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1 Introduction

Let N be a positive integer and K, a field such that char(K') does not divide N and it contains a
primitive N'" root of unity: w. Let K* = K \ {0}, a,b € K*, and let S be the algebra over K
generated by elements z and y, with 2V = a, ¥V = b, yx = way. This algebra is called a symbol
algebra (also known as a power norm residue algebra) and is denoted by ([‘é—bw) Observe that S
has a K-basis {z'y’ : 0 < 4,7 < N}. The symbol algebra of degree 2 is called the quaternion
algebra and here the symbol algebras are generalization of the quaternion algebras.

In 1963, Horadam [13] defined the n-th Fibonacci quaternion (),, as

Qn:Fn+ZFn+1 +an+2+an+3’
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where F;, denote the n-th Fibonacci number and ¢, j, k are the quaternion units, satisfying
P==k=-1ij=—ji=kjk=—kj=1iki=—ik =]

Subsequently many authors studied the extension and generalization of the Fibonacci quaternion
and investigated their properties. Flaut and Shpakivskyi [5] studied on the properties for the gen-
eralized Fibonacci quaternions and Fibonacci-Narayana quaternions in a generalized quaternion
algebra. Variants of octonion algebra involving generalized Fibonacci quaternions and octonions
were also studied by many authors (see [3,9-11, 14, 15,18, 19]).

Flaut and Savin [4] and after Flaut, Savin and lorgulescu [6] considered the symbol algebra
of degree 3 and defined the n-th Fibonacci symbol elements £}, and n-th Lucas symbol elements
L, as

Fn = fn'l + fn-&-l-x + fn+2-x2 + fn+3-y+ fn+4'xy + fn+5-372y + fn+6'y2 + fn+7'x?/2 + fn+8-x2y2

and
Ln = lnl + anrl':U + ln+2-$2 + ln+3-y =+ ln+4'x?/ =+ ln+5'x2y + ln+6-y2 + ln+7-$y2 + ln+8-x2y2

respectively, where f,, and [, are the n-th Fibonacci and and n'* Lucas number.

Although, the notation used for defining the Fibonacci symbol elements is same as the nota-
tion for the Fibonacci numbers in the Fibonacci quaternion, we confirm their distinct behavior.
We believe that the readers will not be confused with these notations. Flaut and Savin [7] studied
some properties and applications of (a, b, zg, 1 )-numbers and quaternions. Savin [20] defined
and studied properties of special numbers, special quaternions and special symbol elements. In a
recent paper, Flaut and Savin [8] presented some applications of special numbers obtained from
a difference equation of degree three. In this study, we generalize the concept of Fibonacci and
Lucas symbol elements to the Horadam symbol elements. Moreover, we study the Binet formula,
generating function and some identities involving Horadam symbol elements. We will show that
these elements satisfy many properties similar to that of Horadam numbers.

The Horadam sequence {wy(ao, a1, p,q)}, k > 11is defined by
Wi+1 = PWg + qWg—1; Wo = g, W1 = 1, (D
where ag, a1, p, q are integers such that A = p? + 4q > 0. Further, « = —Y5—— and 8 =

p—/p*+iq

5 9 are roots of the characteristic equation. The Binet formula for this sequence is given by

_Ao/“—Bﬁk
=T

Wk

where A = a1 — qpff and B = a1 — aga.

2 Some properties of the Horadam sequence

In this section, we explore certain elementary properties of the Horadam sequence. Some of these
properties represents weighted sum formulas of this sequence.
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Theorem 2.1. The Horadam sequence defined in (1) satisfies the following identities.
(@) ¢Pwi + pwris = (P* + Q) wiyo,
(0) q*wi + wira = (P° + 20) w2,
(c) (¢® +P*¢*) wi + pwiys = (p* + 3p*q + ¢*) Wi,
(d) (P°¢* +2¢°)wi + wirs = (p* + 3¢° + 4p*q) Wi,

(e) (p*q*+ 3p°¢ + ¢*) wy + pwiyr = (p* + 5p*q + 6p°¢> + ¢*) Wy,

k
(f) Zpkfiqwi = Wiyo — prwy,
i—1

k
k—i k
(g) E pPqg W2i—1 = Wk — q Wo,
i=1
k
k—i k
(h) E pPqg W2 = Wak4+1 — q Wy,
i=1
2k 2 2 3 3 2
. 2 2 _ . _ ¢*"-(qagtpaoar—ai)-(p°+pg+4g° —p°—4q)
(i) Wy, 3 — Wy = WopWokie — WopWaky2 e ,
2k 2 2 3 2 2 3
o9 2,2 2 q°*-(gag+paoai—af)-(p°+p°q°+pg+8¢°)
(J) Wipys + @ Wiy g = (P + 2q)worwor 14 — P2 4dq )
2k 2 2 6 4 2.2 3 3
2 (2 2 2,2 _ ¢**-(qagt+paoai —ai)-(p°+4p*q+3p*q° —p° —pg—8¢°)
(k) Wy 5 — (P + 2Q) Wiy 40 + Wiy = peEwp :

Proof. (a) and (b) can be proved using the recurrence relation of the sequence wy,.
We are proving (c). From (a) we have ¢*wy, + pquiis = (p*q + ¢*)wy 2. From (b) we have
P2¢Pwy, + p*wirrs = (p* + 2p?q)wy1 9. Adding member with member the last two equalities, we
obtain:

(¢° + P°¢) wi + p (pwisa + quiss) = (p* + 30°q + ¢°) Wia-

This last equality is equivalent to (¢> + p?¢?) wi + pwrss = (p* + 3p*q + ¢*) Wira-
We are proving (d). Using (b) for £ — k + 2 and then normally, we have:

wy, + W6 = (p2 + 2q)Wy4a — q2wk+2 + qwy,
= (p*> +2q) - [(P* + 2Q)Why2 — CPwi] — Wiy + Cwy,
= [(p* + 29)* — @lwps2 + (1 — p* — 2q)wy.

This implies that (p?q? + 2¢3)wy + wiy6 = (p* + 3¢ + 4p*q) w1

The proof of (e) is similar to the proof of (c) and hence, it is omitted.

The proof of (f) is based on mathematical induction. Observe that the assertion in (f) is true for
k = 1. Asuume that it is true for k = ¢. Since,

t+1 ¢

f+1—i _ 41—
E D qu; = E p qw; + QW11
i—1 i=1

93



¢
=p ( Z pt_iqwz) + quit

i=1
=p(We2 — ptw2> + qWi1

_ t+1
=Wi43 — P W2,

the assertion is true for £ = ¢ + 1. This proves (f).
The proofs of (g) and (h) are similar to that of (f) and hence, are omitted.
(i) Let k, [ be two positive integers, k < [. Using Binet formula for Horadam sequence, we have

Aa% _ Bﬁ% Aan _ Bﬁ2l

W - Wop =

o — ﬂ o — B
(Aakt — BEF)? 2ABaMHBE — ABa2* B2 — ABa® 32
= +
(a=8)° (a— 5)
_ w2 N 248 (_q)k-H _ AB (_q)Qk (a21—2k + 52l—2k)
k+1 (a — 5)2 .

So, we obtained:

2AB (_q)kJrl . Aquk (a2172k + 5217%)

2
Wap - Wey = Wi, + )
2k 21 k41 (a _ 5)2
Making [ = k£ + 1 in the equality (2) and using Viete’s relations for o and 3, we have:
o, _2ABq2k+1 _ ABqQk (042 + 62)
Wk * Wak+2 = Wapy g + 2
(a—p)
_ 2 ABET-(2q+4p" +2)
2k+1 2%+ 4q
= Wiy +¢% - (qag + pagar — ai) .
So, we obtained:
Wag * Wok42 = w%kﬂ + C]Qk . (qag + paga; — a%) . (3)

Making | = k + 2, respectively [ = k + 3 in the equality (2), using Viete’s relations for « and (3
and doing calculations similar to previous ones, we have:

p* - (p* +2q) - (qad — a? + pagay)
p? +4q

: “)

2
W2k * Wok44 = Wypyo +

and
- (p® +pg+4¢%) - (gad — a? + pagay)
p? +4q

- (&)

Wok, * Wok+6 = Wapy3 +
From relations (3) and (5) we obtain:

¢** - (qad + pagar — a}) - (p* + pg + 44> — p* — 4q)
p? +4q

2 2
Waptg — Wopy1 = W2pWok+t6 — W2k W2k+2 — )
(j) From relations (3) and (5) we obtain:

2 2 2 2
Wogyg + Q" Wop | = Wk - Wag6+q Wag * Wogt2
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¢** - (qad + pagay — &1) (p +pg+4¢° + ¢ + 4¢°)
2 +4q

Applying (b) the last equality is equivalent with:

¢*" - (qad + pagay — a3) - (p° + p*¢* + pq + 8¢%)
p? +4q '

w§k+3 + qzwgk-&-l = (p2 + 26]) Wag * Wok44 —

(6)
(k) From relations (4) and (5) we obtain:
2. 2% (2 2 2 _ 2
2 2 2 2.2 p?-q* - (p? +2q)° - (qag — ai + papa)
Wypys — (D7 + 2Q)Wop 0 + ¢ Wop iy = 22+ g
_ ¢ - (995 + paoar — ai) - (p° + p*¢* + +pg + 8¢°)
p*+4q

This last last equality is equivalent with:

w%k-ﬁ-i’, — (P + 2Q)w§k+2 + q2w§k+1
~¢* - (qad + pagar — a?) - (5 + 4p*q + 3p*¢* — p* — pg — 8¢°)

B p® +4q

Theorem 2.2. For every integer n > 0 and for all c € R — {0},

c" wn+1—a0+z { _1wz+(c_1)wi+l+qwi—1}-

Proof. The proof is based on mathematical induction. For n = 0, both sides of the above equation
are equal to ca;. Assume that the assertion holds for n = m. Using the recurrence relation for
the Horadam sequence, we get

ag + Z ci{(p — Dw; + (¢ — Dwiyq + qwi_l}
=0
= Qg + Z CZ{(p — 1)wz + (C — 1)wi+1 -+ qwi_l}
=0

T cm“{@ s + (e = Vs + qwm}

= "M + cmﬂ{(p — Vw1 + (¢ — Dwppo + qwm} = "2 Wppa.
Thus, the assertion is true for n = m + 1. This completes the proof. ]

As (p, q)—Fibonacci and (p, ¢)—Lucas sequence are special cases of Horadam sequence with
initial values ayp = 0, a; = 1 and ag = 2, a; = p respectively, they satisfy the identities in
Theorem 2.1. The Binet formula for the (p, ¢)—Fibonacci and (p, ¢)—Lucas numbers are given
by:
ak — Bk

a-p

Using these Binet formulas, in the followmg theorem, we explore some properties of the

ko gk
Frak = Lpgr=a"+ 5%

(p, ¢)—Fibonacci and (p, ¢)—Lucas sequence.
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Theorem 2.3. Let F, ,  and L, , 1. denote the k' term of the (p, q)—Fibonacci and (p, q)—Lucas
sequence respectively. Then, we have the following identities.

(@) qFpqr—1+ Fparr1 = Lpgk;
(b) qLpgr—1+ Lpgrr1 = (* +49) Fpgk;
(¢) Fpak+a — q2fp,q,k72 = pLygk;
(d) Lpgr+2 — CLpgr—2 = P> +49) Fp gk,
(e) pFpak + Lpak = 2Fpqk+1,
() PLpgr + (07 +49) Fp ok = 2Ly 141,
(8) @ Fpak +PLpgirz = Fpaksa
(h) @Lpqr +0(p° +49) Fpgrra = Lpgria,
(i) pFpgr+2 + aLpgr = (0* +20) Fpgrt,
() PLpgrr2 +a(0° +49) Fygr = (0* +20) Ly g1,
(k) ¢ Fpak + Fparre = (0° + Q) Lpgrs,
() PLypgk+ Lpgrrs = (0 + Q0" +49) Fpgnis,
(m) ¢* Fpqk + pFpaprs = (07 + @)* + pa(L +p + @) Fp g pta-

Proof. We prove (a) only. Proofs of (b)-(m) are similar. Using the Binet formula and the fact
aff = —q, we get

P S Lo Vs R L3

qFpak—1 1T Fpakr1 =4 a—p + a—3
S D AT
_a—ﬁ{a (a+a) 5(54“5)}
— 1 ki_ _ pk(_ _
_a—ﬁ{a( B+ a) — B a+5)}—£p,q7k' O

The following theorem deals with the generating function and exponential generating func-
tion of a subsequence of the Horadam sequence. The proofs are similar to that of the Horadam
sequence and hence are omitted.

Theorem 2.4. For fixed integers k and m with k > m > 0andn € N,

(a) the generating function of the Horadam number Wy, 1., is

2 S = T o s + (s
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(b) the exponential generating function of the Horadam number Wy, , is

k k
i Wintm o Aa™me™s — Bpmels
n! a—p3 '

n=0

The following theorem provides two sum formulas of a subsequence of the Horadam se-
quence.

Theorem 2.5. For any natural numbers m,n, k with k > m > 0, we have

(a)

Y

Zn: _ (_q)mwmn+k‘ — Wmntm+k — (_Q)mwk—m + wy,
Wmnr4k = m m m
pr 1+ (=q)™ = (o™ + ™)

(b)

Zn:(_Drw . = (—1)n+1qmwmn+k — (_1)n+1wmn+m+k — "W + W
= T+ (—g)" — ()" (o™ + )

Proof. We prove (a) only. The proof of (b) is similar. Using the Binet formula for the Horadam
sequence, we get

(]

n " Agmrtk Bﬁmr+k
TZO e =0 a=p
1 amntm mntm _
o= B {Aak <—m 1 ) ~Bs (—ﬁﬁm oy ﬂ
L [ (AamnE = BT — (Aamrimh - pgmin
-5 I+ (=) — (@ + 57
(—0)"(Aak~" — BF*™) — (Ao — BY)
L+ (=g = (@7 + 57) |

]

In the following theorem we explore weighted sum formulas for a subsequence of the Ho-
radam sequence.

Theorem 2.6. For any natural numbers m,n, k with k > m > 0, we have

(a)

- _ |:(1 + (_Q)m)wmn+m+k — Wmn+2m+k — (_Q)mwanrk
E TWmr4k =N
L+ (=g)™ = (am + ™)

. Wmn+m-+k + q2mwmn+k7m - 2(_q>mwmn+k
(L4 (=g)™ — (o™ + fm))? ’

r=0
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(b)

. r—1 _ n+1 (n —-1- 2”(_Q)m>wmn+m+k + qzm(n - ]-)wmn—i-k—m
> (-1 s = (-1 T T
. NWmn+2m+k + (nq2m - 2(_Q)m(n - 1))wmn+k
(I (g™ — (@ + 5P

r=0

Proof. These identities can be proved by using the proof of Theorem 2.5 and the identity

n n+l 1™ 1
err—l _ nx (n+ )x + 7|[E| <1
(z —1)?

r=1
which is obtained by differentiating the sum formula of a geometrical progression. ]

In the following two theorems, we obtain a binomial weighted sum formula of the Horadam
sequence.

Theorem 2.7. For the integer m > 0, EZL:O (”};) PEwRg™F = wop.

Proof. Using the Binet formula of wy, we get

~ (m k mfk_m m kAak_BBk m—k
Z<k>pw’“q _Z(k>pﬁq

k=0 k=0
_Ammkkm—k B~ (™Y gk men
_a_BZE(k)paq Oé—/@; & p*B%q
A B Aa®™ — BB
= m_ m == D
1 i 1 ) "
Theorem 2.8. Let m be a non-negative integer. Then,
“(m men ) WkemAT, if m even;
(a) nz; <n> Wan+kq = { (Aaker + Bﬁker)AmT*l’ if m odd.
- m _ P Weym, I meven;
b —1)" . m-n __
(D) RZ%( ) (n) Won+kq { D™, ifm odd.
Proof. The proof of this theorem is similar to that of Theorem 2.7. [

3 Some properties of the Horadam symbol elements

In this section, we define Horadam symbol element and establish some properties for these ele-
ments. We also find the Binet formula and the generating function for these elements.
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Consider the symbol algebra S' = (;—Z) of degree N generated by x and y over the field K.
So S has a K-basis

2 N-1 2 N-1, .2 2 2 2 N-1,2
{171":[7""1' Y, LY, LY, , T v,y,ry ,ry, -, Yy,
N-1 . N-1 N-1, N—1
Yy , LY y T, Yy }
We denote the i*" term of the above basis as e;_; so that {eg, €1, ,en2_1} is an ordered

basis for S. We define the k-th term of Horadam symbol element as

N2-1

Wi = E W€y,
=0

where wy, is the k' Horadam number while W, is the k' Horadam symbol element. It is easy
to see that the sequence of Horadam symbol elements satisfy the same recurrence as Horadam
sequence, that is,

Wit = pWi + qWi_1,

where the initial terms are Wy = (wp, w1, -+ ,w,2_1) and Wy = (wq, wa, - -+, w,2). The auxil-

py/PP+4q

iary equation of this recurrence relation is given by A2 —p\—¢q = 0 whose roots are o = 5

and = YT Vfﬂq. Let

N2-1 N2-1

Q:Z@lel,ﬁ: Ble, A=ay—apB, B=a; —apa, (a —B)*=A

=0 =0

and we use these notations throughout the remaining part of this paper.
In the following theorem we obtain the Binet formula for the Horadam symbol elements.

Theorem 3.1. The Binet formula of Horadam symbol elements is

Aac® — BB
w, - Aea” — BAT
a—f

Proof. Using the Binet formula for Horadam sequence, we get

Wi, = Wh41€] = e = a‘e — Be.
1=0 1=0 a—p a—§ 1=0 a—p 1=0
Hence, the result follows. [l

In the following theorem, we prove some identities for the Horadam symbol elements.

Theorem 3.2. Let W;, be the k' term of the Horadam symbol elements. Then the following
identities hold.

(a) Wi+ pWiys = (0* 4+ @) Wio,
(b) Wy + Wiy = (07 + 2q)Wiia,
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(c) (¢*+p*¢®) Wi, + pWiis = (p* + 3p%q + ¢*) Wiya,
(d) (p*q* +2¢° )Wy + Wis = (p* + 3¢* + 4p*q) W2,
(e) (p*¢* + 3p*¢* + ¢*) Wi + pWisr = (p* + Bpq + 6p*¢* + ¢*) Wi

Proof. Using Theorem 2.1 and the definition of Horadam symbol elements, we find

N2-1 N2-1
CWi + pWiis =¢° > Weier +P Y Wizl
=0 =0
N2-1

= Z (@° Wk 11 + Pwikis)a)e
0

=
N2-1

= (p* + Qwk+2)1i€1-
=0

Thus (a) is proved. The proofs of (b)-(e) are similar to the proof of (a) and, hence, are omitted. [

In the next two theorems we establish some important sum formulas for the Horadam symbol
elements.

Theorem 3.3. The Horadam symbol elements satisfy

k
(a) Y p"'qWi = Wips — p"Ws,

=1
k

(b) > pg" " Waiy = War, — ¢" W,
=1

k
(c) quk_iwm = W1 — ¢"W1.

i=1

Proof. Using Theorem 2.1 and the definition of Horadam symbol elements, we get

k k
> g => ptg
=1 =1
N2-1 , k+l l
=) ( > g, — pF Y p"iqwz') e
=0 =1 =1

N2-1

= Z (w(k+2)+z - pkw2+z> €
1=0
N2-1 N2-1
:( Z w(k+2)+l€l> —pk( Z w2+l€l)~
=0 1=0

This proves (a). The proofs of (b) and (c) are similar to that of (a) and hence, are omitted. [l

N2-1 N2-1

k
_ k—i

E Wit1€] = E ( b qwi+l>el

=0 =1

=0
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Theorem 3.4. For every integer n > 0 and for all c € R — {0},
Cn+1Wn+1 Wo + Z { — 1 W + (C — 1)WZ‘+1 + qul}

Proof. The proof is similar to that of Theorem 2.2 and hence, it is omitted. O]

The two special cases of Horadam symbol elements are (p, ¢)—Fibonacci symbol elements

F, 41 and (p, ¢)—Lucas symbol elements L, , ;, defined by

N2-1 N2-1
F

gk = E , Fpakrierand Ly g = E Ly g k+i€l
=0 1=0

respectively, where 7, , . and £, ., denote the (p, ¢)—Fibonacci and (p, ¢) —Lucas number. The
Binet formula for (p, ¢)—Fibonacci and (p, ¢)—Lucas symbol elements are respectively

- pp*
Fpaqk = fﬁ

Kilic [16] studied some binomial sums involving the (p, ¢)—Fibonacci numbers. The follow-

and Ly, = = aak + @ﬁk.

ing theorem provides a similar sum formula for the Horadam symbol elements.

Theorem 3.5. The Horadam symbol elements W,,,, satisfy

mn 3) =i j .
W pq,dz< ) ]:pqd m‘qudeJ'

Proof. Using the identity

m n—j)
Wmn+l = p q7d Z < ) ‘Fp q,d— m]:p g,mWdj+1;

the theorem follows directly. ]

The following theorem shows that the (p, ¢)—Fibonacci and (p, ¢)—Lucas symbol elements
satisfy similar identities as that of (p, ¢)—Fibonacci and (p, ¢)—Lucas numbers.

Theorem 3.6. The (p, q)—Fibonacci and (p, q)—Lucas symbol elements satisfy
(a) qFpqr—1+ Fpgrt1 = Lpgk,
(b) qLpgr—1+ Lpgre1 = (p2 +4¢)Fp g s
(¢) Fpagrr2a—4q Fp gk—2 = PLp gk,
(d) Lygrs2 = @ Lygp—2 = p(0* + 44) Fp g,
(€) pFpqk + Lpgk = 2Fp g k11,
(f) PLpgr + (0 +40) Fpgr = 2Lp g r11,
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(8) @ Fpqk +PLpgirz = Fpgria,

(h) @Lpgr +p0* +49)Fpgrro = Lpgrra,

(i) PEpgns2 + qLpgr = (0* + 29) Fpgps1,

() PLpgrrz + a0 +49) Fpor = (0* + 2¢) Ly g1,
(k) @*Fpqr + Fpqrre = (0* + @) Lpghrs,

() @Lygr + Lpgirs = (0° + Q) (0> +49) Fp g3,

(m) q4Fp,q7k + Fpgkis = [(p2 + CI)2 +pq(L 4+ p + Q)| Fp g k44

Proof. We prove (a) only. The proofs of (b)-(m) are similar. Using Theorem 2.3 and the definition
of (p, ¢)—Fibonacci and (p, ¢)—Lucas symbol elements, we find

N2-1 N2-1
Fpar—1+ Fpokt1 =¢ E , Fpa,(k—1)+1€1 + E : Fp,a,(k+1)HEl
1=0 1=0
N2-1

=Y [aFpakin-1 + Fpgminle
=0
N2-1

= E Ly grrier = Ly gk
=0

This proves (a). ]

Generating functions are useful in solving linear homogeneous recurrences with constant co-
efficients. In the following theorem, we establish the generating function for the Horadam symbol
elements.

Theorem 3.7. For fixed integers k and m with k > m > 0 and n € N, the generating functions

of the subsequence Wy, 1., of the Horadam symbol elements is given by

> W — (=) *Wi_is
n+m "= ’
2 Wi = TG )+ ()

\VP?+iq _ p—\/P?+4q
————and = ——5—.

P+
where o = 5 5
Proof. Using Theorem 2.4 and the definition of Horadam symbol elements, we find

[e'S) [e'S) N2-1

n n
g Wkn+m8 = E |: § w(kn+m)+lel:|3
n=0

n=0 =0

N2-1 oo
> [ > wlm+(m+l)5n] e
n=0

=0

l
N2—
' Wl — <_Q)kw(m+l)—k3
S 1= (F 4+ 59)s + (—o)ts? ]
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N2-1 N2-1

(Fowe] o Erwa]

1 — (o + BF)s 4 (—q)ks?
This completes the proof. []

Corollary 3.7.1. The generating function for the Horadam symbol elements W, is

Z W Wo + (W1 pWO)S
1—ps—gqs?2

Exponential generating functions are also used for solving both homogeneous and nonhomo-
geneous linear recurrences with constant coefficients. In the following theorem, we establish the
exponential generating function for the subsequences Wy, ., of the Horadam symbol elements.

Theorem 3.8. For m,n € N, the exponential generating functions of the sub sequence Wy, ., of
the Horadam symbol elements is given by

Z Wkn—i—m s — Agameaks - Béﬁmeﬁks

' _ )
~ nl a—pf

+4/p%+4 —4/p?+4
wherea:W,ﬂz}#,A:al—aoﬁandB:al—aoa.

Proof. Using Theorem 2.4 and the definition of Horadam symbol elements, we get

00 N2-1

e = 3 [ 3 ]

n=0 n=
N2_
=S [zwkn+ o] 5
1=0
N2_-1 |:Aam+l a s Bﬂm—i—leﬂ s :|Sn
— a— 0 n!
N2-1 NZ2-1
Ao/”( Z o/el> s — Bﬁm( Z ﬁlel) eP*s
_ 1=0 1=0 s"
a—pf n!
This completes the proof. O]

Corollary 3.8.1. The exponential generating function for the Horadam symbol elements W, is

=W, . Ageas — BpePs
> =—,
n! a—f

n=0

where A = a1 — agff and B = a1 — apa.

Catalan’s identity, Cassini formula and d’Ocagne’s identity are usually obtained for the recur-
rent sequences where the multiplication is commutative. Since the elements of symbol algebra is
associated with non-commutative multiplication, we will obtain two such identities in each case.
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Theorem 3.9. (Catalan Identity). Let n,r € Z and n > r, then
(@) Wy Wiy — W2 = %[AB(—q)”_T(o/" — BN (B aB — a"Ba)],

(b) WnJrranr - Wg = %[AB(_qyz—r(ar - BT)<5TQQ - ofgé)].

Proof. Using the Binet formula of Horadam symbol elements and the fact o = —¢q, we get
Aaa™" — BBB"T Aaa™t" — BBAT Aaa™ — BBA™\ 2
Wn—rWn—l—r - WS = — ﬁﬁ — é/B - — éﬁ
a—pf a—p a—pf
ABaB(~q)" (1= 2) + BAa(—q)" (1- %)
B (a—p)?
~ AB(=¢)""(a" = 5")(8"af — o’ Ba)
= X .
This proves (a). In a similar way, (b) can be proved. [

Corollary 3.9.1. (Cassini Identity). Let n € Z, then
(@) WooiWpr = W = = [AB(~q)"'(BaB — afa)],

(b) WoraWyoy = Wi = =[AB(—q)" ' (BBa — af)].

Theorem 3.10. (d’Ocagne’s identity). Let m,n € N withn > m, then
(@) WoWopir = Wi Wo, = =[(—=¢)"AB(a" ™af — " Ba)],
(b) Wa W = WuWhy = J5[(—=@)" AB(a" ™" Ba = 8" ap)].

Proof. Use of the Binet formula of Horadam symbol elements, yields

AQO&" _ Bﬁﬁn) (Agozm“ _ Béﬁm-ﬁ-l)

WnWm+1 - Wn+1Wm - (

a— [ a—f
Aaa™t — BB Aaa™ — BBp™
_< a—p )( a—p )
_ ABBaa™"(8 — a) + ABafa" 3" (a - B)
- (a = B)?
 (—g)"AB (a"™aB — "™ Ba) .
a—f '

Bolat and Kose [2] investigated certain properties of the k—Fibonacci sequence. The follow-
ing theorem provide similar identities for the Horadam symbol elements.

Theorem 3.11. For arbitrary natural numbers m and n, we get

A2a2am+n o BQﬁQﬁm—i-n

WmWn+1 + qu—IWn -
a—p
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Proof. Using the Binet formula for Horadam octonions, we have

Agam _ Béﬁm> <Ago¢n+1 _ Béﬁn-H)

WmWn+1 + qu—IWn - (

a— [ a—p
Agamfl _ Bﬁﬁmfl AQO&" _ Béﬂn
() ()
B A2Q2(l/m+n(0é+ %) _ BQ@25m+n(_5_ %)
- (a—p)?
~ AB(afa™'5"(aB + q) + Baa” " (B + q))
(a—p5)

A2g2am+n o B2§26m+n

= P ]

Observe that,
A202qmtn — BQBZBm—f—n
a—p3

In the following theorem, we establish two more such identities.

WnJerm + anWmfl =

Theorem 3.12. For any natural numbers a, b, c, k and a > k,b > k,c > k, we have

(a)
WaWb . (—Q)kWakabfk B A2g2aa+bfk - BQé2Ba+bfk
Fpak a—p3 7
(b)
W WyW, — ‘Cp,q,k(_Q)kWakabkacfk + (=) W ok Wy s We o
Epqukfi,q,k
A3a3aa+b+cf3k _ B3/@3/@a+b+cf3k

a—p
where F, ;. and Ly, , ;. denote the k" (p, q)—Fibonacci and (p, q)—Lucas numbers respectively.

Proof. The proof of (a) and (b) are similar to the proof of Theorem 3.11 followed by the use of
the identities
0 = Lpgrat + (=) = B = LogiB* + (-9)* =0
and i
(=)
33K

In accordance with Theorem 3.12, we have the following two results.

(—¢)
ot — ﬁp,q,k(—Q)k + gk B3 — ﬁp,q,k(—Q)k +

_ 2
- ‘pr%k‘/rp,q,k' L

Theorem 3.13. For any natural numbers a,b, c, d and r with a + b = ¢ + d, we have
(_q)T[WaWb - WCWd] = WarrWir — Werns Wayr
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Theorem 3.14. For any natural numbers a, b, c,d, e, f and r witha+ b+ c = d+ e+ f, we have

(_qy[Ep,q,k(Wa+7‘Wb+TWc+r - Wd+rWe+er+r) - q%(WaWch - WaWbWC>]
= Wa+2er+2ch+2r - Wd+2rWe+2er+2r

where L, , . denote the k'™ (p, q)—Lucas number.

In the following theorem, we provide some sum and weighted sum formulas for a subsequence
of the Horadam symbol elements.

Theorem 3.15. For any natural numbers m and k with k > m > 0, we have

(a)

Y

- w. . <_q)m”mn+k -W mn+m-+k (_q>m” k—m + 4! k
Z mr+k — 1 m m m
r=0 + (_Q) - (Oé + ﬁ )

(b)

r (_1)n+1qumn+k - (_1)n+1Wmn+m+k —q" Wi + Wy,
N oy sy pe ’

S Woas = {(1 + (=)™ Wannsmrs = Wannzmi — (—0) Wi
L+ (=g)™ — (™ + gm)

_ Wmn+m+k + q2men+k7m - 2(_Q>men+k:|

1+ (=g)™ — (™ + ™)) ’

- [(n —-1- 2”(_Q)m)Wmn+m+k + q2m(n - 1)Wmn+k—m
1+ (=)™ = (e + pm))?
. nWmn+2m+k + (nq2m - 2(_Q)m(n B 1>)Wmn+k:|
1+ (=)™ = (e + pm))?

Proof. Since all the proofs are similar, we prove (a) only. Using the Theorem 2.5, Theorem 2.6
and the definition of Horadam symbol elements, we get

n n N2-1
E er+k = E |: E w(mr+k)+l€l:|
r=0 r=0 =0
N2-1 n

:Z[

=0

Z wmr—l—(k-{-l)} €
r=0

!
N2-1 m m
[(—Q) Wi (k1) — Wi (k1) — (— @) " W(kett)—m + Wikt
T+ (- — (a7 + 57)

€
1=0
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N2-1 N2-1

[(Q)m< Z “’(mn+k>+l€l) - ( Z w(mn+m+k)+z€l)

=0 =0
T+ (—qy = (@ + 57)

N2-1 N2-1
(_Q)m( Z w(km)+lel> - ( Z wk+16l>
_ =0 1=0 ]

T+ (g = (@ + 87)

]

The following corollary is an easy consequence of the above theorem.

Corollary 3.15.1. For any non-negative integer n,r with n > r, the Horadam symbol elements

W, satisfy
(a)
iw — (1 _p)WO + Wl + (_1)(an + Wn-{—l)
r=0 ' 1 - (p + q) 7
(b)
Zn:(_lyw — (1 +p)WO - Wi+ (_1)n+1(an - Wn—‘rl)
r=0 ' 1+ (p - Q) ’
(c)
2”: W [<Wn+1 — Waia) + aWo = Wast) Wt +2qW, + W}
— 1—(p+q) (1—(p*+q))? 7
(d)
n 2
-1 r—1 W, =(—1 n+1 [(n -1+ 2”Q)Wn+1 +q (n - 1)Wn71
;( S = (I—(p+q)?

_ nWaga + (ng® +2(g(n — 1)))Wn}
(1= +q))? '

In the following theorem we provide some more identities involving Horadam symbol ele-
ments.

Theorem 3.16. Let m be a non-negative integer. Then,

—~(m - WiemAZ, if m even;
Wn m—n — .
“ Z{) (71) et { (Aao**™ + BEBH™A™F | ifm odd.

. m - P"Wiim,  if meven;
b —1)" Woneng™ ™ =
v ;)( ) (n) ik { —p"Witm, ifmodd.
2

" (m _ A22amth 4 B2B2BMRYATT | if m even:
(c) Z (n) WoWikg™ ™" = { (4o g - f
n=0

N

(A2Q2Oém+k _ BQEZBm-I—k)AT’ zfm odd.
m m .
(d) > <n> P Wag™ " = W,
n=0
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Proof. We prove (a) only. Rest of the proofs are similar. Using Binet formula of W}, we find

m m A 2n+k B 2n+k
3 (:) Wanind™ " = (:) ( = — B@B > "

n=0 n=0

Aaak & w . BBt " men
e (m) (@)= 252 (’”) (#)" 4
_ Aaa®(a® +q)™ — BBB*(B* + )™
— —
_ Aaa*(avV/A)" — BBH(—BVA)"
— p—

|:Agak+m + (_1)m+1B65k+m:|
— = A

a—p3

=

I3

4 Special Horadam symbol elements in symbol algebras
of degree 3, over cyclotomic fields of finite fields

Let {wy(ag, a1,p,q)}, k > 1 the Horadam sequence
W41 = PWg + qQWE—1; Wo = Ao, W1 = A, (7

where ag, ay, p, q are integers such that A = p? + 4¢g > 0 and g.c.d(p, a;)>1. Let r be a prime

positive integer such that r divides g.c.d(p, a;), let the finite field /' = Z, and the field K = Z,(¢).

Let a,b € K* and € be a primitive root of order 3 of the unity. We consider the symbol algebra

S = (&) of degree 3 generated by x and y over the field K, with 2° = a, y> = b, yz = exy. So

S has a K -basis {1, 2, 2%y, vy, 2%y, v*, vy*, 2*y*}. We consider the reduced normn : S — K.
2

Ifz€S,2= > z'yc;, the reduced norm of z is
ij=0

n(z) = a®- (c5y + by, + by, — 3bcagcarcan) + a - (g + bel | + b?c3, — 3bejgericrs)
—3a - (cooc10Ca0 + begrciicar + 52002012022) — 3abe - (cooC12¢21 + Co1C10C22 + Co2€11C20)
—3abe* - (cooC11C22 + CoaC10C21 + Co1C12C20) + 030 + 5031 + bQng — 3bcooCo1Co2- (8)
(See [17, p. 299]). The k-th Horadam symbol element in the symbol algebra S is
Wi = Wi, + W1 @ + W 2T + Wei3Y + Wi aTY + Wit 58°Y + Wit 6y + Wiy + Weas Y,

where (wy,)r>o is the Horadam sequence. In the following Proposition, we find the Horadam sym-
bol elements zero divisors in the symbol algebra S. For this, we use the properties of Horadam
symbol elements obtained in Sections 2 and 3.

Proposition 4.1. Let W,, be the nth Horadam symbol element. Let r be an odd prime positive
integer, v # 3 such that r | g.c.d(p,a1), v 1 g, v 1 ao, € be a primitive root of order 3 of unity, let
the field K = 7., (¢) and let a,b € Z*, r t a, v 1 b. Then,
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(a) the norm of the symbol element Ws,, in the symbol algebra S = (;(—be) is:

n(Wap) = ¢ - ad - [¢*™ - (a* + a*b* + b* + ab) + 3abg®™ + 1 + 3abq’2me (1 —=¢™)] (in K);
(b) a Horadam symbol element W, is a nontrivial zero divisor in the symbol algebra S if and
only if ¢™ =1 (mod r) and a* + a*v* + b* + 4ab+1 =0 (mod r).

Proof. (a) Since r divides p, applying Theorem 3.16 (d), we have W5, = W, - ¢" (in Z,). Last
equality is equivalent with

Waom = ¢™ - (wo + w12 + wea® 4+ way + wazy + wsz’y + wey® + wrzy® + wsz’y?) .

Applying Theorem 2.7, we have wy = wy = wg = wg = ag - ¢"* (in Z,.). Using the recurrence
relation of Horadam numbers, we have: w3 = q¢-a; = 0,ws = ¢*> - a1 = 0, w; = ¢* - a; = 0 (in
Z.). So, it results that:

Wam = ¢™ - (ag + aoq™ 2 + agq™xy + aoq™y* + aoq"z*y?).
Using the relation (8), we obtain:
n(Way,) = a-ad-¢®™ - (14+b6*) +ab-a3-¢*™ —3abe-a3 - ¢°™ —3abe® - a3 - ¢"™" +a3 - ¢*" +b*- a4 - ¢
Using that €2 = —1 — ¢, the last equality becomes:

n(Way,) = @™ - ad - [®™ - (a® + a®b? + b + ab) + 3abg*™ + 1 + 3abg*™e - (1 — ¢™)] (in K).

(b) First remark is that all Horadam symbol elements are # 0.
A Horadam symbol element W5, is a nontrivial zero divisor in the symbol algebra S if and only
if n(Ws,,) = 0. This is equivalent with

" al - [¢*™ - (0 + P + b + ab) + 3abg®™ + 1 + 3abg®e - (1 — ¢™)] = 0 (in K).

Since r t ¢, 7 1 ag, the last equality is equivalent with
@™ - (a® 4 a®b* + b + ab) + 3abg®™ + 1+ 3abg*™e - (1 — ¢™) = 0 (in K).

This happens if and only if

{ ¢ - (a2 + a?b? + b2 + ab) + 3abg®™ +1=0

3abg*™ - (1 — ¢™) =0 (in Z,).

Since a,b € Z*, r { a, r 1 b, 7 1 q and Z, is a field, the second equation from the last system is
equivalent with ¢" = 1 (in Z,) < ¢™ = 1 (mod 7).

First equation of the system becomes a* + a*b* + b*> + 4ab + 1 = 0 (in Z,). This is equivalent
with @ + a*b* + b* + dab+1 =0 (mod 7). O

Corollary 4.1.1. In the same hypotheses as in Proposition 4.1, if a Horadam symbol element

Wam, is a nontrivial zero divisor in the symbol algebra S, then v = 1 (mod 4).
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Proof. According to Proposition 4.1, if a Horadam symbol element W5, is a nontrivial zero
divisor in the symbol algebra S, then a® + a?b* + b* + 4ab+ 1 = 0 (mod r). This congruence
is equivalent with (a + b)? + (ab + 1)> = 0 (mod r). This implies that the Legendre symbol
(M) = 1. So, the Legendre symbol (=!) = 1. This means 7 = 1 (mod 4). O

T

Proposition 4.2. Let W,, be the nth Horadam symbol element. Let r be an odd prime positive
integer, v # 3 such that r | g.c.d(p,a1), v 1 ¢, v 1 ao, € be a primitive root of order 3 of unity, let
the field K = 7, (¢) and let a,b € Z*, r t a, 7 1 b. Then,

(a) the norm of the symbol element Ws,, .1 in the symbol algebra S = (;(—be) is:
n(Wami1) = @™ - ad - (a*bq® + a + ab?q® + bg®) (in Z, C K); ’

(b) a Horadam symbol element W,,, .1 is a nontrivial zero divisor in the symbol algebra S' if and
only ifa+bg®* =0 (mod r) or abg® = —1 (mod 7).

Proof. (a) The (2m + 1)-th Horadam symbol element in the symbol algebra S is

2 2
Womt1 = Wamt1 + Wamt2T + Wormt3T° + Wampal + Wom45TY + Wyl Y ©)

2 2 2. 2
+ Wom+7Y + Wom+8TY + Wom+9T Y .
Applying Theorem 2.7, we have:
_ m—+1 _ m+2 _ m+3 _ m+4 [ 7
Waom+2 = Qo - 4 y Wom4q = Ao~ 4 , Wam+6 = Qo - g y Woam4g = Qo * ¢ (in Z,).

Using the fact that r | g.c.d(p, a1 ), and the recurrence relation of Horadam numbers, we have in

Ly > Wong1 = PWop + qW2m—1 = qW2pm—1 = PqWam—2 + q2w2m—3 = C]2w2m—3 =...= q3w2m—5-
Inductively, we obtain: ws,, 11 = ¢"w; = ¢"a; = 0. Analogously, we have:

Wom43 = Wamis = Wans7 = Wamto = 0 (in Z,.).
Using last relations, the equality (9) becomes:

Womi1 = ag - "' - (2 4 qy + ¢ 2%y + ¢*xy?). (10)
From relations (8) and (10), we obtain:
n(Wapi1) = ¢ ad-a® - b+a- (¢ a) + ¢ ad - 0*) + ¢*0 - a} - b (inZ, C K)

S n(Wapmy1) = ™ ad - (a®bg® + a + ab*¢® +b¢®) (in Z, C K). (11)
(b) A Horadam symbol element W5, ,; is a nontrivial zero divisor in the symbol algebra S'if and
only if n (Ws,,,11) = 0. This is equivalent with
¢ ag - (a’bg® 4 a+ ab’q’ 4+ bg*) =0 (in Z, C K).
Since r 1 q, r 1 ap, the last equality becomes
a’bq® + a + ab*¢’ +bg® =0 (in Z,.).
The last equality is equivalent with
(a+bg°) - (abg® +1) =0 (in Z,).

Since Z, is a field, we obtain that a + bg®> = 0 (mod 7) or abg® = —1 (mod r). O
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