
Notes on Number Theory and Discrete Mathematics
Print ISSN 1310–5132, Online ISSN 2367–8275
Vol. 25, 2019, No. 1, 178–192
DOI: 10.7546/nntdm.2019.25.1.178-192

Relations for generalized Fibonacci
and Tribonacci sequences

Robert Frontczak ∗

Landesbank Baden-Württemberg
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Abstract: In this article, we are concerned with connections between generalized Fibonacci and
Tribonacci sequences. The identities we derive are of convolution type. As particular examples,
we state several identities between Fibonacci and Tribonacci numbers, Fibonacci and Tribonacci–
Lucas numbers, Lucas and Tribonacci numbers and Lucas and Tribonacci–Lucas numbers,
respectively. Our results provide extensions of some recently obtained identities.
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1 Introduction and preliminaries

Let (un)n≥0 be a generalized Fibonacci sequence, i.e., a second-order recurrence given by

un = un−1 + un−2, n ≥ 2, (1.1)

where u0 and u1 are arbitrary numbers not both being zero. Let also (vn)n≥0 be a generalized
Tribonacci sequence, i.e., a third-order recurrence defined by

vn = vn−1 + vn−2 + vn−3, n ≥ 3, (1.2)

∗ Disclaimer: Statements and conclusions made in this article are entirely those of the author. They do not
necessarily reflect the views of LBBW.
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where v0, v1 and v2 are arbitrary numbers not all being zero. When u0 = 0 and u1 = 1, then
un = Fn is the Fibonacci sequence (A000045 in [8]) and when u0 = 2 and u1 = 1, then un = Ln

is the Lucas sequence (A000032 in [8]). Also, when v0 = 0, v1 = v2 = 1, then vn = Tn is the
Tribonacci sequence, whereas v0 = 3, v1 = 1 and v2 = 3 gives vn = Kn the Tribonacci–Lucas
sequence (sequences A000073 and A001644 in the OEIS [8], respectively). The most recent
articles about generalized Fibonacci and Tribonacci numbers are the articles [1, 2, 3, 4] and [7].

Despite the fact that both sequences coexist for more than fifty years and there is a rich
literature on both classes, they have been studied separately until now. The article [5] lists the
first few connecting identities. In the present study, we explore some more connections between
these popular sequences.

We will use the structure of the ordinary generating functions to prove our results. The
generating functions for the two generalized sequences and their respective even and odd indexed
companions are stated below:

fun(x) =
∞∑
n=0

unx
n =

u0 + (u1 − u0)x

1− x− x2
, (1.3)

fu2n(x) =
∞∑
n=0

u2nx
n =

u0 + (u1 − 2u0)x

1− 3x+ x2
, (1.4)

fu2n+1(x) =
∞∑
n=0

u2n+1x
n =

u1 + (u0 − u1)x

1− 3x+ x2
, (1.5)

fvn(x) =
∞∑
n=0

vnx
n =

v0 + (v1 − v0)x+ (v2 − v1 − v0)x
2

1− x− x2 − x3
, (1.6)

fv2n(x) =
∞∑
n=0

v2nx
n =

v0 + (v2 − 3v0)x+ (2v1 − v2)x
2

1− 3x− x2 − x3
, (1.7)

and

fv2n+1(x) =
∞∑
n=0

v2n+1x
n =

v1 + (v2 − 2v1 + v0)x+ (v2 − v1 − v0)x
2

1− 3x− x2 − x3
. (1.8)

The expressions follow from more or less routine calculations. The functions for un are derived
in [6], these for vn come from [4].

2 Basic relations between un and vn

The main results of this section reveal three fundamental relations between generalized Fibonacci
and Tribonacci numbers. We present our findings in three separate theorems. We note that, in
what follows, we will use the standard convention that

∑n
k=0 ak = 0 for n < 0.

Theorem 2.1. Let (un)n≥0 and (vn)n≥0 denote the generalized Fibonacci and Tribonacci
sequences, respectively. Then, for each n ≥ 2, we have the following identity:

u0vn = (u0 − u1)vn−1 + v0un + (v1 − v0)un−1 + (v2 − v1 − v0)un−2 +
n−3∑
k=0

ukvn−3−k. (2.1)
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Proof: From (1.3) we deduce that

u0 + (u1 − u0)x

fun(x)
= 1− x− x2.

Hence, it follows that

u0 + (u1 − u0)x− x3fun(x)

fun(x)
= 1− x− x2 − x3.

This yields the relation

fvn(x) =
(
v0 + (v1 − v0)x+ (v2 − v1 − v0)x

2
) fun(x)

u0 + (u1 − u0)x− x3fun(x)
,

or equivalently,

u0fvn(x)−v0fun(x) = (u0−u1)xfvn(x)+(v1−v0)xfun(x)+(v2−v1−v0)x
2fun(x)+x3fun(x)fvn(x).

(2.2)
The LHS of the last equation is

LHS =
∞∑
n=1

(
u0vn − v0un

)
xn. (2.3)

For the RHS we have

RHS = (u0 − u1)
∞∑
n=1

vn−1x
n + (v1 − v0)

∞∑
n=1

un−1x
n

+(v2 − v1 − v0)
∞∑
n=2

un−2x
n +

∞∑
n=3

n−3∑
k=0

ukvn−3−kx
n. (2.4)

Gathering terms and comparing the coefficients for xn proves the formula. �

When un = Fn and vn = Tn, then equation (2.1) simplifies to

Tn = Fn +
n−2∑
k=0

FkTn−2−k. (2.5)

When un = Ln and vn = Tn, then equation (2.1) becomes

2Tn = Tn−1 + Ln−1 +
n−3∑
k=0

LkTn−3−k. (2.6)

When un = Fn and vn = Kn, then we get

Kn−1 = 3Fn − 2Fn−1 − Fn−2 +
n−3∑
k=0

FkKn−3−k = Ln−1 +
n−3∑
k=0

FkKn−3−k. (2.7)

Finally, when un = Ln and vn = Kn, then

2Kn = Kn−1 + Ln + Ln−2 +
n−3∑
k=0

LkKn−3−k. (2.8)

The four special cases have been derived recently in the article [5]. The next identity gives us
a basic relation between the even indexed sequences (u2n)n≥0 and (v2n)n≥0.
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Theorem 2.2. For n ≥ 2 the following identity holds:

u0v2n = (2u0 − u1)v2n−2 + v0u2n + (v2 − 3v0)u2n−2 + (2v1 − v2 + 2v0)u2n−4

+
n−3∑
k=0

u2k

(
2v2(n−2−k) + v2(n−3−k)

)
. (2.9)

Proof: From (1.4) we have

u0 + (u1 − 2u0)x− 2x2fu2n(x)− x3fu2n(x)

fu2n(x)
= 1− 3x− x2 − x3.

Combining this relation with the generating function (1.7) yields

u0fv2n(x)− v0fu2n(x) = (2u0 − u1)xfv2n(x) + (v2 − 3v0)xfu2n(x) + (2v1 − v2)x
2fu2n(x)

+2x2fu2n(x)fv2n(x) + x3fu2n(x)fv2n(x). (2.10)

The remaining part of the proof is as in Theorem 2.1. �

As specific examples we can state the following identities:

1. u2n = F2n and v2n = T2n:

T2n = F2n + F2n−2 +
n−2∑
k=0

F2k

(
2T2(n−1−k) + T2(n−2−k)

)
. (2.11)

2. u2n = L2n and v2n = T2n:

2T2n = 3T2n−2 + L2n−2 + L2n−4 +
n−3∑
k=0

L2k

(
2T2(n−2−k) + T2(n−3−k)

)
. (2.12)

3. u2n = F2n and v2n = K2n:

K2n−2 = 3F2n − 6F2n−2 + 5F2n−4 +
n−3∑
k=0

F2k

(
2K2(n−2−k) +K2(n−3−k)

)
. (2.13)

4. u2n = L2n and v2n = K2n:

2K2n = 3K2n−2 +3L2n − 6L2n−2 +5L2n−4 +
n−3∑
k=0

L2k

(
2K2(n−2−k) +K2(n−3−k)

)
. (2.14)

Finally, we present an identity for the odd indexed numbers (u2n+1)n≥0 and (v2n+1)n≥0.

Theorem 2.3. For n ≥ 2 the following identity holds:

u1v2n+1 = (u1 − u0)v2n−1 + v1u2n+1 + (v2 − 2v1 + v0)u2n−1 + (v2 + v1 − v0)u2n−3

+
n−3∑
k=0

u2k+1

(
2v2(n−2−k)+1 + v2(n−3−k)+1

)
. (2.15)
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Proof: The stated formula is essentially a consequence of the relation

u1fv2n+1(x)− v1fu2n+1(x) = (u1 − u0)xfv2n+1(x) + (v2 − 2v1 + v0)xfu2n+1(x)

+(v2 − v1 − v0)x
2fu2n+1(x) + 2x2fu2n+1(x)fv2n+1(x)

+x3fu2n+1(x)fv2n+1(x), (2.16)

which can be derived using (1.5) and (1.8). �

Examples are:

1. u2n+1 = F2n+1 and v2n+1 = T2n+1:

T2n+1 = T2n−1+F2n+1−F2n−1+2F2n−3+
n−3∑
k=0

F2k+1

(
2T2(n−2−k)+1+T2(n−3−k)+1

)
. (2.17)

2. u2n+1 = L2n+1 and v2n+1 = T2n+1:

T2n+1 = −T2n−1 + L2n+1 − L2n−1 + 2L2n−3 +
n−3∑
k=0

L2k+1

(
2T2(n−2−k)+1 + T2(n−3−k)+1

)
.

(2.18)

3. u2n+1 = F2n+1 and v2n+1 = K2n+1:

K2n+1 = K2n−1 + F2n+1 + 4F2n−1 + F2n−3 +
n−3∑
k=0

F2k+1

(
2K2(n−2−k)+1 +K2(n−3−k)+1

)
.

(2.19)

4. u2n+1 = L2n+1 and v2n+1 = K2n+1:

K2n+1 = −K2n−1 +L2n+1 + 4L2n−1 +L2n−3 +
n−3∑
k=0

L2k+1

(
2K2(n−2−k)+1 +K2(n−3−k)+1

)
.

(2.20)

Combining the last equations for T2n+1 and K2n+1, respectively, results in the following
corollary:

Corollary 2.4. For n ≥ 2 it holds that

2T2n+1 = (L2n+1 + F2n+1)− (L2n−1 + F2n−1) + 2(L2n−3 + F2n−3)

+
n−3∑
k=0

(L2k+1 + F2k+1)(2T2(n−2−k)+1 + T2(n−3−k)+1), (2.21)

and

2T2n−1 = (L2n+1 − F2n+1)− (L2n−1 − F2n−1) + 2(L2n−3 − F2n−3)

+
n−3∑
k=0

(L2k+1 − F2k+1)(2T2(n−2−k)+1 + T2(n−3−k)+1). (2.22)
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Similarly,

2K2n+1 = (L2n+1 + F2n+1) + 4(L2n−1 + F2n−1) + (L2n−3 + F2n−3)

+
n−3∑
k=0

(L2k+1 + F2k+1)(2K2(n−2−k)+1 +K2(n−3−k)+1), (2.23)

and

2K2n−1 = (L2n+1 − F2n+1) + 4(L2n−1 − F2n−1) + (L2n−3 − F2n−3)

+
n−3∑
k=0

(L2k+1 − F2k+1)(2K2(n−2−k)+1 +K2(n−3−k)+1). (2.24)

3 More advanced relations

This section contains further relations for un and vn that can be derived in a straightforward
manner from the last section. To preserve an easier to comprehend and concise presentation,
from now on, we will restrict the list of examples to the pairs (un = Fn, vn = Tn) and (un =

Ln, vn = Tn) only.

Theorem 3.1. For n ≥ 1 the following identity holds:

u0

n∑
k=0

vkvn−k = v0

n∑
k=0

vkun−k +
n−1∑
k=0

vn−1−k
(
(u0 − u1)vk + (v1 − v0)uk

)
+(v2 − v1 − v0)

n−2∑
k=0

ukvn−2−k +
∑

k1+k2+k3=n−3

uk1vk2vk3 .

(3.1)

Proof: We start with equation (2.2). Multiplying both sides by fvn(x) gives

fvn(x)(u0fvn(x)− v0fun(x)) = (u0 − u1)xf
2
vn(x) + (v1 − v0)xfun(x)fvn(x)

+(v2 − v1 − v0)x
2fun(x)fvn(x) + x3fun(x)f

2
vn(x).

(3.2)

The LHS equals

LHS =
∞∑
n=1

( n∑
k=0

vk
(
u0vn−k − v0un−k

))
xn. (3.3)

The RHS is

RHS = (u0 − u1)
∞∑
n=1

( n−1∑
k=0

vkvn−1−k

)
xn + (v1 − v0)

∞∑
n=1

( n−1∑
k=0

ukvn−1−k

)
xn

+(v2 − v1 − v0)
∞∑
n=2

( n−2∑
k=0

ukvn−2−k

)
xn +

∞∑
n=3

( ∑
k1+k2+k3=n−3

uk1vk2vk3

)
xn.

(3.4)

Gathering terms and comparing the coefficients for xn establishes the stated relation. �
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When un = Fn and vn = Tn, then for n ≥ 1:
n∑

k=0

TkTn−k =
n∑

k=0

FkTn−k +
∑

k1+k2+k3=n−2
k1,k2,k3≥1

Fk1Tk2Tk3 . (3.5)

When un = Ln and vn = Tn, then for n ≥ 1:

2
n∑

k=0

TkTn−k =
n−1∑
k=0

(Tk + Lk)Tn−1−k +
∑

k1+k2+k3=n−3
k1≥0,k2,k3≥1

Lk1Tk2Tk3 . (3.6)

Theorem 3.2. For n ≥ 1 the following identity holds:

u0

n∑
k=0

ukvn−k = v0

n∑
k=0

ukun−k +
n−1∑
k=0

uk

(
(u0 − u1)vn−1−k + (v1 − v0)un−1−k

)
+(v2 − v1 − v0)

n−2∑
k=0

ukun−2−k +
∑

k1+k2+k3=n−3

uk1uk2vk3 . (3.7)

Proof: The relation follows from multiplying equation (2.2) by fun(x), writing in terms of power
series, and collecting terms. We omit the details. �

Theorem 3.2 is a generalization of results from [5], where a detailed treatment of the pairs
(un = Fn, vn = Tn),(un = Ln, vn = Tn), (un = Fn, vn = Kn), and (un = Ln, vn = Kn) is
presented.

For the even indexed sequences (u2n)n≥0 and (v2n)n≥0 we have the following convolutions:

Theorem 3.3. For n ≥ 1 the following identity holds:

u0

n∑
k=0

v2kv2(n−k) = v0

n∑
k=0

v2ku2(n−k) +
n−1∑
k=0

v2(n−1−k)
(
(2u0 − u1)v2k + (v2 − 3v0)u2k

)
+(2v1 − v2)

n−2∑
k=0

u2kv2(n−2−k) + 2
∑

k1+k2+k3=n−2

u2k1v2k2v2k3

+
∑

k1+k2+k3=n−3

u2k1v2k2v2k3 . (3.8)

Proof: The relation follows from multiplying equation (2.10) by fv2n(x), writing in terms of
power series and collecting terms. We omit the details. �

The special case when un = Fn and vn = Tn can be stated as (n ≥ 1):
n∑

k=0

T2kT2(n+1−k) =
n∑

k=0

F2k

(
T2(n+1−k) + T2(n−k)

)
+ 2

∑
k1+k2+k3=n
k1,k2,k3≥1

F2k1T2k2T2k3

+
∑

k1+k2+k3=n−1
k1,k2,k3≥1

F2k1T2k2T2k3 . (3.9)
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When un = Ln and vn = Tn, then we get for n ≥ 1:

2
n∑

k=0

T2kT2(n−k) =
n−2∑
k=0

L2k

(
T2(n−1−k) + T2(n−2−k)

)
+ 3

n−2∑
k=0

T2kT2(n−1−k)

2
∑

k1+k2+k3=n−2
k1≥0,k2,k3≥1

L2k1T2k2T2k3 +
∑

k1+k2+k3=n−3
k1≥0,k2,k3≥1

L2k1T2k2T2k3 . (3.10)

Theorem 3.4. For n ≥ 1 the following identity holds:

u0

n∑
k=0

u2kv2(n−k) = v0

n∑
k=0

u2ku2(n−k) +
n−1∑
k=0

u2k

(
(2u0 − u1)v2(n−1−k) + (v2 − 3v0)u2(n−1−k)

)
+(2v1 − v2)

n−2∑
k=0

u2ku2(n−2−k) + 2
∑

k1+k2+k3=n−2

u2k1u2k2v2k3

+
∑

k1+k2+k3=n−3

u2k1u2k2v2k3 . (3.11)

Proof: The relation follows from multiplying equation (2.10) by fu2n(x), writing in terms of
power series and collecting terms. We omit the details. �

The special case when un = Fn and vn = Tn is (n ≥ 1):

n∑
k=0

F2kT2(n+1−k) =
n∑

k=0

F2k

(
F2(n+1−k) + F2(n−k)

)
+ 2

∑
k1+k2+k3=n
k1,k2,k3≥1

F2k1F2k2T2k3

+
∑

k1+k2+k3=n−1
k1,k2,k3≥1

F2k1F2k2T2k3 . (3.12)

When un = Ln and vn = Tn, then we get for n ≥ 1:

2
n∑

k=0

L2kT2(n−k) =
n−1∑
k=0

L2k

(
3T2(n−1−k) + L2(n−1−k)

)
+

n−2∑
k=0

L2kL2(n−2−k)

2
∑

k1+k2+k3=n−2
k1,k2≥0,k3≥1

L2k1L2k2T2k3 +
∑

k1+k2+k3=n−3
k1,k2≥0,k3≥1

L2k1L2k2T2k3 . (3.13)

We conclude this section with two convolutions for the odd indexed sequences (u2n+1)n≥0
and (v2n+1)n≥0.
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Theorem 3.5. For n ≥ 1 the following identity holds:

u1

n∑
k=0

v2k+1v2(n−k)+1 = v1

n∑
k=0

v2k+1u2(n−k)+1

+
n−1∑
k=0

v2k+1

(
(u1 − u0)v2(n−1−k)+1 + (v2 − 2v1 − v0)u2(n−1−k)+1

)
+(v2 − v1 − v0)

n−2∑
k=0

v2k+1u2(n−2−k)+1 + 2
∑

k1+k2+k3=n−2

u2k1+1v2k2+1v2k3+1

+
∑

k1+k2+k3=n−3

u2k1+1v2k2+1v2k3+1. (3.14)

Proof: The relation follows from multiplying equation (2.16) by fv2n+1(x), writing in terms of
power series, and collecting terms. �

We state the special case when un = Fn and vn = Tn as (n ≥ 0):

n∑
k=0

T2k+1

(
T2(n+1−k)+1 − T2(n−k)+1

)
=

n∑
k=0

T2k+1

(
F2(n+1−k)+1 − F2(n−k)+1

)
+2

∑
k1+k2+k3=n−1

k1,k2,k3≥0

F2k1+1T2k2+1T2k3+1 +
∑

k1+k2+k3=n−2
k1,k2,k3≥0

F2k1+1T2k2+1T2k3+1.

(3.15)

When un = Ln and vn = Tn, then the relation becomes (n ≥ 0):

n∑
k=0

T2k+1

(
T2(n+1−k)+1 + T2(n−k)+1

)
=

n∑
k=0

T2k+1

(
L2(n+1−k)+1 − L2(n−k)+1

)
+2

∑
k1+k2+k3=n−1

k1,k2,k3≥0

L2k1+1T2k2+1T2k3+1 +
∑

k1+k2+k3=n−2
k1,k2,k3≥0

L2k1+1T2k2+1T2k3+1.

(3.16)

Theorem 3.6. For n ≥ 1 the following identity holds:

u1

n∑
k=0

u2k+1v2(n−k)+1 = v1

n∑
k=0

u2k+1u2(n−k)+1

+
n−1∑
k=0

u2k+1

(
(u1 − u0)v2(n−1−k)+1 + (v2 − 2v1 − v0)u2(n−1−k)+1

)
+(v2 − v1 − v0)

n−2∑
k=0

u2k+1u2(n−2−k)+1 + 2
∑

k1+k2+k3=n−2

u2k1+1u2k2+1v2k3+1

+
∑

k1+k2+k3=n−3

u2k1+1u2k2+1v2k3+1. (3.17)

186



Proof: The relation follows from multiplying equation (2.16) by fu2n+1(x), writing in terms of
power series, and collecting terms. �

When un = Fn and vn = Tn, then we get for n ≥ 0:
n∑

k=0

F2k+1

(
T2(n+1−k)+1 − T2(n−k)+1

)
=

n∑
k=0

F2k+1

(
F2(n+1−k)+1 − F2(n−k)+1

)
+2

∑
k1+k2+k3=n−1

k1,k2,k3≥0

F2k1+1F2k2+1T2k3+1 +
∑

k1+k2+k3=n−2
k1,k2,k3≥0

F2k1+1F2k2+1T2k3+1.

(3.18)

When un = Ln and vn = Tn, then we get for n ≥ 0:
n∑

k=0

L2k+1

(
T2(n+1−k)+1 + T2(n−k)+1

)
=

n∑
k=0

L2k+1

(
L2(n+1−k)+1 − L2(n−k)+1

)
+2

∑
k1+k2+k3=n−1

k1,k2,k3≥0

L2k1+1L2k2+1T2k3+1 +
∑

k1+k2+k3=n−2
k1,k2,k3≥0

L2k1+1L2k2+1T2k3+1.

(3.19)

4 The general case

From equations (2.2), (2.10), and (2.16) the general structure of the relations between the se-
quences (un)n≥0 and (vn)n≥0 can be inferred. Let m ≥ 0 be an integer. Then, for instance,
multiplying (2.2) by fm

vn(x) gives

u0f
m+1
vn (x) = v0fun(x)f

m
vn(x) + (u0 − u1)xf

m+1
vn (x) + (v1 − v0)xfun(x)f

m
vn(x)

+(v2 − v1 − v0)x
2fun(x)f

m
vn(x) + x3fun(x)f

m+1
vn (x). (4.1)

Similarly, multiplying (2.2) by fm
un
(x) gives

v0f
m+1
un

(x) = u0fvn(x)f
m
un
(x) + (u1 − u0)xfvn(x)f

m
un
(x) + (v0 − v1)xf

m+1
un

(x)

+(v0 + v1 − v2)x
2fm+1

vun
(x)− x3fvn(x)f

m+1
un

(x). (4.2)

From these relations it is straightforward to derive the following general identities, which we
state in the next theorem:

Theorem 4.1. Let m ≥ 0 be an integer. Then the following identities hold:

u0

∑
k1+k2+···+km+1=n

vk1vk2 · · · vkm+1 = v0
∑

k1+k2+···+km+1=n

uk1vk2 · · · vkm+1

+
∑

k1+k2+···+km+1=n−1

(
(u0 − u1)vk1vk2 · · · vkm+1 + (v1 − v0)uk1vk2 · · · vkm+1

)
+(v2 − v1 − v0)

∑
k1+k2+···+km+1=n−2

uk1vk2 · · · vkm+1 +
∑

k1+k2+···+km+2=n−3

uk1vk2 · · · vkm+2

(4.3)
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and

v0
∑

k1+k2+···+km+1=n

uk1uk2 · · ·ukm+1 = u0

∑
k1+k2+···+km+1=n

vk1uk2 · · ·ukm+1

+
∑

k1+k2+···+km+1=n−1

(
(u1 − u0)vk1uk2 · · ·ukm+1 + (v0 − v1)uk1uk2 · · ·ukm+1

)
+(v0 + v1 − v2)

∑
k1+k2+···+km+1=n−2

uk1uk2 · · ·ukm+1 −
∑

k1+k2+···+km+2=n−3

vk1uk2 · · ·ukm+2 .

(4.4)

From (4.3) with un = Fn and vn = Tn we obtain∑
k1+k2+···+km+2=n−2

k1,k2,...,km+2≥1

Fk1Tk2 · · ·Tkm+2 =
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

Tk1Tk2 · · ·Tkm+1

−
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

Fk1Tk2 · · ·Tkm+1 .

(4.5)

Note the iterative nature of the identity. The cases m = 0 and m = 1 give (2.5) and (3.5),
respectively. The case m = 2 produces

∑
k1+k2+k3+k4=n−2

k1,k2,k3,k4≥1

Fk1Tk2Tk3Tk4 =
∑

k1+k2+k3=n
k1,k2,k3≥1

Tk1Tk2Tk3 −
n+2∑
k=1

TkTn+2−k + Tn+4 − Fn+4. (4.6)

Also, from (4.3) with un = Ln and vn = Tn we get∑
k1+k2+···+km+2=n−3
k1≥0,k2,...,km+2≥1

Lk1Tk2 · · ·Tkm+2 = 2
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

Tk1Tk2 · · ·Tkm+1

−
∑

k1+k2+···+km+1=n−1
k1,k2,...,km+1≥1

Tk1Tk2 · · ·Tkm+1 −
∑

k1+k2+···+km+1=n−1
k1≥0,k2,...,km+1≥1

Lk1Tk2 · · ·Tkm+1 .

(4.7)

Again, we point out the iterative nature of the identity. The case m = 0 gives (2.6). The case
m = 1 is (3.6). The case m = 2 produces∑

k1+k2+k3+k4=n−3
k1≥0,k2,k3,k4≥1

Lk1Tk2Tk3Tk4 = 2
∑

k1+k2+k3=n
k1,k2,k3≥1

Tk1Tk2Tk3 −
∑

k1+k2+k3=n−1
k1,k2,k3≥1

Tk1Tk2Tk3

−
n+1∑
k=0

Tk

(
2Tn+2−k − Tn+1−k

)
− Tn+3 − Ln+3 + 2Tn+4.

(4.8)
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From (4.4) with un = Fn and vn = Tn we obtain∑
k1+k2+···+km+2=n−2

k1,k2,...,km+2≥1

Tk1Fk2 · · ·Fkm+2 =
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

Tk1Fk2 · · ·Fkm+1

−
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

Fk1Fk2 · · ·Fkm+1 ,

(4.9)

and with un = Ln and vn = Tn∑
k1+k2+···+km+2=n−3
k1≥1,k2,...,km+2≥0

Tk1Lk2 · · ·Lkm+2 = 2
∑

k1+k2+···+km+1=n
k1≥1,k2,...,km+1≥0

Tk1Lk2 · · ·Lkm+1

−
∑

k1+k2+···+km+1=n−1
k1,k2,...,km+1≥0

(Tk1 + Lk1)Lk2 · · ·Lkm+1 .

(4.10)

Both results admit an iterative evaluation. We refer to [5] for more details.
In exactly the same manner, we can multiply (2.10) by fm

v2n
(x) or fm

u2n
(x) to get

u0f
m+1
v2n

(x) = v0fu2n(x)f
m
v2n

(x) + (2u0 − u1)xf
m+1
v2n

(x) + (v2 − 3v0)xfu2n(x)f
m
v2n

(x)

+(2v1 − v2)x
2fu2n(x)f

m
v2n

(x) + 2x2fu2n(x)f
m+1
v2n

(x) + x3fu2n(x)f
m+1
v2n

(x)

(4.11)

and

v0f
m+1
u2n

(x) = u0fv2n(x)f
m
u2n

(x) + (u1 − 2u0)xfv2n(x)f
m
u2n

(x) + (3v0 − v2)xf
m+1
u2n

(x)

+(v2 − 2v1)x
2fm+1

u2n
(x)− 2x2fv2n(x)f

m+1
u2n

(x)− x3fv2n(x)f
m+1
u2n

(x).

(4.12)

These formulas lead to the following results:

Theorem 4.2. Let m ≥ 0 be an integer. Then the following identities hold:

u0

∑
k1+k2+···+km+1=n

v2k1v2k2 · · · v2km+1 = v0
∑

k1+k2+···+km+1=n

u2k1v2k2 · · · v2km+1

+
∑

k1+k2+···+km+1=n−1

(
(2u0 − u1)v2k1v2k2 · · · v2km+1 + (v2 − 3v0)u2k1v2k2 · · · v2km+1

)
+(2v1 − v2)

∑
k1+k2+···+km+1=n−2

u2k1v2k2 · · · v2km+1

+2
∑

k1+k2+···+km+2=n−2

u2k1v2k2 · · · v2km+2 +
∑

k1+k2+···+km+2=n−3

u2k1v2k2 · · · v2km+2

(4.13)
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and

v0
∑

k1+k2+···+km+1=n

u2k1u2k2 · · ·u2km+1 = u0

∑
k1+k2+···+km+1=n

v2k1u2k2 · · ·u2km+1

+
∑

k1+k2+···+km+1=n−1

(
(u1 − 2u0)v2k1u2k2 · · ·u2km+1 + (3v0 − v2)u2k1u2k2 · · ·u2km+1

)
+(v2 − 2v1)

∑
k1+k2+···+km+1=n−2

u2k1u2k2 · · ·u2km+1

−2
∑

k1+k2+···+km+2=n−2

v2k1u2k2 · · ·u2km+2 −
∑

k1+k2+···+km+2=n−3

v2k1u2k2 · · ·u2km+2 .

(4.14)

When m = 0, then (4.13) and (4.14) reduce to (2.9). Special cases of (4.13) are

2
∑

k1+k2+···+km+2=n−1
k1,k2,...,km+2≥1

F2k1T2k2 · · ·T2km+2 +
∑

k1+k2+···+km+2=n−2
k1,k2,...,km+2≥1

F2k1T2k2 · · ·T2km+2

=
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

(T2k1 − F2k1)T2k2 · · ·T2km+1 −
∑

k1+k2+···+km+1=n−1
k1,k2,...,km+1≥1

F2k1T2k2 · · ·T2km+1 ,

(4.15)

and

2
∑

k1+k2+···+km+2=n−2
k1≥0,k2,...,km+2≥1

L2k1T2k2 · · ·T2km+2 +
∑

k1+k2+···+km+2=n−3
k1≥0,k2,...,km+2≥1

L2k1T2k2 · · ·T2km+2

= 2
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

T2k1T2k2 · · ·T2km+1 −
∑

k1+k2+···+km+1=n−1
k1≥0,k2,...,km+1≥1

(3T2k1 + L2k1)T2k2 · · ·T2km+1

−
∑

k1+k2+···+km+1=n−2
k1,k2,...,km+1≥0

L2k1L2k2 · · ·L2km+1 . (4.16)

Moreover, from (4.14) we obtain

2
∑

k1+k2+···+km+2=n−1
k1,k2,...,km+2≥1

T2k1F2k2 · · ·F2km+2 +
∑

k1+k2+···+km+2=n−2
k1,k2,...,km+2≥1

T2k1F2k2 · · ·F2km+2

=
∑

k1+k2+···+km+1=n
k1,k2,...,km+1≥1

(T2k1 − F2k1)F2k2 · · ·F2km+1 −
∑

k1+k2+···+km+1=n−1
k1,k2,...,km+1≥1

F2k1F2k2 · · ·F2km+1 ,

(4.17)
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and

2
∑

k1+k2+···+km+2=n−2
k1≥1,k2,...,km+2≥0

T2k1L2k2 · · ·L2km+2 +
∑

k1+k2+···+km+2=n−3
k1≥1,k2,...,km+2≥0

T2k1L2k2 · · ·L2km+2

= 2
∑

k1+k2+···+km+1=n
k1≥1,k2,...,km+1≥0

T2k1L2k2 · · ·L2km+1 −
∑

k1+k2+···+km+1=n−1
k1,k2,...,km+1≥0

(3T2k1 + L2k1)L2k2 · · ·L2km+1

−
∑

k1+k2+···+km+1=n−2
k1,k2,...,km+1≥0

L2k1L2k2 · · ·L2km+1 . (4.18)

The general results for u2n+1 and v2n+1 are derived analogously using (2.16). We leave the
explicit statement of these results to the interested reader.

5 Concluding comments

The goal of this paper was to develop further identities connecting Fibonacci numbers and
Tribonacci numbers. Interestingly, the derivations are based on simple manipulations of the
respective generating functions. We hope that the new identities presented in this paper will
turn out to be of use to the Fibonacci research community.

We also mention that it seems to be possible to generalize the results of the present study even
further to the sequences defined by

Un = pUn−1 + qUn−2, U0 = a, U1 = b, n ≥ 2,

and
Vn = rVn−1 + sVn−2 + tVn−3, V0 = c, V1 = d, V2 = e n ≥ 3,

where p, q, a, b, r, s, t, c, d and e are arbitrary integers (appropriately restricted to eliminate
degenerated cases). The results, however, become cumbersome and bulky.

Finally, the author wants to express his gratitude to the two referees for a careful reading of
the first version of the paper, and for the interest shown in this work.
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