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Abstract: Let T = {t1,ts,...,1,,} be a well ordered set of m distinct positive integers with
ty <ty <--- <ty. The GCD matrix on T is defined as (1), xm = (t;,t;), Where (¢;,¢;) is the
greatest common divisor of ¢; and ¢;, and the power GC'D matrix on 1" is (T7),xm = (ti, ;)"
where 7 is any real number. The LC'M matrix on T is defined as [T'],,, <, = [ti, t;], Where [t;, ;]
is the least common multiple of ¢; and ¢;, and the power LC'M matrix on T"is [T, xm = [ti, 15]"
Set T = {t1,t9,...,t,} is said to be ged-closed if (t;,t;) € T for every ¢; and ¢; in 7. In
this paper, we give a generalization for the power GC'D and LC'M matrices defined on gcd-
closed sets over unique factorization domains (UFDs). Moreover, we present a speculation for a
generalization of Bourque-Ligh conjecture to UFDs which states that the least common multiple
matrix defined on a gcd-closed P-ordered set in any UFD is nonsingular. Some examples that
show what is done are additionally given in Z [i| and Z,, [z].

Keywords: Power GC'D P-matrix, Power LC'M P-Matrix, P-ordering, gcd-closed sets, Prime
residue system, Unique factorization domains.
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1 Introduction

Let T = {ty,t,...,t,n} be a well-ordered set of m distinct positive integers such that
ty <ty <--- <ty. The GCD matrix on T is defined as (1), xm = (t;,t;), Where (¢;,¢;) is the
greatest common divisor of ¢; and ¢;, and the LC'M matrix on T is defined as [T}, = [ti, 1],
where [t;,¢;] is the least common multiple of ¢; and ;. Moreover, set 7’ is said to be:

— factor-closed if for every ¢; € T, all the divisors of ¢; are also in 7.
— ged-closed if the greatest common divisor (¢;,¢;) € T for all elements ¢; and ¢; in 7.

— lem-closed if the least common multiple [t;,¢;] € T for all elements ¢; and ¢; in T".

In 1875/76, Smith [18] showed that if 7" = {1,2,...,m}, then the determinant of the GC' D
matrix (7") defined on T is equal to the product ¢(1)¢(2) - - - ¢(m) and the determinant of the
LCM matrix [T] defined on T is also equal to ¢(1)7(1)p(2)7(2) - - - ¢(m)m(m), where ¢ is the
Euler’s totient function and 7 is a multiplicative function for prime powers. Also, he showed
that if 7" = {t1,ts,...,1,,} is a factor-closed set of distinct positive integers, then det(7") =
o(t1)p(ta) - - - P(t,,) and det [T'] = o (t1)mw(t1)p(ta)m(t2) - - - d(tm )7 (t,). Moreover, Smith showed
that if f is an arithmetical multiplicative function, then det[f (7, j)] = (f * p)(1) (f * p)(2) - --
(f * u)(m), where p is the Mobius function and (f * p) is the Dirichlet convolution of f and
w. In 1988/89, S. Beslin and S. Ligh [2, 4, 17], showed that if (7) is defined on a factor-closed
set T, then it could be written as a product of a matrix B and its corresponding transpose B~.
Moreover, they conjectured that if 7" = {¢y,ts,...,%,} is a set of distinct positive integers, then
det (T') = ¢(t1)p(ta) - - - ¢(t,,) if and only if T is factor-closed. In 1989, Beslin and El-Kassar
[1] exposed GC'D matrices over unique factorization domains (UFDs). In 1990, Z. Li [16] gave
a generalization for Smith’s determinant by obtaining the value of (7") defined on an arbitrary
ordered set of distinct positive integers, and he showed that the conjecture of Beslin—Ligh is true.
In 1991/92, Beslin and Ligh [3, 5] proved that if 7" = {t1,1s,...,t,} is a ged-closed set, then
(T') could be factored as a product of two triangular matrices and they calculated its determi-
nant. In addition, they gave a structure theorem for the LC'M matrix [T] and showed that it is
non-singular. In the same year, K. Bourque and S. Ligh [6] provided a formula for the inverse of
(T") and [T'] on factor-closed sets, and showed that det (7") divides det [T']. In addition, they also
conjectured that if [T'] is defined on a gcd-closed set, then it is non-singular (Bourque-Ligh Con-
jecture). In 1996/97, P. Haukkanen et al. [10, 11] presented a brief review of papers relating to
Smith’s determinant and pointed out a common structure that could be found in many extensions
and analogues of Smith’s determinant. Further, they gave a counterexample for the conjecture
of Bourque and Ligh that the least common multiple matrix on any gcd-closed set is invertible.
Moreover, they calculated the GC'D and LC' M matrices for lem-closed and ged-closed sets. In
1998, Hong [12, 13, 14] showed that the Bourque-Ligh conjecture is true for a certain class of
gcd-closed sets. In addition, he showed new bounds for det [f (z;,z;)] for a certain class of
arithmetical functions and semi-multiplicative functions, which improve the results obtained by
Bourque and Ligh [6]. Later in 2009/10, El-Kassar et al. [8, 9] presented generalizations for the
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GCD and LC'M matrices defined on both factor-closed and gcd-closed sets in principal ideal
domains (PIDs).

Now, let r be a real number and let 7" = {¢y,to,...,%,} be a well ordered set of m distinct
positive integers such that t; < ty < --- < t,,. The power GC'D matrix defined on 7 is the
m x m matrix (T") = (t;;), ., such thatt;; = (t;,¢;)", where (t;,t;) is the greatest common
divisor of ¢; and ¢;. The power LC'M defined on T is the m x m matrix [T"] = (t;;), ., such
that t;; = [t;, t;]", where [t;, ;] is the least common multiple of ¢; and ¢;. In 1996, S. Z. Chun [7]
introduced the concept of -th power of the GC'D and LC'M matrices (7") and [1"] respectively,
where r is a real number. Moreover, he calculated det (7") and det [T"] over the factor-closed set
T. In addition, he discussed (7") and [T"] over ged-closed sets and obtained the structures for
their inverses and reciprocals over the domain of natural numbers. In 2009, S. Hong et al. [15]
presented the structures, determinants, and the non-singularity of the power GC'D matrices for a
UFD by considering the results of Beslin and El-Kassar [1].

In this paper, we give a generalization for the power GCD and LCM P-matrices charac-
terized on gcd-closed sets over unique factorization domains (UFDs). Additionally, we make a
speculation for Bourque—Ligh conjecture to UFDs. A few precedents on Z[i| and Z,, [x] that show
what as been done are additionally given. The article comprises of six particular sections. In the
first section, we present the essentials and the definitions required all through our work. In the
second and the third sections, we present structure hypotheses and the determinants of the power
GCD P-matrices and their reciprocals characterized on gcd-closed P-ordered sets in unique fac-
torization domains. In addition, a few precedents were given in Z, [z]. In the fourth section, we
study the inverses of the power GC'D P-matrices on gcd-closed sets over UFDs. Finally, in the
fifth and the sixth sections, the structure hypotheses and the determinants of the power LC'M
P-matrices characterized on gcd-closed P-ordered sets in UFDs are presented. Additionally, a
few precedents were given in Z, [x] and Z [i].

2 Preliminaries and definitions

It is well-known from literature that a zero-divisor is a non-zero element s of a ring R such that
there exists another non-zero element ¢ in R with st = 0. An integral domain D is a commutative
ring with unity and no zero-divisors. A subring A of a ring R with unity is called two-sided ideal
if for every s € R and a € A both sa and as are also in A. Moreover, two non-zero elements s
and ¢ of an integral domain D are said to be associates if s = ut where u is a unit in D.

Definition 1. A well-ordered set P = {p1,ps, ..., Dpn} of non-zero and non-associate prime ele-
ments of an integral domain R is called a prime residue system of R if P is complete and every
prime element of R either belongs to P, or is an associate to an element of P.

Definition 2. A unique factorization domain (UF D) is defined to be an integral domain R in
which every non-zero element t of R can be written uniquely up to order and associates as a

product (an empty product if t is a unit) of prime elements p; of R and a unit u.
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That is, R is said to be a unique factorization domain of prime residue system P = {p1,ps,...,pn}
if any non-zero element ¢ € R could be written as ¢ = up{'p5* - - - pim, where p; are distinct ele-
ments of P, the o; are positive integers and v is a unit in 1.

Definition 3. An element t € R is called a P-number if t is a product of elements from the prime

residue system P.

In our work, we denote by P to be the set of 1 and all P-numbers. Moreover, we call d a
P-divisor of t in R if d divides t and d € P. If t and s are both non-zero elements in R, then we
use (¢, s), to denote the greatest common P-divisor of ¢ and s in R.

Definition 4. Let R be a UFD and P = {pi,ps,...,pi, ...} be a complete prime residue system
of R. The generalized Jordan totient function Ek’ R over a unique factorization domain R is defined
to be the multiplicative function defined on R-{0} such that

Skr(t) = Tp @ (pf = 1),

Note that if ¢ is a unit then E,%R(t) ~ 1. Moreover, Ekﬁ(titj) ~ s,:R(ti)AskaR(tj) for any two
relatively prime elements ¢; and ¢, in 7.

Theorem 1. Let P be a prime residue system of a UFD R, and let t be an element of T, and let k

be a positive integer. If E(t) is a complete set of distinct non-associate divisors d of t in T, then

tk ~ Z g&]g(d)

deE(t)

Proof. Since §k7s is multiplicative, then the function f(t) =~ Z As% r(d) is also multiplicative.
deE(t)
Hence, for any p; € P,

fi) = Y Skr(d)
deE(p;")
~ 1+ ()" = 1)+ () B = 1)+ () Y (0 - 1)
~ 1+ ()" — 14+ () = () - ()™ = (pa) Y

= (pi)™
~ ()"
Now, if ¢ is a product of non-zero non-associate elements from P, then f(t) = Z Ek, r(d).
deB(t)
The proof is complete. O

Definition 5. (P-Ordering in UFDs) The P-ordering in a UFD R is defined via the following
scheme: t; <, t; if for some m, k;,, < k;,, and k;, = k;_ for each c < m and this relation <, is
considered as a well-defined linear ordering on T

Hence, if the ordered set 7" is such that t; <, to <,< --- <, t,,,, we say that 7" is P-ordered
and the matrix defined on 7" is a P-matrix.

1992, K. Bourque and S. Ligh [6] calculated the determinant of [T when T is ged-closed,
and they made the following conjecture.

Bourque-Ligh Conjecture. The LCM matrix on a gcd-closed set is invertible.
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3 Power GCD matrices on GC D-closed sets over a UFD

Let R be a UFD and P be a complete prime residue system of R. If T' = {t1,ts,...,t,} is a
P-ordered set of non-zero non-associate elements in R. In the following, we present structure
theorems of the power GC'D P-matrices, and their determinants on gcd-closed P-ordered sets
over a UFD. Moreover, some examples are given in Z5 [z].

Definition 6. Let R be a UFD and P = {py,ps,...,pi, ...} be a complete prime residue system
of R. Let T = {ty,1s,...,t,} be a P-ordered set of non-zero non-associate elements in R. Then,
T is said to be gcd-closed if for every t; and t; in T their greatest common divisor (t;,t;), is an
associate to some element t, € T.

Definition 7. Let R be a UFD and P = {p1,ps, ..., p;, ...} be a complete prime residue system
of R. If T = {t1,ts,...,tn} is a P-ordered set of non-zero non-associate elements in R and
r > 1 is an integer, then the powers GC' D P-matrix defined on T is the m x m matrix [T"] =
(tij)mxm such that t;; = (t;,t;),".

3.1 Factorizations of power GC'D P-matrices
on GGC D-closed sets over a UFD

Theorem 2. Let R be a UFD and P = {py,p2,...,Di,. ..} be a complete prime residue system
of R.IfT = {t1,ta,...,tn} is a P-ordered set of non-zero non-associate elements in R, then

(T"), ~ EAE".

Proof. Let D = {y1,va,...,ys} be the smallest gcd-closed set containing 7" in R, and let E(x)
be a complete set of distinct non-associate divisors d of ¢ in R. Define the n x n diagonal matrix
A, as:

A, = diag Yoo S, ) Sld),. ., > Sld)

deE(y1),d¢ E(yu) deE(y2),d¢ E(yu) d€E(yn),d¢ E(yu)
Yu <p Y1 Yu <p Y2 Yu <p Yn

and E = (€;;)mxn such that
1, ify; e E(t;)
i = 0, otherwise
Then,

\E

€ik Z Er,s(d) ejk: ~ Z Z gr,s(d)

k=1 deE(yk) yk€E(t:) | deE(yr)
d¢ E(yu) yk€E(t;) \ d¢E(yu)
Yu <p Yk Yu <p Yk
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~ Y > Srs(d) | = (ti, 1),
yEE((tit;)p) | dEE(yr),d¢E(yu),
Yu <p Yk

Example 1. 7 = {1,1 + z,1 + 23} is an ordered set in Zy|x]. Then,

1 00 1 0 0 111

EAET=~|1 1 0 0 a2 0 01 1
111 0 0 22425 0 0 1
11 1

Q

1 1+ 1+22 | =(T%,.
1 1+2% 1425

Theorem 3. Let R be a UFD and P = {py,p2,...,Di,. ..} be a complete prime residue system
of R.IfT = {t1,ta,...,tn} is a P-ordered set of non-zero non-associate elements in R, then

(T7), =~ A.B,,

where [A,] and [B,] . for some positive integer n > m.

nxm mxn

Proof. Let D = {y1,vs, ..., yn} be the smallest gcd-closed set containing 7" in R, and F(z) be a
complete set of distinct non-associate divisors d of ¢ in R. Define the matrix A, = (a;;),xn as:

Z fgr’S(d), if yj c E(tl)
deE(y;),d¢ E(yu)
Yu <p Yj

0, otherwise

Clij =

b — ]_, 1faj,7£0
Yo 0, lfCL]ZIO '

Therefore,

n

(A, B,)ij ~ (ainbrj) = Z Z Em(d)
k=1 ye€E(ti) | deB(yr),dEE(yu)
yLEE(t5) Yu <p Yk

~ Z ET,S(d) ~ (tia tj)PT'
yk€B((tistj)p) | d€E(yk).dEE(yu)
Yu <p Yk
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Example 2. Let T =~ {1,1+ z,1 + 2%} in Zs[x|, then

(1 0 0 111
AsBo= | 1 22 0 011
1 22 22425 001
11 1
~ |1 1422 1422 | =(T%,.
1 1422 1425

Theorem 4. Let R be a UFD and P = {p1,ps,...,Di,... } be a complete prime residue system
of R.IfT = {t1,ta,...,tn} is a P-ordered set of non-zero non-associate elements in R, then

(T"), ~ A, AL

Proof. Let F be an extension of the field of fractions F' of R in which s, ,(t) has square roots for
every t; € T, D = {y1,vs, ...,y } be the smallest gcd-closed set containing 7" in R, and F(z)
be a complete set of distinct non-associate divisors d of ¢ in R. Define the matrix A, as:

S 5,.(d), if y; € E(t)
dEE(yj)

Qij = d¢ E(yu)
Yu <p Yj

0, otherwise

Then,

(AAD)i ~ Z(aikajk) ~ Z Z ET,S(d) Z ET,S(d)

k=1 YR E€E(t;) deE(yr) deE(yk)
yREE(t5) dg¢E(yu) dg¢E(yu)
Yu <p Yk Yu <p Yk

~ D Sesld) | = (i ty),
y€E((tist)p) | d€B(yx)
déE(yu)
Yu <p Yk

Example 3. If T ~ {1,1+ 2,1 + 23} in Zy|x), then

0 0 1 1 1
Va2 0 0 Va2  Va?
Va2 a2+ 26 0 Va2
1 1
2 2 ~ 2
1 14a? 1+2% | = (T7),.
1 1+2%2 1426

AQAg ~

—_ = =

Q
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3.2 Determinants of power GC' D P-matrices
on GC' D-closed sets over a UFD

Theorem 5. Let R be a UFD and P = {py,ps,...,Dpi,. ..} be a complete prime residue system
of R. If T = {ty,1s,...,tn} is a P-ordered gcd-closed set of non-zero non-associate elements in
R, then

m

det(T7), = [ | > Sl

ty <p t;
Proof. First Proof: By Theorem 1, we have (T"), =~ EA,ET and since T is a ged-closed set,
then T = D =~ {y1,¥2, ..., Ym} and E is a lower triangular matrix with diagonal entries e;; =~ 1
so that det [E] = 1. Thus,

m

det(T"), = det(EA,E") = || > 5.d)
i=1 | deE(t;), d¢E(tu)
tay <p t;
Second Proof: By Theorem 2, we have (17), ~ A, B, and since T is gcd-closed in R, then
A, and B, are lower and upper triangular matrices, respectively, with respective diagonal entries

aj; = > Em(d) and b; = 1. Therefore,
dEE(t;),d¢ B(ty)
tu <p ti
det(T"), = det(A,) det(B,) = det(A,) = H Z Sr.s(d)
i=1 | deE(t;), d¢E(ty)

ty <p t;

Third Proof: By Theorem 3, we have (77), =~ A, AT and since T is a gcd-closed set in R, then

A, is a lower matrix with diagonal entries a; = > gr,s(d) forall 1 <7 < m. Then,
deE(t;), d¢E(ty)

ty <p t;

det(T"), =~ det(A,) det(Al) ~

~

~ 11 > se@f =]If > 5@
i=1 deE(t;),d¢E(ty) i=1 \ dEE(t;),d¢E(ty)
b, <t; b, <t;
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Corollary 1. (Beslin-Ligh Result) If T = {t1,ts, ...t} is a gcd-closed set of positive integers,
then

m

det(T), =] > (s(d))

=1 d/ti,dftt,tt<ti

Proof. Using Theorem 4 by taking » = 1, R = Z, then <,, is the usual < in Z and El,z = ¢.
Therefore,

det(TT)p = H Z gr,s(d) - H Z El,Z(d>
i=1 | deE(t;) i=1 | deE(t;)
d¢ E(ty) d¢E(tu)
tu <p t; tu <p t;

L

@
Il
—

Y. (s(d)

d/ty,dite,te<t;

]

Definition 8. Ler R be a UFD and P = {p1,ps, ..., pm} be a complete prime residue system of
R. IfT = {t1,ts,...,t,} is a P-ordered set of non-zero non-associate elements in R andt € S
such that t = up(*p3?---p%m, where u is a unit in S, p; are distinct elements of P, and «; are
positive integers for all 1 < i < m, then we define the multiplicative function ®; on R/{0} as:

() ~ Tpf ' (pi — 1).

We note that ®4(¢) = 1 if and only if ¢ is a unit in R. Moreover, ®,(xy) = ®,(x)P,(y) for
any two relatively prime elements = and y in R.

Theorem 6. Let R be a UFD and P = {py,pa,...,pm} be a complete prime residue system of
R.IfT = {ty,ta,...,tn} is a P-ordered set of non-zero non-associate elements in R, and E(t)

is a complete set of distinct non-associate divisors d of t in R, then

tm > ,(d)

deE(t)

Proof. Since @ is multiplicative, then

OED I X0
)

deE(t

is also multiplicative. So, for any p; in the prime residue system P in I2 we have

fop)y = > @ud)m 1+ (pi—1)+ (pf —p)+-+ (P — ) = i,
deE(p;")
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Now, if t = up*p5? - - - p&m, then

v =f)=][| D @@ | =u] ) =t
deE(t) i=1 \deE(p;?) i=1

]

Remark 1. Let R be a UFD and P = {p1,pa,...,pm} be a complete prime residue system of
R IfT = {ti,ta,...,tn} is a P-ordered set of non-zero non-associate elements in R, then it is
clear that if we take r = 1 and ;1, r = O we have a generalization for Beslin—Ligh Result [5]
over a UFD. That is;

m

det(T), ~ [ | > D,(d)

=1 \deE(t;), dEE(tu), tu<t;

4 Reciprocal power GC'D P-matrices
on GC' D-closed sets over a UFD

Definition 9. Let R be a UFD and P = {py,ps,...,pi, ... } be a complete prime residue system
of R. If T = {t1,ts,...,tn} is a P-ordered set of non-zero non-associate elements in R, the
mxmmatrix 1/(T"), = (tij)mxm such that (t;;) = (t;,t;), " = m is called the reciprocal
power GC'D P-matrix defined on T over a UFD R.

4.1 Factorizations of reciprocal power GC'D P-matrices
on GC'D-closed sets over a UFD

Theorem 7. Let R be a UFD and P = {p1,pa,...,Di,- ..} be a complete prime residue system

of R.If T = {t1,ts, ...t} is a P-ordered set of non-zero non-associate elements in R, then
1/(T"),~EA_, E".

Proof. Let D = {y1, s, ..., Yyn} be the smallest gcd-closed set containing 7" in the principle ideal
domain S and E(t) be a complete set of distinct non-associate divisors d of ¢ in R. Define the
n X n diagonal matrix A_, as:

Ay =diag | D 5o.(d), D Su(d), . Y 5 u(d)

deE(y1) deE(y2) d€E(yn)

d¢ E(yu) d¢E(yu) dEE(yu)

Yu<Y1 Yu <Y2 Yu<Yn
and E = (e;;), . so that;

1, ify, € B(t)
€i; — . .
! 0, otherwise
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Then,

3

(EA_.ET); ~ e | Y. Sopsld) [ew | ® D > 5.(d)

k=1 deE(y) y€E:) | deE(yk)
d¢ E(yu) yk€E(t;) \ dEE(yu)
Yu <Yk Yu <Yk

~ Y > soad) |~ (i),

y€E((tit;)p) | dEE(yr)
d€E(yu)
Yu <Yk

]

Note: The reciprocal power GC'D P-matrices could be easily written as A_,B_, and A_, AT
in a similar manner done above.

Exampled. [fT =~ {1, 1+xz,1+23} is a P-ordered gcd-closed set over Zs[z], then the reciprocal

of (T?), is
1 1 1
2 ~
VT |1 55 ne
T
1+x2 1426
and is factored as follows:
1 00 1 0 0 111 1 1 1
EALE"= |1 100 7% 0 011]|=|1 5
I47fl)2 1 1
1 1 1 0 O 1+26 O O 1 1 142 1426
or,
1 0 0 111 1 1
ALBor~ |1 5% 0 01 1 |=|1 &
—z2 zt—x? 1 1
I 7= T 001 T2 T340
or,
1 0 0 1 1 1 1 1 1
) —z2 —x2
147214€2z 1 T+a? 0 0 142 1+a2 ~ |1 H% 1422
1 1
Lyae Jyas [ L0 0 5s I e 1w

4.2 Determinant of reciprocal power GC' D P-matrices
on GC D-closed sets over a UFD

Theorem 8. Let R be a UFD and P = {py,pa,...,pi,- ..} be a complete prime residue system
of R, and T = {t1,1s,...,t,} is a gcd-closed P-ordered set of non-zero non-associate elements
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in R. Then,

m

det (1 / (T’")p) ~ > S@
i=1 \ deE(t;), d¢E(ty)
tu<t;

Proof. LetT be a P-ordered setin S. Since T is a gcd-closed set, then 7' = D = {y1, ¥, ..., Ym}
and 1/(T"), ~ EA_,E" and E is a lower triangular matrix with det[E] = 1. Thus,

m

det (1/(T7),) = det(EA_.ET) =~ det(A_,) = H Z 5_ps(d)
i=1 | deE(t;)
d¢E(tu)
tu<t;

]

Note that we may prove the above theorem by using the factorizations 1/(1"), ~ A_,.B_,
and 1/(T"), = A_, AT .

5 Inverses of power GC'D P-matrices
on GC D-closed sets over a UFD

Theorem 9. Let R be a UFD and P = {p1,p2,...,Di,- ..} be a complete prime residue system
of R, and T = {t1,ts, ...t} is a gcd-closed P-ordered set of non-zero non-associate elements
in R. Then, the inverse of (T")  is (T"), " = (ti;) such that

mxXm

Z Hp (%) Hp (%)
t;€E(ty), t; €E(tg) deE(tk)ngzE(t )57’,5<d)
tu<tp

tij -

Proof. Let ' ~ E~!, such that

£ = {M(%)a if t; € E(t;)
Y 0, otherwise
then
i 1
- TN—1 Ty\—1 —1/n\-1\ o~ (T ~1 ~ e
ty ~ (BAET) ~ ((ET) 7 (A) 7 (B) ), = (FT(A) F)ij~;szakkfkj

Q

O VO T Y P N B e
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Example 5. If T = {1,1 + 4,2} is a P-ordered ged-closed set of the 7 [i], then, by computing

the entries of (TZ)];1 we get:

iy () 1o (F)
Z EQ,s(d)

deE(tr)

2.

1€E(tg)
(1+4)€E(tr)

t1o =

lig = Z

d¢ E(tw)
tu<tg

t t
o (%) 1o (14)
> $2,4(d)
dEE(ty)
dg¢E(tu)
tu<(tx)

Hy () 1o (3)

~

1€E(ty) deEZ(t )327s(d)
k
(2)eE(tr) 2B (t)
tu<(tx)

to1 = Z

2€E(tx)
IGE(tk)

o (4) o ()

> s2.:5(d)

deE(ty)

o= ),
(14+49)eE(ty)
s = D
(144)€E(ty)
2€E(ty)

dgE(tu)
tu<(tk)

ty

by t

(1+i)> Hp ((14:‘)

1 2

5 9

—0=(1%);

)

Hp (
> sa.4(d)
deE(ty)
d¢E(tu)
tu<(tk)

193

t
oy <(1+i)> i (%)
Z ;2,8(d)
deE(ty,)
d¢E(tu)
tu<(tk)
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fay = Z o (%) 1o (%) _ :(Tz)—l

317
2€B(ty) 2. s2,5(d)

1€E(tk) Z;ggk;
tu<(tr)
t te
Hop (?) Hp ((1+i)> 1 1 -1
e Z S 59.4(d) :_g_l_OZ:(T):sQ’
2€E(tx) et 2,s
(1+0)€E(tr) dzEEf;
tu<(tx)
and
t t
t33: Z M :l+iZ: (TQ)*l
= 33 -
2€E(ty,) d€§tk)82’s(d> ) 10
dZ B (tw)
ty <(tx)
Hence,
L1y g=% g+ 0 100
(Tz)p(TQ);l ~ |1 29 2 %4- %’L _1_?62' _% _ %i —lo 10
I R R N I

6 Power LCM P-matrices on GC D-closed sets over a UFD

6.1 Factorizations of power LC' M P-matrices
on GC D-closed sets over a UFD

Theorem 10. Let R be a UFD and P = {p1,p2,...,pi, ... } be a complete prime residue system
of R, and T = {ty,ts, ...ty } be a gcd-closed P-ordered set of non-zero non-associate elements

in R. The power LC M matrix can be decomposed, up to associates, as
[T"), ~ D,EA_.E"D,.

Proof. Let D = {y1,¥2,...,yn} be the smallest gcd-closed set containing 7" in R, and E(x)
be a complete set of distinct non-associate divisors d of ¢ in R. Define the following matrices:
(A_,), .., is a diagonal matrix such that:

A—'I‘ ~ dlag( Z g—r,s(?Jl)a Z g—r,s(yZ)a ey Z ;—T,S(yn))

deE(y1) deE(y2) d€E(yn)
d¢ E(yu) dZE(yu) dg¢E(yu)
Yu <Y1 Yu<Y2 Yu<Yn
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E = (€ij)mxn such that:
1, if Yj € E(tz)
€i; — . .
J 0, otherwise
and D, = diag(t},t5,...,t ). So,

- r t:tr r
iy lj

]

Example 6. If T ~ {1,1 + x,1 + 23} is a P-ordered gcd-closed set over Zs[x], then the LC' M
power P-matrix (r = 2) is:

1 1422 1428
T%,=| 14+2®> 1+2% 1428
1425 1426 1425

and the reciprocal GC'D power P-matrix is:

1 1 1
V(T*)p=|1 fe me
and
1 0 0
Dy=10 142> 0
0 0 1+af
Then,
10 0 1 1 1 1 0 0
D, (1/(1%),) D2 | 0 1447 0 12 [0 1422 0
0 0 1+af 1 i 0 0 1+2a°

1 1422 1428
1+2% 1+a2? 1+2% | =[I7],.
1425 1425 1425

Q

6.2 Determinants of power LC'M P-matrices
on GGC D-closed sets over a UFD

Theorem 11. Let R be a UFD and P = {py,ps, ..., pi, ... } be a complete prime residue system
of R, and T = {ty,ts, ..., tn} be a gcd-closed P-ordered set of non-zero non-associate elements
in R. Then,

det[T7], = 11 > St | £
T aeEw

d¢ E(yu)
Yu<Yi
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Proof. Since T is a gcd-closed set, then T' ~ D = {41, %2, ..., Y} and [I"] ~ D, EA_,ETD,,
where F is a lower triangular matrix with diagonal entry e;; = 1, i.e., det[F] = 1. Thus,

det[T"], =~ det(D,EA_,E"D,)
~ det(D,) det(E) det(A_,) det(E") det(D,)

m r m r m ~ 2r
= Z'I;Ilti x det(A_,) x Zl;llti ~ Zl;Il Z s—rs(li) | &
deE(y:)

d¢ E(yu)
Yu<Yi

]

Example 7. If T = {1,1 + x,1 + 23} is a P-ordered gcd-closed set over Zs|x], then the deter-
minant of the power LC'M P-matrix withr = 2 is

1=

det[T?], = L Z 5oas(t) | 177
T acEw)

d¢E(yu)
Yu<Y;

—xt — 221 — 3210 4 348 4+ 245 4+ 24

~ ZE14 _ ZEIO +ZL’18 o ZL’4.

Q
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