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1 Introduction

A generating function for Fibonacci polynomials {un (x)} [3, 4] was demonstrated in [3] to be

oo tll oo tm
u (x)—=exp| xt+ ) v. — 1.1
Z (D p( Z " m] (1.1)

in which

> ) Pu,;, n>0,
j=1

u = 1, n=0, (1.2)
0, n<0,
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and
YD Py, . nzr,
j=1

v, = > al, 0<n<r, (1.3)
Jj=1
0, n<0,

where the P; are arbitrary integers and the & are the distinct roots of the auxiliary equation
x' = 2(—1)/‘+1 Px". (1.4)
=
From (1.1) it follows that
u, = %un 0,

and

oo tn “ [=S) l_n
;unu);:e (;unm)ﬂ,

which are comparable with similar results for the Bernoulli polynomials such as

oo t}’l " oo l_n
ZB (0 =e (ZB <0>5].

Here we prove a more direct connection between these generalized Fibonacci numbers and the
Bernoulli numbers, namely

nu, (0)= Z(Z]Bk (0)Au, (0, (1.5)

k=0
in which the difference operator A [2] is defined as

Au,(x)=u,(x+1)—u,(x).

2  Proof of Fibonacci-Bernoulli connection

The proof of (1.5):

=)

oo tﬂ tn oo tn
Au (X)—=e"""Su 0)——-e"> u (0)—
nzz(; "()n! Z“"()n! ;"()n!

n=o

t Xt - tn
=(e' 1) >, 0

and so

r < " us t"
ZAun(x)z—te Zun(O)z.

t
e —1'5 n=0
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But

SO

L " [ - t"
A = ~ YA .
e' lz u, (%) n! ZBm m'z u, (x) n!

n=0 m=0 *n=0
oo n n l_n
= B, Au, (x)—
n=0 n=0 k n'
and we also have that
X - " - m tm - tn
te 'Zun(O)—thx ZMn(O)—
n=0 . m=0 m. n=0
oo n n tn
:lz Jﬂn—k(o)xk_'
n=0 k=0 k

from which we get the required result on equating coefficients of #* when x = 0.

3 Fibonacci and Bernoulli congruences

The Appell set criterion was established in [6], namely,

iun (x)=nu, (x),n=123,...,
dx

from which we can obtain

x+1 Al/l . (.X)
[, (dy ===

X

which parallels the known result [1]

x+1 AB (X)
[ B,(ndy= —

Just as there are many Bernoulli polynomial congruences [7], so there are too for the Fibonacci
polynomials. For instance, we can also show that

u,., (x)=u, (x)(u,(x)) (modm). 3.1
To prove this, we use induction on ¢ and m.
When ¢ = 0, it is obvious for all z.

When t =1 and n = 1, we note that
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u,(x)=x+v,

and

- J
u,.  (x)= (x +v, )um (x)+ vam*um_j (x),
j=1

in which we have used the falling factorial coefficient m’ [5], and

mif(m+ ) = mifsz (modm) = s st
j=1 j=! j=l
which we use below. Thus,
u,, (x)= (x +v, )um (x) (mod m)
=u,(x)u, (x) (modm).
Assume the result is true forn =2, 3, ..., s; that is
u,, (x)=u,(x)u,(x) (modm).

Then

m+s

J
um+s+l ('x) = (‘x + vl )um+s ('x) + z vj+l (m + S)7 um+s—j
Jj=1

N
j
=(x+v ), (x)+ Z VS, ; (modm)
j=1

=(x+v u,, (x)+ Z ijs‘lus_j u, (x) (modm)
j=1

= (x +v, )um (u, (x)+ 2 vjﬂszus_j (x) (modm)

=u, (x)((x +v, )us (x)+ ivjﬂsfus_j (x)} (modm)

j=1

=u, (x)u,,,(x) (modm)

sowhen =1, forall n
u,, (x)=u,(x)u,(x) (modm)
and when ¢ = 2, for all »,
Uy (%) = 10, (0, ()" (modim) .

Assume the result holds fortr=3,4, ..., k

U ernym (X) =1t g, (Ou,, (x) (mod m)

=u, (x)(u, (x))" (modm).

To continue the Bernoulli connections, it follows that forn =0, 1, 2,...

u,(x)— (um (x))r -u,,, (x)= Zm:Bj (mu,,, ;(x)

j==n

(3.2)

in which the Bj(n) are also polynomials depending on n with integral coefficients modulo m.
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We then have the following result. Let the monic polynomial elements of the set

{uo (x),u,(x),...,u, (x)}

with coefficients modulo m such that

u (x)= Zaw.xj (a,,=1,0<s<n)

j=0
and
D A, (x)=0 (mod m),
s=0
where As (s =0, 1, 2, ..., n) are integral modulo m. Then,
A, =0 (modm) (0 < s < n). (3.3)
Proof:
Z:Asu‘Y (x)= ZZAXaX,jxj
5s=0 s=0 j=0
=0 (modm).
Now
fa,, 0O O 0 1]
o a, a, 0 .. 0| x
Aa, x) =[A) AL A A ) ayy ay ay, o O | X7, (3.4)
s=0 j=0
_an,O an,l an 2 an,n _ _xn a
so that
Zx’ZAsaw =0 (modm),
j=0 =)

which implies that

D> Aa, ;=0 (modm),
5=j
since if us(x) is a polynomial with integral coefficients, the statement u (x) =0 (modm) means

that each coefficient of u(x) is divisible by m. Thus, m | A5, s =0, 1, 2, ..., n, because of the
triangularity of the matrix in (3.4). This completes the proof of (3.3). [

Concluding comment

These ideas can be extended to results which further connect the Fibonacci and Bernoulli
recurrence relations.
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