,kg,k;a)gkl AL

ki+ko+kz=n
ky,kg,k3>0

where A=—-D+E+G+H -3 B=12D+12G —-4J-12, C=—-F —2G — H + 4,
F=-2D-2G—-2H+6, I=4D — FE+2G — H — J, and t, is given in Lemma 3.2.

Remark. t D = F =G =H =0,J =—1,thenby A= -3,B=-8,C =4, F =6 and
I =1, we have forn > 0,

1) "
‘zn Z (kh k27 k37 k4) ‘Ikl ‘zkz‘zks‘zk‘l

k1+ko+kg+kg=n
k1,k2,k3,k42>0

563 k

3 8 4 < /n
4ng(3052,4658,8804,16451) o 3n7k‘:(15,27,48,107)‘z
+ 5632 "™ 563 563 £~ n—k K

“~ (n 1 n (—5,2,13,32) k
) E t—ity — — E I E Bl )
e (k:) M 563 (kl,kg,ks;)fs’“ (D™

k1+ko+kz=n
k1,ko,k3>0

5 Convolution identities for five Tetranacci numbers

We shall consider the sum of the products of five Tetranacci numbers. We need the following
supplementary result. The proof is similar to that of Lemma 4.4 and, hence, omitted.

Lemma 5.1.
1 o xn
5 5 5 56 500,1423,2598,4986
e 4 c5e’ + e + e’ = — g (500,1423,2598,4986) __
563 ‘ n!
n=

By using Lemmata 3.1, 3.2, 3.3, 4.3, 4.4, 4.6 and 5.1, comparing the coefficients on both
sides, we can get the following theorems.

5.1 Casel

Let B = (C = D = 0, we can obtain the following theorem.

Theorem 5.2. Forn > 0,

n

k1+»-<+k5:n
K1yeees k5 >0
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A F < [n
_ n(500,1423,2598,4986) n—k(3052,4658,8804,16451)
—_5ng + > yrhg T

5632 5632 k
k=0

F (n “~ (n 1) H < (n — (15,27,48,107) ~(40,64,215,344)
S T+ G W, 3=k ok (15:27.48,107) (10.64,215,
563 2 (k:) kT kzg <k) ¢ Tkt g 2 <k> nk ¢

k=0
I < /n
4 3]@(:(15,27,48,107)15“7
* 563Z (k) k k

k=0
J n 1)1 ks q(~5:2,13,82) (40,64,215,344)
5632 2 s beps kg ) b o
k1 +ko+ky=n 1, hv2, 3
k1,ko,k3>0
K < n ) Jey =(—5,2,13,32)
- (_1) 1(3:k 14y Ly tk
563 le;%n k1, ko, ks 1 2
kq ko k3 >0
L ( n ) Jey =(15,27,48,107)
+ — 3 lf’zk yal, 20, Sl@ilgg
563 kl‘H;CS—n kl’ k27 k3 !
k1,ko,k3>0

M n _
A _)g(521832 o
563 Z <l€1, kg, kg, k4)( ) k1 ko % k3

kq+ko+hsthg=n
k1,k,k3,kq>0

L N Z ( n ) 2k1$}(§0,64,215,344)2k2 T§i°’64’215’344)%3

2
5637, e= _ \ki, ko, by
k1,ko,k3>0
n
+ P E (k‘ I ]{})tklth‘st
ki thoths=n 1, 2, 3
k1,k2,k320

Q n o1 =(40,64,215,344)
o2y, &
= Ky, ke, ks & ha Ths

k1+ko+ks=n
kq,ko,kg>0

£ n kg (40,64,215,344)
= (k ko, K k)QITm Tho Ths Ty
k1+kotkg+ky=n 1, h2, 3, g
k1,kg,k3,kq4 >0

n
* S Z <k17 kQa k37 k4) tklng‘ZkB‘Zkéﬂ

ki +ko+kg+kyg=n
k1Ko, kg,kg >0

where

A=T+2L+2N+ P +2Q+6R+4S — 14,
E=-T1-2L-N—-Q-3R—S+5,

F=4G+ 1+ 2L+ 6N + 5P + 6Q + 18R + 165 — 50,
H=—-L—2N—P—Q—4R —3S + 10,
J=-G—1—-2L—M—2P—3Q —6R— 7S + 20,
K =—2G —2M — 2N — 5P — 2Q — 6R — 125 + 30,

t, and t;” are same as those in Lemma 3.2 and Theorem 4.8, respectively.
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Remark. 1 G =1 =L =M =N=P=Q =R=S5=0,thenby A =—-14, F = 5,
F =-50, H=10, J =20 and K = 30, we have forn > 0,

n
O R

k1+--+ks=n

ks >0
14, (500,1423.2508.4986) | D N () ynkec(3052,4658,8804,16451)
= g + 5632; L) i

3n_k2k$(15,27,48,107)$(40,64,215,344)
#a 2 () g ()7 2w s

20 -
B Z ( n ) (_1)k12kztzl(ﬁ5,2,13,32)‘11%0,64,215,344)

5632 by g T ki, ko, k3
kl,kQ,kSEO
30 < n ) k1 (—5,2,13,32)
— e (=D, 7 gy
563 kﬁ};@)_n ki, ko, k3 !
k1,ko,k32>0

5.2 Case?2

Let B # 0, C'= D = 0, we can obtain the following theorem.
Let

160t 1 cyeaePINT 4 cyey eOFOT) 4

+ €054 BT (h 000 BENT a0, 0102 )00 e OTAITY,

Theorem 5.3. Forn > 0,

Btﬁf) _ Z ( n . >Tk1 N _st 5&‘;2 5nz (500,1423,2598,4986)
—n 1y---, 15
A

n
B S Z <k17 kzv k37 k4) tklzk?‘sz‘Zkéﬂ

ky+ko+kg+kg=n
kq,kg,k3,k >0

where

A=-G—J—M+2N—-P—Q—3S+6,

B=-2G— K —2M —2N — 5P — 2Q — 6R — 125 + 30,
E=G+J+M—N+2P+2Q+3R+6S — 15,
F=-3G—J—3K—TM —12P — 3Q — 6R — 275 + 60,
H=—-L—-2N—P—Q—4R—3S+ 10,
I=-G—J—2L—M—-2P—3Q —6R—17S+20,

t, and t,(ll) are same as those in Lemma 3.2 and Theorem 4.8, respectively.
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Remark. f G =J=K=L=M=N=P=@Q=R=5=0,thenby A =06, B= 30,
FE =-15,F =60, H = 10 and I = 20, we have forn > 0,

6
30t — n TT 5 (500,1423,2598,4956)
" k1+;5n (k17 sty k5 h ks 5632 n

kq,..k5>0

15 = /n n
4n—k‘z(3052,4658,8804716451 T R I
" 5632 ,; <k‘) ok * 563 )k

n

10 15 27 48,107 e (10,64.215.344) 20 = (1 (15,27,48,107)
T 3n— ka‘I( ‘I 3k§ 121,43, tok -
5632 (k) 563 Z k)” Tk g
k=0 k=0
53 Case3

Let C'# 0, B = D = 0, we can obtain the following theorem.
Let

_ 02636((1—4-6—}-7) ( 2 2ax +02 2Bx+c2 2’y$) 4.

(B+’y+5)x(cge2ﬁx —1—02 2vx 2 2536)

+ cocseqe + ce

Theorem 5.4. Forn > 0,

A
Ot — n T T 57“: (500,1423,2598,4986) __
" 2 Nk ks TR T 5632

(]

n
T Tho Tha T
(kla k27 k37 k4> ke Tha Thay

kq+ko+kst+ky=n
k1,ko,k3,kq4 >0

where

A=T1+2L+2N+ P +2Q +6R+4S — 14,
C=-G-IT—J—2L—M—2P —3Q —6R— 175+ 20,
E=-1-2L-N-Q-3R—S+5,
F=3G—J—M+6N+3P+3Q+12R +9S — 30,
H=-L-2N—P—Q—4R 35S + 10,

K =—2G —2M — 2N — 5P — 2Q — 6R — 125 + 30,

t, and t$) are same as those in Lemma 3.2 and Theorem 4.8, respectively.

Remark. G =1=J=L=M=N=P=Q=R=S5=0,thenby A =—14, C' = 20,
E =5 F=-30, H=10and K = 30, we have forn > 0,

14
2075%3) _ Z ( 1 n k5)zk1 T o 5m§(5oo 1423,2598,4986)

k1+~-+k‘5:’n
K1yeens k5 >0
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5~ (n 30 <~ (n
_ 4n7k‘3(3052,4658,8804,16451)S oU <
5632 Z (/{:) n—k kT 563 £ L k

10
Z (n) 3”7]62]?‘:{ 1;5k27 ,48, 107)(51(940,64,215,344)
k=0

30 n _
U 1 ’“T( 5’2713’32)t ‘
* 563 > (kl, ko, k3>( )" k2

kq+ko+hy=n
k1,kg,k3>0

5.4 Cased

Let D # 0, B = C' = 0, we can obtain the following theorem.
Let

a+5+w)z<cleam + 0265’” + Cgewc)2 4.

+ e3PV (0P 4 001 1 ye0%)2,

Theorem 5.5. Forn > 0,

Dtgl) _ Z ( 1 n k5> Ty Ty — 52))2 57@ (500,1423,2598,4986)

ki+-+ks=n
Eiyenyks >0

n
a S Z <k17 k27 k:37 k:4) tkl‘zk?zlﬁgk@’

ki+kotkg+ky=n
kop,ko,kg,kg >0

where

A=T+2L+2N+P+2Q+6R+4S — 14,
D=-G—-1—J—2L—M~-2P—3Q —6R —T7S + 20,
E=-1-2L-N-Q-3R—S+5,
F=-3G—6]—7J—TM+6N—12L — 9P — 15Q — 24R — 335 + 90,
H=—-L-2N—P—Q—4R —3S + 10,

K =2 +2J—2N +4L — P +4Q + 6R + 25 — 10,

t, and ) are given in Lemma 3.2 and Theorem 4.8, respectively.

Remark. UG =1=J=L=M=N=P=@Q=R=5=0,thenby A =—14, D = 20,
E =5 F=90, H=10and K = —10, we have for n > 0,

14
20t Z ( 1 n k5) Tpo Ty + - 2 5o (500,1423,2595,4986)

k1+-+ks=n
k1,...,k5>0

90
4n— k(3052,4658,8804,16451)
5632Z(> = §+5631; kzk
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n

5632 Z ( >3n kzk‘: (15, 27,48, 107)‘3:]({:40,64,215,344)
k=0

10 n _
v 1 kli{( 5’2’13’32)75 .
563 Z (kl, ko, kg) (=", k2

kq+ko+kg=n
k1,ko,k32>0

6 More general results

We shall consider a general case of Lemmata 3.1, 4.4 and 4.6. Similarly to the proof of Lemma 3.1,

for Tetranacci-type numbers sgnr)L, satisfying the recurrence relation sgnk) = sgn,z 1 +s§n,372+5(1n,27 3t

sgnk , (k > 4) with given initial values sgng, sgnl) , SYQ and s&”g we have the form

00 k
n) ax n x n €T n) Sz n) L
d§ e +dé Jef —|—dg Jer —|—d5L Jedr — ng’gﬁ
k=0
Theorem 6.1. For n > 1, we have
I (s s(m) ) o)y ke

1,0051,151,251,3
n am+cn Bz+c§67w+czeéw _ glk >

(n)
A7

where s%, sg ) s 2) , s§”§ and A\ satisfy the recurrence relation:

= Elem(by, b, bs), V) = Msyly, sy = Nsip,  s\y = Psjl,

n—1
AY

n—1
552)

AP = oy (st — 3si — 281 — s17),

b1, ba, b3, M, N and P are determined in the proof.
Proof. By d(ln) = A(ln)c’f, d§” b A(n Y cl,
sU0BY0 + 59 (B +7 + ) — st — s\ (By + B +9)

(B—a)(y—a)d—a) ’
2—(B4+v+0)+ (By +70+df)

dgn) _

R ) A o)
~ (a—B)la—)(a—20)
1
- —a3 4+ 6a—1’

we can obtain the following recurrence relation:

A= —355771_1) — 5572_1) + 55773_1), B = 5s§ | )4 55(" b _ 551"3 b
C= 5557171) - 25%7271) + 235?371) D= 55§n1 b _ 55 2 Y + gns Y

?

E=sD s = sl =25t 16,

Y
Y

H=s"" -6 1=uas"0 pestyh, J= 33(” D ssy Y

Y
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K = _2557,1171) + 235?271)7 L= _Sg?lil) + 3&?271)7
(LA—DI)(FA—-BE)— (HA—- DE)(JA— BI)

M =

(GA— CE)(JA—BI)— (KA—CI)(FA— BE)’

M(KA—CI)+ (LA - DI) 1
N = P=——(BN M+ D

BI - JA ’ A\ BN +CM+ D),

M= N=2 p=B Gith ged(a;,b) =1,

by by bs
syo = tlem(by, by, ba), sy = Msiy,  s\y = Nsi'y, 53 = Psi,

o _ A" M) _ 35 _ g5 _
51,2
- (57,5 5m) oy
We choose the value of s, such that for some ko, Yk > ko, T, ;°" 77 is positive. O

Next we shall consider a general case of Lemma 3.3. Similarly to the proof of Lemma 3.3, for

Tetranacci-type numbers s(lnk) satisfying the recurrence relation sg”,z, = 35”,3_1 + 3&",2_2 + sﬁ”,z_S +

s§"k , (k > 4) with given initial values s\ 8, sg"f , 5%"2) and 5@, we have the form

> k
(n) R (n) Bz (n) vz (n) 6z _ (n) ¥
+ryV el 4 rV e +rVe —Zsmy,
k=0

where 7", r{™, r{" and r{") are determined by solving the system of the equations.

Theorem 6.2.

,8 5 o0 n) gnl) énQ) (n))

nnnaa: n.n.n_pxr n._n_n_yr n_n_n Il'_ »S »$
CoC3Ce€ ™" + C1C3CL €7 + G Cy €™ + (1 C5€ § i
k=

k!’
2

where ngo), sgnl) : sg’;? , sg’;} and A" satisfy the recurrence relation:

séo = tlem(by, by, b3), 521) = M328, 352 = ngno)7 séng) = Psgfg,

n—1 n—1
25y ) — sy

AP = (16553 + 10355 — 157557 — 10s57) |

b1,bs, b3, M, N and P are determined in the proof.

Proof. By ri") = Aé")cgcgcz, we can obtain the following recurrence relation:

A=—16s55 " — 16557 + 158y Y — 71805,

B = 1035y, " + 103y — 2438 <” D 470557,

C = 157§ — 1575 <" D _ 209§ (" D 4183500,
D = —10sy5 " — 10857y b — 4250 >+26 (1)

E =325y i + 16557 — 3305557 + 157323 )

F = —206s057" — 1035557 + 365555 — 1315557,
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G = 31450y " + 1575 + 351555 Y — 254557,
H =20sy5 " +10syY 4+ 216505 " — 113555 Y,
= 325 — 3655, >+10 VoD, T = —206sy Y +91syy ) + 657,
K = 314sy" " + 69555 " — 11352"3 DL =208 — 30480 Y + 14752’73‘”,

o/ _ (LA= DI)(FA~ BE) — (HA— DE)(JA - BI)
(GA—CE)(JA—BI)— (KA— CI)(FA— BE)’
M(GA— CE) + (HA — DE) 1
N — P=-—(BN+CM+D
BE — FA ! A (BN +CM =+ D),
a1 a2 as
M= — N=— P=— di,bi:L
35”3 = +lem(by, by, b3), sg"f Ms%, 3&"2) = Ns%, 55”3) = Psgfo),
A=)
AfY = — 2 (1685 + 103857y — 157857 — 10s4)).
252 2 T S23
) (5§55 o) 5y
We choose the value of 3270 such that for some ko, Yk > ko, T, ,i 0752,1:%2,2:%2.8) 4g positive. O

As application, we compute some values of sgfo) : sé"l) : sé”% , A for some n. For n = 2, we

have

A=-170, B=-1228, (C =3610, D =316, FE =606, F =1377,
G=-4821, H=-888, [I=-84, J=0963, K=-2091, L =792,

34 44
M=——  N=-6, P=——,
15 15
s5o=—15, s3, =34, s5,=90, s3;=44, Aj =563
— xk
292 92 ax 2292 Bz 22 92 ~g 2922 5z (—15,34,90,44)
cyczc e + 01030455 + 01026467 + cjccse 5632 kz 2k F

For n = 3, we have

A=10792, B=-16833, C =13741, D= —2826, FE = —22728, [F = 26674,
G =121042, H =14508, [=—1712, J=1450, K =11914, L = —20212,

353 21 38
175 25 - 25’
so0 =175, s5, =353, s3,=—147, s55=266, Aj=—563"
az x x x 175 ,353,—147,266) L
cgcgcie + c‘fcgc‘zeﬂ + 61020467 + ci’c‘;cgeé = 5633 Z ‘Z )E.

We can obtain more convolution identities for any fixed n, but we only give some of the
results. The proofs of the next eight theorems are similar to the proofs of Theorem (Lemma) 3.2,
4.5,4.7,4.8,5.2,5.3,5.4 and 5.5, and, hence, omitted.
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Let

then by previous algebraic identities, we can obtain the following theorems.

Theorem 6.3. For m > 0,n > 1,

[e.9]

AcneltPr 44 cscy el1Fo)e Z

where
m n n n n n m n n n
o _ 1 1 3 M\ b0 WDl o0 s sl o) 2 (si 05170 517)
1,m — 1,k 1,m—k
s 2 (A(n))2 k: ) A(Qn)
1 k=0 1
Theorem 6.4. Form >0, n > 1,
1 ) e () e ()
1 kl 1 kg 1 k3
(A(n)) kla k?a k?)
1 k1+k2+k3 m

k1 ,kg,k3 >0

(3n 3n 3n 3n) n n
A Smcz 10>v§1)752)75<13 5%0)73<21)752272)) 1 k
(n) (1)

m
Z §3,s§ Lo s §§)2m_kT ERACREC R D
n)A (2n) 1,m—k
m
Z (m) 02, ()
,mfk )
1 k=0 k
where
A=D-2, B=-3D+6, C=-D+3,
tﬁ”)n is determined in Theorem 6.3.

Theorem 6.5. Form >0, n > 1,

Ly M\ e R
(A(ﬂ) kl; k27 k37 k4 Lk Lks

4
1 ) k1+ko+kz+kg=m
k1,kg,k3,kg>0

A s ~1., C i (M e (88557 s 80) (50 7
AT +B(z7) +W; NE AN R A

an
Al (
D m ( ) (zn) 3 (277,)) (8(277,) S(Zn))
Qm(;z 10 ) 13 3: 1,0 » 21,3
2'n, Z 1,m—k
A1 22
E =~ m m—Fk (5<2n)7' 5 ) n),(n
s 2 ()i e (V)
1 k=0
G m (S(Q'ﬂ) . S(2n)) (s . s(")) (("L) . S(”))
+ z 1,0 7 1,3 2k11 1,0) 1,3 ‘Z 51,00 1,3
Aan) (Agn))Q . +,§ . (kla kQ, kg) 1,k1 1,k 1,k3
}cl,kQQ,k;ZO
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H m (n) (59887 (5870 s8)
+ (Agn))z Z <]€1, k2’ k,3)t1k Sl ko (Zl k3

ki+ko+kz=m

k1,kg,k3>0
+ ; E m ( )kls(SQO""Sg:’,)T(ﬁ 07"75<1n3*))
() 4 (™) 2,1 1,k :
AQ Al k1 +ko+kg=m kl? k?a kS
k1,kg,k3>0

where A= —-D+F+G+H—-3 B=-4D+4FE+4G+4H—-12, (C=—-FE—-2G—H +14,
F=-2D-2G—-2H+6, J=4D — F +2G — Ht( is determined in Theorem 6.3.

Let
d x
Z t " i c?c”cge(o‘J“Bﬂ)x(c’fem + cgeﬁ”’” +c5e®) + -
—0
+ cgcgc”éaﬂ”)%cgew + e + ced™),

Theorem 6.6. For m > 0,n > 1,1 # 0,

1 m (s (n) . S(")) (s (n) . s(n))
_[t()— (3: 107 ’°1,3 (S 10’ T9°1,3
2,m (A(n) Z (k17 k?a k-?)a k4> Lk Lk

4
1 ) k1+ko+kg+kg=m
k1 ko, kg,kg >0

A §45‘>, i
A

J m oy (580 58 (51 5

B Aén)A(n) Z (/ﬁ,kg,kg)(_l) Iz,kl T ko )

1 kytkotkz=m
kq,kg,k3>0

where A=—-D+E+G+H—-3 ,B=12D+12G-4J-12, C=—-FE—-2G - H +4,
F=-2D-2G—-2H+6, [=4D—-F +2G — H — J, t( n) is determined in Theorem 6.3.

Lemma 4.3 will be discussed in four cases.

6.1 Casel
B=C=D=0.

Theorem 6.7. Form >0, n > 1,

1 m EORRON () o 5my
(;z 1,00"77°1,3 . .(I 10’ 21,3
(Agn))g) Z (kh e k5) Lk 1,ks

k1+-+kg=m

ki, k5>0
A (57 .. S(on> E ™ m (s s s (s e 50
5mfs1o’v13 <>4mkz71n07713$107713
Ag 1Im 4n)A? ;0 k 1 k 1,k
—LoaN- (™ o) G - g
k=0 1 k=0
m s .. (3” (2n (2n)
i DBl W L R
A k=0
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_l’_
S
@l M~
g
\Ms
N
> 3

3 3
Sk{z’(sg (;l)’ - ,s<1 ?:L))t(n)
1,k 1,m—k

1 k=0
J m b (5502155 (550 508
P (1T ok
(n) 1(2n) k k k 2,k 1,ko
A2 Al kg +hg L kg—m 1, 2y 3
k1,ko,k32>0

K m ot (5505559, (n)
+ - 1{3 20 2,3 t
W, (1) 520

kq+hko+hz=m
kq,kg,k3>0

L m k ) ) (Sn)) ( (n)y 7S(n)) (S(n)’ »s(n))
T A(3n)(A(n) Z (kl ko k3> 3 1‘Zl 11:10 e ‘31 Ilcgo e ‘31 ]1%0 e
1 ) )

)2
1 k1+ko+kz=m
k1,ko,k3>0
(n) (n)

(n) (n) (n)

M m k 37ty S ) ( )78 ) ( )8
_l’_ 1&’ 20 2,3 (’z 10 1,3 (’Z 10 1,3
Aé”)(A("))Q Z (/ﬁ, ko, ks, k;4)( D™ T, Lka Lks

k1+ko+kg+kg=m
k1,k2,k3,k420

N m NCLONRN L) (53 L 21y (glm) )
A A <k1 ks m)ﬂlgléf R AT A

1 ki+kotkz=m
k1 ,kg,kg>0

r m (n) 4(n) (510 589)
tn n(z 10 1,3
1 TP DN PR LR+

k1 +ko+kg=m
kq,kg,k3 >0

_Q m P R O () P C R
+ A2 4(n) Z k1, k. ks 2 1‘21 k1 t kg‘zl,k:’,
1 ) )

k1+ko+kg=m

k1 ko kg >0
R ( m ) & 2")7 s (2n)) (s (”)7 s (’ﬂ))
+ ~ ~ 2 1(1120 1,3 (Zléo 1,3
A§2 )(Ag ))3 k1+k2+k23+k4=m k17k27k37k4 ! ?
k1,ko,k3,kq4 >0
I [ O )
el
; ( ) ) () (5110 515 (5175, 9 (5 o)
+ n tl k?l‘zl kz Tl Jk: ‘El,k I
(Ag ))3 k1+k24;3+k4m kl? k?? k-?)a k4 ’ *
k1,ko,k3,kq4 >0
where
A=T+2L+2N + P +2Q +6R+4S — 14,
E=—-1-2L-N-Q—-3R—-S5+5,
F=4G+ 1+ 2L+ 6N + 5P + 6@ + 18R + 165 — 50,
H=-L—-2N—-P—-Q—-4R - 35+ 10,
J=—G—-1-2L—-M—-2P—-3Q —6R—-75+ 20,
K =-2G —2M — 2N — 5P —2@) — 6R — 125 + 30,
tm and té”)n are determined in Theorem 6.3 and 6.6, respectively.
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6.2 Case?2

B+#0,C =D =0. Let

Cgcge(a%ﬂ)m(Cflzcge(cwﬁ)r + Cgcge(ﬁﬂ)x + c’gc’fe("”"‘)x) 4.

n._n.n

+ B PTHIT(nene(Btr L nenoibd)r o nen (BT

Theorem 6.8. Form >0, n > 1,

g 1 3 m s et s
3, A(n) 5 S 1,k1 1,ks
( 1 ) k1+-+ksg=m L 1 v5
ky,-r,k5>0
5n 5n
_ A gl
1m

5n
AP

( m ) t(n) 1(55?0)7 75573)1(8?’0)'" ,Sg?g)‘z(sg?o), ’8(1?3))
- E 1,k <1,k 1,k Lk
(A(n))3 kl) k27 k3a k4 ! ? ? *

k1 +ko+kztkg=m
k1 ,kg,k3,k >0

Y

where
A=-G—-—J—-—M+2N—-P—Q —35+6,
B=-2G—K—-2M —2N —5P —2Q — 6R — 125 + 30,
E=G+J+M—-N+2P+2Q+3R+6S — 15,
F=-3G—-J—-3K—-—7TM —12P — 3Q — 6R — 275 + 60,
H=-L-2N—-P—-—Q—4R—-35+ 10,
I=-G—-J—-2L—M—-2P —3Q —6R — 75 + 20,

t(n)

1.m and tgngl are determined in Theorem 6.3 and 6.6, respectively.

6.3 Case3
C#0,B=D=0.Let
k
)

> x
(n
>t T
k=0

_ n,.nn_ (a+B+y)x( 2n 20z 2n 20z 2n 2vx
= cjdycie (e7"e” ™ 4+ c5e™PT + c3"eT) 4 - - -

n .n n (B+v+d)x( 2n 2Bz 2n  2vyx 2n 26z
T caczcye (" €™ + 5"e™" + " e™).

Theorem 6.9. For m > 0,n > 1,

n ]_ m (S(") s(n)) (s(n) S("))
cin = > (s
) (Ag N5 T k;h R ’k5 k1 ks

ky,,k5>0
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5 m (n) (5379 58) (587 587 (53,
- (A:([n)>3 Z (k17 kz; kg, k4) thlTl’kQ zl k3 ‘Zl,]ﬁ;

where

MY s

kq+ho+ks+kg=m
kq,ko,k3,k4 >0

A=T+2L+2N+P+2Q+6R+4S — 14,
C=-G-I—J—2L—M—2P —3Q —6R—"175+20,
E=-T1-2L-N—-Q-3R—S+5,
F=3G—J—M+6N+3P+3Q+12R + 95 — 30,
H=—-L—2N—P—Q—4R 35 + 10,

K =—-2G —2M — 2N — 5P — 2Q — 6R — 125 + 30,

tg’?n and té”)n are determined in Theorem 6.3 and 6.6, respectively.

64 Cased
D#0,B=C=0.Let

oo
(n)
Z bk m
k=0
_ Crlzcgcge(a+,3+’y)m(c71’beax + cn Bx + Cge'ya:)Q 4.

+ chcycye (Bryto)e(cnehr 4 B 4 chedr)?,

Theorem 6.10. Form >0, n > 1,

Dt

(n) _ 1 m I(SY’LO) Sgn??) - _:Z(SY}(} sgng)
5m (Agn)>5 . +; . (kl) P ’k5) 17k‘1 1,k35
by ke >0

— A 5mz 10(7)07' <15‘?)) _

A(Sn

S m ( ) (S 8 ) (S(’ﬂ) S(n)) (S

— t n T 1, 0 1 3 ‘Z 1.3 ‘Z 1 0

(Agn)>3 k1+k2+z’€3:+k4—m <k17 k27 k’g, k4) Lk 71k Lks 1 k4

where

t§”}n and t

kq,ko,k3,kg >0

A=1+2L+2N + P +2Q +6R +4S — 14,
D=-G—1—J—2L—M—2P—3Q —6R—T7S + 20,
E=-1-2L-N—-Q-3R—S+5,

s

51,3

F=-3G—-6—-7J—-TM+6N —12L — 9P — 15Q) — 24R — 335 + 90,

H=-L—-2N—-P—-Q—-4R— 35+ 10,
K=21+2J—-2N +4L — P+ 4Q +6R + 25 — 10,

g’?n are determined in Theorem 6.3 and 6.6, respectively.
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7 Some more interesting general expressions

We shall give some more interesting general expressions.

Lemma 7.1. Forn > 1, we have

(cocs + cgcq + caco)e™® + (c3cy + cyc1 + Cng)eﬁz

+ (c162 4 104 + €462)€7" + (c109 + cacs + c103)e’”
1 o (146 416,581,1080) T"
563 K

Theorem 7.2.

(cacs + c364 + c400)" €™ + (c304 + ca01 + cr03)
+ (c109 + €104 4 €402)" €T + (c109 + coc3 + c103)"€

k
‘1530531532533)‘%
A;}Z Kl
k=0

oz

where sgfg, sénl) , sgnQ) . 539 ) and A( satisfy the recurrence relation:

= s, =) -l -
AW — gD (—168373 + 1035&2) - 15733 ) 10s n8>
ST TS e el

b1,bs, bs, M, N and P are determined in the proof.

Proof. Similarly to the proof of Theorem 6.3, we consider the form
ok
hg")ea’” + hg”)e‘“ + h:(sn)ew + hfln) Z Sy k e

By hY‘) = Aé”) (cacs + c3cq4 + c4c0)™, we can obtain the following recurrence relation:

A= 650555 + 38550 + 8545 — 664555,
B = 186255 " +231s{" " — 162753"2 V11788,
C = —1100sy% " — 23805 ) — 4175 ) + 522555 Y
D =165V — 252500 — 170555 4 14855,
B =1198s5 " — 1083sy" " — 19065y " + 1368555 ",
F = 2434505 + 814s{"" + 34735\ — 17695y ",
G = 98855 4+ 19355 — 7575 Y b _ 9335,
H = —518s05) 4+ 8015 + 920s§5 ") — 8345(5 7",

= 26850 + 18650 b_ 1325557 — 165",
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J = —1303s55 Y — 169055 + 1465y " + 6665y ",
K = 39805y ") — 3273s{" ") + 163855 + 620s §”3 Y
L =1012sy5 " — 869sy" " — 14905 y +1116sy5 "

Y

I

(LA— DI)(FA— BE) — (HA— DE)(JA — BI)

M = GA—CE)JA—BI)— (KA—CI)(FA—BE)
_ M(GA—CE)+ (HA - DE)
B BE — FA ’
P:—%@N+CM+D%
aq a9 as
M==" N==2 p=2 b)) =1
bl ) b2 ) b3 ) ng(a27 bl) )

sy = Hlem(by, by, bs),  s5) = Ms§y, sy = Ns{y, sy = Psyy,
1 (—16s5% + 1033("> - 157s )~ 10s5Y)

A pn)
’ ’ 8s§”§ +10s{Y 4 7s{") — 655
(TL) ( (n) S(”) 8(") (”l))
We choose the value of s;; such that for some ko, Yk > ko, Ty 07" *337 s positive. O
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