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1 Introduction

Let N be a positive integer and K, a field such that char(K) does not divide N and it contains a
primitive N th root of unity: ω. Let K∗ = K \ {0}, a, b ∈ K∗, and let S be the algebra over K
generated by elements x and y, with xN = a, yN = b, yx = ωxy. This algebra is called a symbol
algebra (also known as a power norm residue algebra) and is denoted by

(
a,b
K,ω

)
. Observe that S

has a K-basis {xiyj : 0 ≤ i, j < N}. The symbol algebra of degree 2 is called the quaternion
algebra and here the symbol algebras are generalization of the quaternion algebras.

In 1963, Horadam [13] defined the n-th Fibonacci quaternion Qn as

Qn = Fn + iFn+1 + jFn+2 + kFn+3,
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where Fn denote the n-th Fibonacci number and i, j, k are the quaternion units, satisfying

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j.

Subsequently many authors studied the extension and generalization of the Fibonacci quaternion
and investigated their properties. Flaut and Shpakivskyi [5] studied on the properties for the gen-
eralized Fibonacci quaternions and Fibonacci-Narayana quaternions in a generalized quaternion
algebra. Variants of octonion algebra involving generalized Fibonacci quaternions and octonions
were also studied by many authors (see [3, 9–11, 14, 15, 18, 19]).

Flaut and Savin [4] and after Flaut, Savin and Iorgulescu [6] considered the symbol algebra
of degree 3 and defined the n-th Fibonacci symbol elements Fn and n-th Lucas symbol elements
Ln as

Fn = fn.1 + fn+1.x+ fn+2.x
2 + fn+3.y+ fn+4.xy+ fn+5.x

2y+ fn+6.y
2 + fn+7.xy

2 + fn+8.x
2y2

and

Ln = ln.1 + ln+1.x+ ln+2.x
2 + ln+3.y + ln+4.xy + ln+5.x

2y + ln+6.y
2 + ln+7.xy

2 + ln+8.x
2y2

respectively, where fn and ln are the n-th Fibonacci and and nth Lucas number.
Although, the notation used for defining the Fibonacci symbol elements is same as the nota-

tion for the Fibonacci numbers in the Fibonacci quaternion, we confirm their distinct behavior.
We believe that the readers will not be confused with these notations. Flaut and Savin [7] studied
some properties and applications of (a, b, x0, x1)-numbers and quaternions. Savin [20] defined
and studied properties of special numbers, special quaternions and special symbol elements. In a
recent paper, Flaut and Savin [8] presented some applications of special numbers obtained from
a difference equation of degree three. In this study, we generalize the concept of Fibonacci and
Lucas symbol elements to the Horadam symbol elements. Moreover, we study the Binet formula,
generating function and some identities involving Horadam symbol elements. We will show that
these elements satisfy many properties similar to that of Horadam numbers.

The Horadam sequence {wk(a0, a1, p, q)}, k ≥ 1 is defined by

wk+1 = pwk + qwk−1;w0 = a0, w1 = a1, (1)

where a0, a1, p, q are integers such that ∆ = p2 + 4q > 0. Further, α =
p+
√
p2+4q

2
and β =

p−
√
p2+4q

2
are roots of the characteristic equation. The Binet formula for this sequence is given by

wk =
Aαk −Bβk

α− β
,

where A = a1 − a0β and B = a1 − a0α.

2 Some properties of the Horadam sequence

In this section, we explore certain elementary properties of the Horadam sequence. Some of these
properties represents weighted sum formulas of this sequence.
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Theorem 2.1. The Horadam sequence defined in (1) satisfies the following identities.

(a) q2wk + pwk+3 = (p2 + q)wk+2,

(b) q2wk + wk+4 = (p2 + 2q)wk+2,

(c) (q3 + p2q2)wk + pwk+5 = (p4 + 3p2q + q2)wk+2,

(d) (p2q2 + 2q3)wk + wk+6 = (p4 + 3q2 + 4p2q)wk+2,

(e) (p4q2 + 3p2q3 + q4)wk + pwk+7 = (p4 + 5p4q + 6p2q2 + q3)wk+2,

(f)
k∑
i=1

pk−iqwi = wk+2 − pkw2,

(g)
k∑
i=1

pqk−iw2i−1 = w2k − qkw0,

(h)
k∑
i=1

pqk−iw2i = w2k+1 − qkw1,

(i) w2
2k+3 − w2

2k+1 = w2kw2k+6 − w2kw2k+2 − q2k·(qa20+pa0a1−a21)·(p3+pq+4q3−p2−4q)

p2+4q
,

(j) w2
2k+3 + q2w2

2k+1 = (p2 + 2q)w2kw2k+4 − q2k·(qa20+pa0a1−a21)·(p3+p2q2+pq+8q3)

p2+4q
,

(k) w2
2k+3 − (p2 + 2q)w2

2k+2 + q2w2
2k+1 =

q2k·(qa20+pa0a1−a21)·(p6+4p4q+3p2q2−p3−pq−8q3)

p2+4q
.

Proof. (a) and (b) can be proved using the recurrence relation of the sequence wk.
We are proving (c). From (a) we have q3wk + pqwk+3 = (p2q + q2)wk+2. From (b) we have
p2q2wk + p2wk+4 = (p4 + 2p2q)wk+2. Adding member with member the last two equalities, we
obtain: (

q3 + p2q2
)
wk + p (pwk+4 + qwk+3) =

(
p4 + 3p2q + q2

)
wk+2.

This last equality is equivalent to (q3 + p2q2)wk + pwk+5 = (p4 + 3p2q + q2)wk+2.
We are proving (d). Using (b) for k → k + 2 and then normally, we have:

q2wk + wk+6 = (p2 + 2q)wk+4 − q2wk+2 + q2wk

= (p2 + 2q) · [(p2 + 2q)wk+2 − q2wk]− q2wk+2 + q2wk

= [(p2 + 2q)2 − q2]wk+2 + q2(1− p2 − 2q)wk.

This implies that (p2q2 + 2q3)wk + wk+6 = (p4 + 3q2 + 4p2q)wk+2.

The proof of (e) is similar to the proof of (c) and hence, it is omitted.
The proof of (f) is based on mathematical induction. Observe that the assertion in (f) is true for
k = 1. Asuume that it is true for k = t. Since,

t+1∑
i=1

pt+1−iqwi =
t∑
i=1

pt+1−iqwi + qwt+1
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=p

( t∑
i=1

pt−iqwi

)
+ qwt+1

=p(wt+2 − ptw2) + qwt+1

=wt+3 − pt+1w2,

the assertion is true for k = t+ 1. This proves (f).
The proofs of (g) and (h) are similar to that of (f) and hence, are omitted.
(i) Let k, l be two positive integers, k < l. Using Binet formula for Horadam sequence, we have

w2k · w2l =
Aα2k −Bβ2k

α− β
· Aα

2l −Bβ2l

α− β

=

(
Aαk+l −Bβk+l

)2

(α− β)2 +
2ABαk+lβk+l − ABα2kβ2l − ABα2lβ2k

(α− β)2

= w2
k+l +

2AB (−q)k+l − AB (−q)2k (α2l−2k + β2l−2k
)

(α− β)2 .

So, we obtained:

w2k · w2l = w2
k+l +

2AB (−q)k+l − ABq2k
(
α2l−2k + β2l−2k

)
(α− β)2 . (2)

Making l = k + 1 in the equality (2) and using Viète’s relations for α and β, we have:

w2k · w2k+2 = w2
2k+1 +

−2ABq2k+1 − ABq2k (α2 + β2)

(α− β)2

= w2
2k+1 −

ABq2k · (2q + p2 + 2q)

p2 + 4q

= w2
2k+1 + q2k ·

(
qa2

0 + pa0a1 − a2
1

)
.

So, we obtained:
w2k · w2k+2 = w2

2k+1 + q2k ·
(
qa2

0 + pa0a1 − a2
1

)
. (3)

Making l = k + 2, respectively l = k + 3 in the equality (2), using Viète’s relations for α and β
and doing calculations similar to previous ones, we have:

w2k · w2k+4 = w2
2k+2 +

p2 · q2k · (p2 + 2q) · (qa2
0 − a2

1 + pa0a1)

p2 + 4q
. (4)

and

w2k · w2k+6 = w2
2k+3 +

q2k · (p3 + pq + 4q3) · (qa2
0 − a2

1 + pa0a1)

p2 + 4q
. (5)

From relations (3) and (5) we obtain:

w2
2k+3−w2

2k+1 = w2kw2k+6−w2kw2k+2−
q2k · (qa2

0 + pa0a1 − a2
1) · (p3 + pq + 4q3 − p2 − 4q)

p2 + 4q
.

(j) From relations (3) and (5) we obtain:

w2
2k+3 + q2w2

2k+1 = w2k · w2k+6+q2w2k · w2k+2
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− q2k · (qa2
0 + pa0a1 − a2

1) · (p3 + pq + 4q3 + p2q2 + 4q3)

p2 + 4q
.

Applying (b) the last equality is equivalent with:

w2
2k+3 + q2w2

2k+1 =
(
p2 + 2q

)
w2k · w2k+4 −

q2k · (qa2
0 + pa0a1 − a2

1) · (p3 + p2q2 + pq + 8q3)

p2 + 4q
.

(6)
(k) From relations (4) and (5) we obtain:

w2
2k+3 − (p2 + 2q)w2

2k+2 + q2w2
2k+1 =

p2 · q2k · (p2 + 2q)2 · (qa2
0 − a2

1 + pa0a1)

p2 + 4q

− q2k · (qa2
0 + pa0a1 − a2

1) · (p3 + p2q2 + +pq + 8q3)

p2 + 4q
.

This last last equality is equivalent with:

w2
2k+3 − (p2 + 2q)w2

2k+2 + q2w2
2k+1

=
q2k · (qa2

0 + pa0a1 − a2
1) · (p6 + 4p4q + 3p2q2 − p3 − pq − 8q3)

p2 + 4q
.

Theorem 2.2. For every integer n ≥ 0 and for all c ∈ R− {0},

cn+1wn+1 = a0 +
n∑
i=0

ci
{

(p− 1)wi + (c− 1)wi+1 + qwi−1

}
.

Proof. The proof is based on mathematical induction. For n = 0, both sides of the above equation
are equal to ca1. Assume that the assertion holds for n = m. Using the recurrence relation for
the Horadam sequence, we get

a0 +
m+1∑
i=0

ci
{

(p− 1)wi + (c− 1)wi+1 + qwi−1

}
= a0 +

m∑
i=0

ci
{

(p− 1)wi + (c− 1)wi+1 + qwi−1

}
+ cm+1

{
(p− 1)wm+1 + (c− 1)wm+2 + qwm

}
= cm+1wm+1 + cm+1

{
(p− 1)wm+1 + (c− 1)wm+2 + qwm

}
= cn+2wm+2.

Thus, the assertion is true for n = m+ 1. This completes the proof.

As (p, q)−Fibonacci and (p, q)−Lucas sequence are special cases of Horadam sequence with
initial values a0 = 0, a1 = 1 and a0 = 2, a1 = p respectively, they satisfy the identities in
Theorem 2.1. The Binet formula for the (p, q)−Fibonacci and (p, q)−Lucas numbers are given
by:

Fp,q,k =
αk − βk

α− β
, Lp,q,k = αk + βk.

Using these Binet formulas, in the following theorem, we explore some properties of the
(p, q)−Fibonacci and (p, q)−Lucas sequence.
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Theorem 2.3. Let Fp,q,k and Lp,q,k denote the kth term of the (p, q)−Fibonacci and (p, q)−Lucas
sequence respectively. Then, we have the following identities.

(a) qFp,q,k−1 + Fp,q,k+1 = Lp,q,k,

(b) qLp,q,k−1 + Lp,q,k+1 = (p2 + 4q)Fp,q,k,

(c) Fp,q,k+2 − q2Fp,q,k−2 = pLp,q,k,

(d) Lp,q,k+2 − q2Lp,q,k−2 = p(p2 + 4q)Fp,q,k,

(e) pFp,q,k + Lp,q,k = 2Fp,q,k+1,

(f) pLp,q,k + (p2 + 4q)Fp,q,k = 2Lp,q,k+1,

(g) q2Fp,q,k + pLp,q,k+2 = Fp,q,k+4,

(h) q2Lp,q,k + p(p2 + 4q)Fp,q,k+2 = Lp,q,k+4,

(i) pFp,q,k+2 + qLp,q,k = (p2 + 2q)Fp,q,k+1,

(j) pLp,q,k+2 + q(p2 + 4q)Fp,q,k = (p2 + 2q)Lp,q,k+1,

(k) q3Fp,q,k + Fp,q,k+6 = (p2 + q)Lp,q,k+3,

(l) q3Lp,q,k + Lp,q,k+6 = (p2 + q)(p2 + 4q)Fp,q,k+3,

(m) q4Fp,q,k + pFp,q,k+8 = [(p2 + q)2 + pq(1 + p+ q)]Fp,q,k+4.

Proof. We prove (a) only. Proofs of (b)-(m) are similar. Using the Binet formula and the fact
αβ = −q, we get

qFp,q,k−1 + Fp,q,k+1 = q
αk−1 − βk−1

α− β
+
αk+1 − βk+1

α− β

=
1

α− β

[
αk(

q

α
+ α)− βk( q

β
+ β)

]
=

1

α− β

[
αk(−β + α)− βk(−α + β)

]
= Lp,q,k.

The following theorem deals with the generating function and exponential generating func-
tion of a subsequence of the Horadam sequence. The proofs are similar to that of the Horadam
sequence and hence are omitted.

Theorem 2.4. For fixed integers k and m with k > m ≥ 0 and n ∈ N,

(a) the generating function of the Horadam number wkn+m is

∞∑
n=0

wkn+ms
n =

wm − (−q)kwm−ks
1− (αk + βk)s+ (−q)ks2

,
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(b) the exponential generating function of the Horadam number wkn+m is

∞∑
n=0

wkn+m

n!
sn =

Aαmeα
ks −Bβmeβks

α− β
.

The following theorem provides two sum formulas of a subsequence of the Horadam se-
quence.

Theorem 2.5. For any natural numbers m,n, k with k > m ≥ 0, we have

(a)

n∑
r=0

wmr+k =
(−q)mwmn+k − wmn+m+k − (−q)mwk−m + wk

1 + (−q)m − (αm + βm)
,

(b)

n∑
r=0

(−1)rwmr+k =
(−1)n+1qmwmn+k − (−1)n+1wmn+m+k − qmwk−m + wk

1 + (−q)m − (−1)m(αm + βm)
.

Proof. We prove (a) only. The proof of (b) is similar. Using the Binet formula for the Horadam
sequence, we get

n∑
r=0

wmr+k =
n∑
r=0

Aαmr+k −Bβmr+k

α− β

=
1

α− β

[
Aαk

(
αmn+m − 1

αm − 1

)
−Bβk

(
βmn+m − 1

βm − 1

)]
=

1

α− β

[
(−q)m(Aαmn+k −Bβmn+k)− (Aαmn+m+k −Bβmn+m+k)

1 + (−q)m − (αm + βm)

− (−q)m(Aαk−m −Bβk−m)− (Aαk −Bβk)
1 + (−q)m − (αm + βm)

]
.

In the following theorem we explore weighted sum formulas for a subsequence of the Ho-
radam sequence.

Theorem 2.6. For any natural numbers m,n, k with k > m ≥ 0, we have

(a)

n∑
r=0

rwmr+k =n

[
(1 + (−q)m)wmn+m+k − wmn+2m+k − (−q)mwmn+k

1 + (−q)m − (αm + βm)

− wmn+m+k + q2mwmn+k−m − 2(−q)mwmn+k

(1 + (−q)m − (αm + βm))2

]
,
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(b)

n∑
r=0

(−1)r−1rwmr+k = (−1)n+1

[
(n− 1− 2n(−q)m)wmn+m+k + q2m(n− 1)wmn+k−m

(1 + (−q)m − (αm + βm))2

− nwmn+2m+k + (nq2m − 2(−q)m(n− 1))wmn+k

(1 + (−q)m − (αm + βm))2

]
.

Proof. These identities can be proved by using the proof of Theorem 2.5 and the identity

n∑
r=1

rxr−1 =
nxn+1 − (n+ 1)xn + 1

(x− 1)2
, |x| < 1

which is obtained by differentiating the sum formula of a geometrical progression.

In the following two theorems, we obtain a binomial weighted sum formula of the Horadam
sequence.

Theorem 2.7. For the integer m ≥ 0,
∑m

k=0

(
m

k

)
pkwkq

m−k = w2m.

Proof. Using the Binet formula of wk, we get

m∑
k=0

(
m

k

)
pkwkq

m−k =
m∑
k=0

(
m

k

)
pk
Aαk −Bβk

α− β
qm−k

=
A

α− β

m∑
k=0

(
m

k

)
pkαkqm−k − B

α− β

m∑
k=0

(
m

k

)
pkβkqm−k

=
A

α− β
(pα + q)m − B

α− β
(pβ + q)m =

Aα2m −Bβ2m

α− β
.

Theorem 2.8. Let m be a non-negative integer. Then,

(a)
m∑
n=0

(
m

n

)
w2n+kq

m−n =

{
wk+m∆

m
2 , if m even;

(Aαk+m +Bβk+m)∆
m−1

2 , if m odd.

(b)
m∑
n=0

(−1)n

(
m

n

)
w2n+kq

m−n =

{
pmwk+m, if m even;

−pmwk+m, if m odd.

Proof. The proof of this theorem is similar to that of Theorem 2.7.

3 Some properties of the Horadam symbol elements

In this section, we define Horadam symbol element and establish some properties for these ele-
ments. We also find the Binet formula and the generating function for these elements.
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Consider the symbol algebra S =
(
a,b
K,ω

)
of degree N generated by x and y over the field K.

So S has a K-basis

{1, x, x2, · · · , xN−1, y, xy, x2y, · · · , xN−1y, y2, xy2, x2y2, · · · , xN−1y2, · · · ,
yN−1, xyN−1, · · · , xN−1yN−1}.

We denote the ith term of the above basis as ei−1 so that {e0, e1, · · · , eN2−1} is an ordered
basis for S. We define the k-th term of Horadam symbol element as

Wk =
N2−1∑
l=0

wk+lel,

where wk is the kth Horadam number while Wk is the kth Horadam symbol element. It is easy
to see that the sequence of Horadam symbol elements satisfy the same recurrence as Horadam
sequence, that is,

Wk+1 = pWk + qWk−1,

where the initial terms are W0 = (w0, w1, · · · , wn2−1) and W1 = (w1, w2, · · · , wn2). The auxil-

iary equation of this recurrence relation is given by λ2−pλ−q = 0 whose roots are α =
p+
√
p2+4q

2

and β =
p−
√
p2+4q

2
. Let

α =
N2−1∑
l=0

αlel, β =
N2−1∑
l=0

βlel, A = a1 − a0β, B = a1 − a0α, (α− β)2 = ∆

and we use these notations throughout the remaining part of this paper.
In the following theorem we obtain the Binet formula for the Horadam symbol elements.

Theorem 3.1. The Binet formula of Horadam symbol elements is

Wk =
Aααk −Bββk

α− β
.

Proof. Using the Binet formula for Horadam sequence, we get

Wk =
N2−1∑
l=0

wk+lel =
N2−1∑
l=0

Aαk+l −Bβk+l

α− β
el =

Aαk

α− β

N2−1∑
l=0

αlel −
βk

α− β

N2−1∑
l=0

βlel.

Hence, the result follows.

In the following theorem, we prove some identities for the Horadam symbol elements.

Theorem 3.2. Let Wk be the kth term of the Horadam symbol elements. Then the following
identities hold.

(a) q2Wk + pWk+3 = (p2 + q)Wk+2,

(b) q2Wk +Wk+4 = (p2 + 2q)Wk+2,
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(c) (q3 + p2q2)Wk + pWk+5 = (p4 + 3p2q + q2)Wk+2,

(d) (p2q2 + 2q3)Wk +Wk+6 = (p4 + 3q2 + 4p2q)Wk+2,

(e) (p4q2 + 3p2q3 + q4)Wk + pWk+7 = (p4 + 5p4q + 6p2q2 + q3)Wk+2.

Proof. Using Theorem 2.1 and the definition of Horadam symbol elements, we find

q2Wk + pWk+3 =q2

N2−1∑
l=0

wk+lel + p
N2−1∑
l=0

w(k+3)+lel

=
N2−1∑
l=0

(q2wk+l + pw(k+3)+l)el

=
N2−1∑
l=0

(p2 + q)w(k+2)+lel.

Thus (a) is proved. The proofs of (b)-(e) are similar to the proof of (a) and, hence, are omitted.

In the next two theorems we establish some important sum formulas for the Horadam symbol
elements.

Theorem 3.3. The Horadam symbol elements satisfy

(a)
k∑
i=1

pk−iqWi = Wk+2 − pkW2,

(b)
k∑
i=1

pqk−iW2i−1 = W2k − qkW0,

(c)
k∑
i=1

pqk−iW2i = W2k+1 − qkW1.

Proof. Using Theorem 2.1 and the definition of Horadam symbol elements, we get

k∑
i=1

pk−iqWi =
k∑
i=1

pk−iq
N2−1∑
l=0

wi+lel =
N2−1∑
l=0

( k∑
i=1

pk−iqwi+l

)
el

=
N2−1∑
l=0

( k+l∑
i=1

p(k+l)−iqwi − pk
l∑

i=1

pl−iqwi

)
el

=
N2−1∑
l=0

(
w(k+2)+l − pkw2+l

)
el

=

(N2−1∑
l=0

w(k+2)+lel

)
− pk

(N2−1∑
l=0

w2+lel

)
.

This proves (a). The proofs of (b) and (c) are similar to that of (a) and hence, are omitted.
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Theorem 3.4. For every integer n ≥ 0 and for all c ∈ R− {0},

cn+1Wn+1 = W0 +
n∑
i=0

ci
{

(p− 1)Wi + (c− 1)Wi+1 + qWi−1

}
.

Proof. The proof is similar to that of Theorem 2.2 and hence, it is omitted.

The two special cases of Horadam symbol elements are (p, q)−Fibonacci symbol elements
Fp,q,k and (p, q)−Lucas symbol elements Lp,q,k, defined by

Fp,q,k =
N2−1∑
l=0

Fp,q,k+lel and Lp,q,k =
N2−1∑
l=0

Lp,q,k+lel

respectively, where Fp,q,k and Lp,q,k denote the (p, q)−Fibonacci and (p, q)−Lucas number. The
Binet formula for (p, q)−Fibonacci and (p, q)−Lucas symbol elements are respectively

Fp,q,k =
ααk − ββk

α− β
and Lp,q,k = ααk + ββk.

Kilic [16] studied some binomial sums involving the (p, q)−Fibonacci numbers. The follow-
ing theorem provides a similar sum formula for the Horadam symbol elements.

Theorem 3.5. The Horadam symbol elements Wmn satisfy

Wmn = F−np,q,d
n∑
j=0

(
n

j

)
(−q)m(n−j)Fn−jp,q,d−mF

j
p,q,mWdj.

Proof. Using the identity

wmn+l = F−np,q,d
n∑
j=0

(
n

j

)
(−q)m(n−j)Fn−jp,q,d−mF

j
p,q,mwdj+l,

the theorem follows directly.

The following theorem shows that the (p, q)−Fibonacci and (p, q)−Lucas symbol elements
satisfy similar identities as that of (p, q)−Fibonacci and (p, q)−Lucas numbers.

Theorem 3.6. The (p, q)−Fibonacci and (p, q)−Lucas symbol elements satisfy

(a) qFp,q,k−1 + Fp,q,k+1 = Lp,q,k,

(b) qLp,q,k−1 + Lp,q,k+1 = (p2 + 4q)Fp,q,k,

(c) Fp,q,k+2 − q2Fp,q,k−2 = pLp,q,k,

(d) Lp,q,k+2 − q2Lp,q,k−2 = p(p2 + 4q)Fp,q,k,

(e) pFp,q,k + Lp,q,k = 2Fp,q,k+1,

(f) pLp,q,k + (p2 + 4q)Fp,q,k = 2Lp,q,k+1,
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(g) q2Fp,q,k + pLp,q,k+2 = Fp,q,k+4,

(h) q2Lp,q,k + p(p2 + 4q)Fp,q,k+2 = Lp,q,k+4,

(i) pFp,q,k+2 + qLp,q,k = (p2 + 2q)Fp,q,k+1,

(j) pLp,q,k+2 + q(p2 + 4q)Fp,q,k = (p2 + 2q)Lp,q,k+1,

(k) q3Fp,q,k + Fp,q,k+6 = (p2 + q)Lp,q,k+3,

(l) q3Lp,q,k + Lp,q,k+6 = (p2 + q)(p2 + 4q)Fp,q,k+3,

(m) q4Fp,q,k + Fp,q,k+8 = [(p2 + q)2 + pq(1 + p+ q)]Fp,q,k+4.

Proof. We prove (a) only. The proofs of (b)-(m) are similar. Using Theorem 2.3 and the definition
of (p, q)−Fibonacci and (p, q)−Lucas symbol elements, we find

qFp,q,k−1 + Fp,q,k+1 =q
N2−1∑
l=0

Fp,q,(k−1)+lel +
N2−1∑
l=0

Fp,q,(k+1)+lel

=
N2−1∑
l=0

[qFp,q,(k+l)−1 + Fp,q,(k+l)+1]el

=
N2−1∑
l=0

Lp,q,k+lel = Lp,q,k.

This proves (a).

Generating functions are useful in solving linear homogeneous recurrences with constant co-
efficients. In the following theorem, we establish the generating function for the Horadam symbol
elements.

Theorem 3.7. For fixed integers k and m with k > m ≥ 0 and n ∈ N, the generating functions
of the subsequence Wkn+m of the Horadam symbol elements is given by

∞∑
n=0

Wkn+ms
n =

Wm − (−q)kWm−ks

1− (αk + βk)s+ (−q)ks2
,

where α =
p+
√
p2+4q

2
and β =

p−
√
p2+4q

2
.

Proof. Using Theorem 2.4 and the definition of Horadam symbol elements, we find

∞∑
n=0

Wkn+ms
n =

∞∑
n=0

[N2−1∑
l=0

w(kn+m)+lel

]
sn

=
N2−1∑
l=0

[ ∞∑
n=0

wkn+(m+l)s
n

]
el

=
N2−1∑
l=0

[
wm+l − (−q)kw(m+l)−ks

1− (αk + βk)s+ (−q)ks2

]
el

102



=

[N2−1∑
l=0

wm+lel

]
− (−q)k

[N2−1∑
l=0

w(m−k)+lel

]
s

1− (αk + βk)s+ (−q)ks2
.

This completes the proof.

Corollary 3.7.1. The generating function for the Horadam symbol elements Wn is
∞∑
n=0

Wns
n =

W0 + (W1 − pW0)s

1− ps− qs2
.

Exponential generating functions are also used for solving both homogeneous and nonhomo-
geneous linear recurrences with constant coefficients. In the following theorem, we establish the
exponential generating function for the subsequences Wkn+m of the Horadam symbol elements.

Theorem 3.8. For m,n ∈ N, the exponential generating functions of the sub sequence Wkn+m of
the Horadam symbol elements is given by

∞∑
n=0

Wkn+m

n!
sn =

Aααmeα
ks −Bββmeβks

α− β
,

where α =
p+
√
p2+4q

2
, β =

p−
√
p2+4q

2
, A = a1 − a0β and B = a1 − a0α.

Proof. Using Theorem 2.4 and the definition of Horadam symbol elements, we get

∞∑
n=0

Wkn+m

n!
sn =

∞∑
n=0

[N2−1∑
l=0

w(kn+m)+lel

]
sn

n!

=
N2−1∑
l=0

[ ∞∑
n=0

wkn+(m+l)el

]
sn

n!

=
N2−1∑
l=0

[
Aαm+leα

ks −Bβm+leβ
ks

α− β
el

]
sn

n!

=

[Aαm(N2−1∑
l=0

αlel

)
eα

ks −Bβm
(N2−1∑

l=0

βlel

)
eβ

ks

α− β

]
sn

n!
.

This completes the proof.

Corollary 3.8.1. The exponential generating function for the Horadam symbol elements Wn is
∞∑
n=0

Wn

n!
sn =

Aαeαs −Bβeβs

α− β
,

where A = a1 − a0β and B = a1 − a0α.

Catalan’s identity, Cassini formula and d’Ocagne’s identity are usually obtained for the recur-
rent sequences where the multiplication is commutative. Since the elements of symbol algebra is
associated with non-commutative multiplication, we will obtain two such identities in each case.
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Theorem 3.9. (Catalan Identity). Let n, r ∈ Z and n ≥ r, then

(a) Wn−rWn+r −W 2
n = 1

∆
[AB(−q)n−r(αr − βr)(βrαβ − αrβα)],

(b) Wn+rWn−r −W 2
n = 1

∆
[AB(−q)n−r(αr − βr)(βrβα− αrαβ)].

Proof. Using the Binet formula of Horadam symbol elements and the fact αβ = −q, we get

Wn−rWn+r −W 2
n =

(
Aααn−r −Bββn−r

α− β

)(
Aααn+r −Bββn+r

α− β

)
−
(
Aααn −Bββn

α− β

)2

=
ABαβ(−q)n

(
1− βr

αr

)
+BAβα(−q)n

(
1− αr

βr

)
(α− β)2

=
AB(−q)n−r(αr − βr)(βrαβ − αrβα)

∆
.

This proves (a). In a similar way, (b) can be proved.

Corollary 3.9.1. (Cassini Identity). Let n ∈ Z, then

(a) Wn−1Wn+1 −W 2
n = 1√

∆
[AB(−q)n−1(βαβ − αβα)],

(b) Wn+1Wn−1 −W 2
n = 1√

∆
[AB(−q)n−1(ββα− αβ)].

Theorem 3.10. (d’Ocagne’s identity). Let m,n ∈ N with n ≥ m, then

(a) WnWm+1 −Wn+1Wm = 1√
∆

[(−q)mAB(αn−mαβ − βn−mβα)],

(b) Wm+1Wn −WmWn+1 = 1√
∆

[(−q)mAB(αn−mβα− βn−mαβ)].

Proof. Use of the Binet formula of Horadam symbol elements, yields

WnWm+1 −Wn+1Wm =

(
Aααn −Bββn

α− β

)(
Aααm+1 −Bββm+1

α− β

)
−
(
Aααn+1 −Bββn+1

α− β

)(
Aααm −Bββm

α− β

)
=
ABβααmβn(β − α) + ABαβαnβm(α− β)

(α− β)2

=
(−q)mAB

(
αn−mαβ − βn−mβα

)
α− β

.

Bolat and Köse [2] investigated certain properties of the k−Fibonacci sequence. The follow-
ing theorem provide similar identities for the Horadam symbol elements.

Theorem 3.11. For arbitrary natural numbers m and n, we get

WmWn+1 + qWm−1Wn =
A2α2αm+n −B2β2βm+n

α− β
.
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Proof. Using the Binet formula for Horadam octonions, we have

WmWn+1 + qWm−1Wn =

(
Aααm −Bββm

α− β

)(
Aααn+1 −Bββn+1

α− β

)
+ q

(
Aααm−1 −Bββm−1

α− β

)(
Aααn −Bββn

α− β

)
=
A2α2αm+n(α + q

α
)−B2β2βm+n(−β − q

β
)

(α− β)2

−
AB
(
αβαm−1βn(αβ + q) + βααnβm−1(αβ + q)

)
(α− β)2

=
A2α2αm+n −B2β2βm+n

α− β
.

Observe that,

Wn+1Wm + qWnWm−1 =
A2α2αm+n −B2β2βm+n

α− β
.

In the following theorem, we establish two more such identities.

Theorem 3.12. For any natural numbers a, b, c, k and a > k, b > k, c > k, we have

(a)

WaWb − (−q)kWa−kWb−k

Fp,q,k
=
A2α2αa+b−k −B2β2βa+b−k

α− β
,

(b)

WaWbWc − Lp,q,k(−q)kWa−kWb−kWc−k + (−q)3kWa−2kWb−2kWc−2k

Lp,q,kF2
p,q,k

=
A3α3αa+b+c−3k −B3β3βa+b+c−3k

α− β
.

where Fp,q,k and Lp,q,k denote the kth (p, q)−Fibonacci and (p, q)−Lucas numbers respectively.

Proof. The proof of (a) and (b) are similar to the proof of Theorem 3.11 followed by the use of
the identities

α2k − Lp,q,kαk + (−q)k = β2k − Lp,q,kβk + (−q)k = 0

and

α3k − Lp,q,k(−q)k +
(−q)k

α3k
= β3k − Lp,q,k(−q)k +

(−q)k

β3k
= Lp,q,kF2

p,q,k.

In accordance with Theorem 3.12, we have the following two results.

Theorem 3.13. For any natural numbers a, b, c, d and r with a+ b = c+ d, we have

(−q)r[WaWb −WcWd] = Wa+rWb+r −Wc+rWd+r
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Theorem 3.14. For any natural numbers a, b, c, d, e, f and r with a+ b+ c = d+ e+ f , we have

(−q)r[Lp,q,k(Wa+rWb+rWc+r −Wd+rWe+rWf+r)− q2r(WaWbWc −WaWbWc)]

= Wa+2rWb+2rWc+2r −Wd+2rWe+2rWf+2r

where Lp,q,k denote the kth (p, q)−Lucas number.

In the following theorem, we provide some sum and weighted sum formulas for a subsequence
of the Horadam symbol elements.

Theorem 3.15. For any natural numbers m and k with k > m ≥ 0, we have

(a)

n∑
r=0

Wmr+k =
(−q)mWmn+k −Wmn+m+k − (−q)mWk−m +Wk

1 + (−q)m − (αm + βm)
,

(b)

n∑
r=0

(−1)rWmr+k =
(−1)n+1qmWmn+k − (−1)n+1Wmn+m+k − qmWk−m +Wk

1 + (−q)m − (−1)m(αm + βm)
,

(c)

n∑
r=0

rWmr+k = n

[
(1 + (−q)m)Wmn+m+k −Wmn+2m+k − (−q)mWmn+k

1 + (−q)m − (αm + βm)

− Wmn+m+k + q2mWmn+k−m − 2(−q)mWmn+k

(1 + (−q)m − (αm + βm))2

]
,

(d)

n∑
r=0

(−1)r−1rWmr+k = (−1)n+1

[
(n− 1− 2n(−q)m)Wmn+m+k + q2m(n− 1)Wmn+k−m

(1 + (−q)m − (αm + βm))2

− nWmn+2m+k + (nq2m − 2(−q)m(n− 1))Wmn+k

(1 + (−q)m − (αm + βm))2

]
.

Proof. Since all the proofs are similar, we prove (a) only. Using the Theorem 2.5, Theorem 2.6
and the definition of Horadam symbol elements, we get

n∑
r=0

Wmr+k =
n∑
r=0

[N2−1∑
l=0

w(mr+k)+lel

]

=
N2−1∑
l=0

[ n∑
r=0

wmr+(k+l)

]
el

=
N2−1∑
l=0

[
(−q)mwmn+(k+l) − wmn+m+(k+l) − (−q)mw(k+l)−m + w(k+l)

1 + (−q)m − (αm + βm)

]
el

106



=

[(−q)m
(N2−1∑

l=0

w(mn+k)+lel

)
−
(N2−1∑

l=0

w(mn+m+k)+lel

)
1 + (−q)m − (αm + βm)

−
(−q)m

(N2−1∑
l=0

w(k−m)+lel

)
−
(N2−1∑

l=0

wk+lel

)
1 + (−q)m − (αm + βm)

]
.

The following corollary is an easy consequence of the above theorem.

Corollary 3.15.1. For any non-negative integer n, r with n ≥ r, the Horadam symbol elements
Wn satisfy

(a)
n∑
r=0

Wr =
(1− p)W0 +W1 + (−1)(qWn +Wn+1)

1− (p+ q)
,

(b)
n∑
r=0

(−1)rWr =
(1 + p)W0 −W1 + (−1)n+1(qWn −Wn+1)

1 + (p− q)
,

(c)
n∑
r=0

rWr = n

[
(Wn+1 −Wn+2) + q(Wn −Wn+1)

1− (p+ q)
− q2Wn−1 + 2qWn +Wn+1

(1− (p2 + q))2

]
,

(d)
n∑
r=0

(−1)r−1rWr =(−1)n+1

[
(n− 1 + 2nq)Wn+1 + q2(n− 1)Wn−1

(1− (p+ q))2

− nWn+2 + (nq2 + 2(q(n− 1)))Wn

(1− (p2 + q))2

]
.

In the following theorem we provide some more identities involving Horadam symbol ele-
ments.

Theorem 3.16. Let m be a non-negative integer. Then,

(a)
m∑
n=0

(
m

n

)
W2n+kq

m−n =

{
Wk+m∆

m
2 , if m even;

(Aααk+m +Bββk+m)∆
m−1

2 , if m odd.

(b)
m∑
n=0

(−1)n

(
m

n

)
W2n+kq

m−n =

{
pmWk+m, if m even;

−pmWk+m, if m odd.

(c)
m∑
n=0

(
m

n

)
WnWn+kq

m−n =

{
(A2α2αm+k +B2β2βm+k)∆

m−2
2 , if m even;

(A2α2αm+k −B2β2βm+k)∆
m−2

2 , if m odd.

(d)
m∑
n=0

(
m

n

)
pnWnq

m−n = W2m.

107



Proof. We prove (a) only. Rest of the proofs are similar. Using Binet formula of Wk, we find

m∑
n=0

(
m

n

)
W2n+kq

m−n =
m∑
n=0

(
m

n

)(
Aαα2n+k −Bββ2n+k

α− β

)
qm−n

=
Aααk

α− β

m∑
n=0

(
m

n

)(
α2
)n
qm−n −

Bββk

α− β

m∑
n=0

(
m

n

)(
β2
)n
qm−n

=
Aααk(α2 + q)m −Bββk(β2 + q)m

α− β

=
Aααk(α

√
∆)m −Bββk(−β

√
∆)m

α− β

=

[
Aααk+m + (−1)m+1Bββk+m

α− β

]
∆

m
2 .

4 Special Horadam symbol elements in symbol algebras
of degree 3, over cyclotomic fields of finite fields

Let {wk(a0, a1, p, q)}, k ≥ 1 the Horadam sequence

wk+1 = pwk + qwk−1;w0 = a0, w1 = a1, (7)

where a0, a1, p, q are integers such that ∆ = p2 + 4q > 0 and g.c.d(p, a1)>1. Let r be a prime
positive integer such that r divides g.c.d(p, a1), let the finite field F = Zr and the fieldK = Zr(ε).
Let a, b ∈ K∗ and ε be a primitive root of order 3 of the unity. We consider the symbol algebra
S =

(
a,b
K,ε

)
of degree 3 generated by x and y over the field K, with x3 = a, y3 = b, yx = εxy. So

S has a K-basis {1, x, x2, y, xy, x2y, y2, xy2, x2y2}. We consider the reduced norm n : S −→ K.

If z ∈ S, z =
2∑

i,j=0

xiyjcij , the reduced norm of z is

n(z) = a2 · (c3
20 + bc3

21 + b2c3
22 − 3bc20c21c22) + a · (c3

10 + bc3
11 + b2c3

12 − 3bc10c11c12)

−3a · (c00c10c20 + bc01c11c21 + b2c02c12c22)− 3abε · (c00c12c21 + c01c10c22 + c02c11c20)

−3abε2 · (c00c11c22 + c02c10c21 + c01c12c20) + c3
00 + bc3

01 + b2c3
02 − 3bc00c01c02. (8)

(See [17, p. 299]). The k-th Horadam symbol element in the symbol algebra S is

Wk = wk + wk+1x+ wk+2x
2 + wk+3y + wk+4xy + wk+5x

2y + wk+6y
2 + wk+7xy

2 + wk+8x
2y2,

where (wk)k≥0 is the Horadam sequence. In the following Proposition, we find the Horadam sym-
bol elements zero divisors in the symbol algebra S. For this, we use the properties of Horadam
symbol elements obtained in Sections 2 and 3.

Proposition 4.1. Let Wn be the nth Horadam symbol element. Let r be an odd prime positive
integer, r 6= 3 such that r | g.c.d(p, a1), r - q, r - a0, ε be a primitive root of order 3 of unity, let
the field K = Zr(ε) and let a, b ∈ Z∗, r - a, r - b. Then,
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(a) the norm of the symbol element W2m in the symbol algebra S =
(
a,b
K,ε

)
is:

n(W2m) = q3m · a3
0 · [q3m · (a2 + a2b2 + b2 + ab) + 3abq2m + 1 + 3abq2mε · (1− qm)] (in K);

(b) a Horadam symbol element W2m is a nontrivial zero divisor in the symbol algebra S if and
only if qm ≡ 1 (mod r) and a2 + a2b2 + b2 + 4ab+ 1 ≡ 0 (mod r).

Proof. (a) Since r divides p, applying Theorem 3.16 (d), we have W2m = W0 · qm (in Zr). Last
equality is equivalent with

W2m = qm ·
(
w0 + w1x+ w2x

2 + w3y + w4xy + w5x
2y + w6y

2 + w7xy
2 + w8x

2y2
)
.

Applying Theorem 2.7, we have w2 = w4 = w6 = w8 = a0 · qm (in Zr). Using the recurrence
relation of Horadam numbers, we have: w3 = q · a1 = 0, w5 = q2 · a1 = 0, w7 = q3 · a1 = 0 (in
Zr). So, it results that:

W2m = qm · (a0 + a0q
mx2 + a0q

mxy + a0q
my2 + a0q

mx2y2).

Using the relation (8), we obtain:

n(W2m) = a2 ·a3
0 ·q6m ·(1+b2)+ab·a3

0 ·q6m−3abε·a3
0 ·q6m−3abε2 ·a3

0 ·q5m+a3
0 ·q3m+b2 ·a3

0 ·q6m.

Using that ε2 = −1− ε, the last equality becomes:
n(W2m) = q3m · a3

0 · [q3m · (a2 + a2b2 + b2 + ab) + 3abq2m + 1 + 3abq2mε · (1− qm)] (in K).

(b) First remark is that all Horadam symbol elements are 6= 0.
A Horadam symbol element W2m is a nontrivial zero divisor in the symbol algebra S if and only
if n(W2m) = 0. This is equivalent with

q3m · a3
0 · [q3m · (a2 + a2b2 + b2 + ab) + 3abq2m + 1 + 3abq2mε · (1− qm)] = 0 (in K).

Since r - q, r - a0, the last equality is equivalent with

q3m · (a2 + a2b2 + b2 + ab) + 3abq2m + 1 + 3abq2mε · (1− qm) = 0 (in K).

This happens if and only if{
q3m · (a2 + a2b2 + b2 + ab) + 3abq2m + 1 = 0

3abq2m · (1− qm) = 0 (in Zr).

Since a, b ∈ Z∗, r - a, r - b, r - q and Zr is a field, the second equation from the last system is
equivalent with qm = 1 (in Zr)⇔ qm ≡ 1 (mod r).
First equation of the system becomes a2 + a2b2 + b2 + 4ab + 1 = 0 (in Zr). This is equivalent
with a2 + a2b2 + b2 + 4ab+ 1 ≡ 0 (mod r).

Corollary 4.1.1. In the same hypotheses as in Proposition 4.1, if a Horadam symbol element
W2m is a nontrivial zero divisor in the symbol algebra S, then r ≡ 1 (mod 4).
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Proof. According to Proposition 4.1, if a Horadam symbol element W2m is a nontrivial zero
divisor in the symbol algebra S, then a2 + a2b2 + b2 + 4ab + 1 ≡ 0 (mod r). This congruence
is equivalent with (a + b)2 + (ab + 1)2 ≡ 0 (mod r). This implies that the Legendre symbol
(−(ab+1)2

r
) = 1. So, the Legendre symbol

(−1
r

)
= 1. This means r ≡ 1 (mod 4).

Proposition 4.2. Let Wn be the nth Horadam symbol element. Let r be an odd prime positive
integer, r 6= 3 such that r | g.c.d(p, a1), r - q, r - a0, ε be a primitive root of order 3 of unity, let
the field K = Zr(ε) and let a, b ∈ Z∗, r - a, r - b. Then,
(a) the norm of the symbol element W2m+1 in the symbol algebra S =

(
a,b
K,ε

)
is:

n(W2m+1) = q3m+3 · a3
0 · (a2bq6 + a+ ab2q9 + bq3) (in Zr ⊂ K);

(b) a Horadam symbol element W2m+1 is a nontrivial zero divisor in the symbol algebra S if and
only if a+ bq3 ≡ 0 (mod r) or abq6 ≡ −1 (mod r).

Proof. (a) The (2m+ 1)-th Horadam symbol element in the symbol algebra S is

W2m+1 = w2m+1 + w2m+2x+ w2m+3x
2 + w2m+4y + w2m+5xy + w2m+6x

2y

+ w2m+7y
2 + w2m+8xy

2 + w2m+9x
2y2.

(9)

Applying Theorem 2.7, we have:

w2m+2 = a0 · qm+1, w2m+4 = a0 · qm+2, w2m+6 = a0 · qm+3, w2m+8 = a0 · qm+4 (in Zr).

Using the fact that r | g.c.d(p, a1), and the recurrence relation of Horadam numbers, we have in
Zr : w2m+1 = pw2m + qw2m−1 = qw2m−1 = pqw2m−2 + q2w2m−3 = q2w2m−3 = . . . = q3w2m−5.
Inductively, we obtain: w2m+1 = qmw1 = qma1 = 0. Analogously, we have:

w2m+3 = w2m+5 = w2m+7 = w2m+9 = 0 (in Zr).

Using last relations, the equality (9) becomes:

W2m+1 = a0 · qm+1 · (x+ qy + q2x2y + q3xy2). (10)

From relations (8) and (10), we obtain:

n(W2m+1) = q3m+9 · a3
0 · a2 · b+ a · (q3m+3 · a3

0 + q3m+12 · a3
0 · b2) + q3m+6 · a3

0 · b (in Zr ⊂ K)

⇔ n(W2m+1) = q3m+3 · a3
0 · (a2bq6 + a+ ab2q9 + bq3) (in Zr ⊂ K). (11)

(b) A Horadam symbol element W2m+1 is a nontrivial zero divisor in the symbol algebra S if and
only if n (W2m+1) = 0. This is equivalent with

q3m+3 · a3
0 ·
(
a2bq6 + a+ ab2q9 + bq3

)
= 0 (in Zr ⊂ K).

Since r - q, r - a0, the last equality becomes

a2bq6 + a+ ab2q9 + bq3 = 0 (in Zr).

The last equality is equivalent with(
a+ bq3

)
·
(
abq6 + 1

)
= 0 (in Zr).

Since Zr is a field, we obtain that a+ bq3 ≡ 0 (mod r) or abq6 ≡ −1 (mod r).
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