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Abstract: In this paper, we introduce the dual Horadam octonions, we give the Binet for-
mula, generating function, exponential generating function, summation formula, Catalan’s iden-
tity, Cassini’s identity and d’Ocagne’s identity of dual Horadam octonions. Employing these
results, we present the Binet formula, generating function, summation formula, Catalan, Cassini
and d’Ocagne identities for dual Fibonacci, dual Lucas, dual Jacobsthal, dual Jacobsthal-Lucas,
dual Pell and dual Pell-Lucas octonions. So we generalize results that were obtained earlier by
scientists. Finally, we introduce the matrix generator for dual Horadam octonions and this gener-
ator gives the Cassini formula for the dual Horadam octonions.
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1 Introduction

The octonions were discovered independently by Graves and Cayley in 1843. Octonions are used
in mathematics, physics and geometry. In particular, they are used in string theory [12], quantum
logic [6] and quantum mechanics [2].

The octonions are 8-dimensional algebra over the real numbers with basis { 1, €1, €2, €3, €4,
es, €6, €7} and denoted by O. Octonions are noncommutative and nonassociative. Every octonion
b can be written in the form

b = by + biey + baeg + bses + baes + bses + bgeg + brer (D
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with the real coefficient {b;}, i = 0, 1,2, ..., 7. Addition and subtraction of octonions is done by
adding and subtracting corresponding terms. The multiplication rules between ¢;’s are given in
[13], where | € {1,2,...,7}.

From [13], we have the following results;
® ey, 69, €3, €y, €5, €5, €7 are square roots of —1,
e ¢; and ¢, are noncommutative when [ # kand [, k € {1,2,...,7}.

The conjugate of octonion b = by + byey + boes + bzes + byeq + bses + bgeg + brer is given by

B = bo — b1€1 - 6262 — b3€3 — b4€4 — b5€5 — b6€6 — 6767. (2)

For more knowledge about octonions, one can see [1, 4, 11, 13, 14].

Now we give some basic definitions and properties of Horadam sequences which are used in
this paper.

Horadam [9] defined the following sequence;

{wn} = {wm(a,b;p,q)} - Wy = PWim—1 + qWp—2; W = a,wy = b(m > 2) 3)

where wy, w1, p, q are integers. Here, w,, is the m-th Horadam number. For more details on
this topic we refer to [9, 10] and references therein. The solutions of the characteristic equation

P/ P2 +4q —V/p*+4q
— ——.

y? — py — q = 0 associated with the recurrence relation (3) are A = andy =2 5

So the Binet formula for the Horadam sequences is given by

NA™ — Ky

Wy, = ) where N =b—ay and K =0b—al. 4)
-7
Note that
Ad+v=p, Ay=—q and \—~v=+/p?+4q. (5)

Remark 1.1. Consider Eq (3);

elfp=1q=1,a=0andb =1, the Fibonacci sequence is obtained,
oelfp=1,q=1,a=2andb =1, the Lucas sequence is obtained,
elfp=2q=1,a=0andb =1, the Pell sequence is obtained,
elfp=1q=2 a=0andb =1, the Jacobsthal sequence is obtained,
elfp=1q=2 a=2andb =1, the Jacobsthal-Lucas sequence is obtained,
elfp=2qg=1,a=2andb =2, the Pell-Lucas sequence is obtained.

Hence, the Horadam sequence is the generalization of sequences above.
In [5], Clifford extented the real numbers and defined the dual number B gave by B = b + ¢b*,
where b, b* € R and ¢ is called by the dual unit, it satisfies the following rules; ¢ # 0, 0e = €0,
le=cl=cande? = 0.

Let © denote the set of dual numbers, where ® is a commutative ring having the £b* as a
divisor of zero. A dual octonion o can be defined as 0 = o + c0*, where o0, 0* € O. The set of
dual octonions can be denoted by O and any o € O can be written as

5: Boe(] + 3161 + B262 + Bg€3 + B4€4 + B5€5 + Bﬁeﬁ -+ B767, (6)

where By, € ©, B), = by, + b, b, € R, k=0,1,2,3,4,5,6,7.
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Recently, a lot of research has focused on dual quaternions and octonions. Some of them are
as follows.

Nurkan and Giiven [15] defined the dual Fibonacci quaternion and the Lucas quaternion and
they gave the Binet and Cassini formulas for them. In [3], authors study the dual k-Pell, the
dual k-Pell-Lucas and the dual modified k-Pell quaternions and octonions, and investigate some
fundamental algebric properties of the quaternions and octonions. Halic1 [7] considers the dual
Fibonacci octonions and the dual Fibonacci quaternions, she investigates some properties of them.
In [16], authors investigate properties of dual Fibonacci and dual Lucas octonions.

In this paper, we introduce the dual Horadam octonions, we give the Binet formula, generating
function and exponential generating function of the dual Horadam octonions. Also, we obtain
some identities for dual Horadam octonions including Catalan, Cassini and d’Ocagne identities.
Since the dual Horadam octonions are the generalization of the dual Fibonacci, dual Lucas, dual
Jacobsthal, dual Jacobsthal-Lucas, dual Pell, dual Pell-Lucas octonions, using the definition of
these six dual octonions, we present the Binet formula, generating function, summation formula,
Catalan, Cassini, d’Ocagnes identities for six dual octonions. Finally, we introduce the matrix
generator for dual Horadam octonions and this generator gives the Cassini formula for the dual
Horadam octonions.

2 Some properties of dual Horadam octonions

Definition 2.1. For m > 0, any m-th Horadam octonions are defined by

7
OHm = Zwm—i-sesa (7)
s=0

where wy, is the m-th Horadam number and {ey, e1, €3, €3, €4, €5, €5, €7 } is the standard octonion
basis.

Throughout this paper, we take e) = 1.
The m-th dual Fibonacci quaternion is given [15] by Nurkan and Giiven as:

Q= Q4+ 6Qmis (8)

Here, Q,, = F,, + iF 11 + jFnao + kF,, 13 1s the m-th dual Fibonacci quaternion ¢, j and k are
the standard orthonormal basis in R? and satisfy the following rules:

PP=? =k =ijk=—-1
ij = —ji =k, ki = —ik = j, jk=—kj=i

The m-th dual Horadam number is defined by w,, = w,, +cw,,41, where ¢ is the dual unit 2 = 0,
e # 0. Here w,, is the m-th Horadam number.
With the same idea we can define dual Horadam octonions as follows.

Definition 2.2. For m > 0, any m-th dual Horadam octonions are defined by
OH, = OHo + cOHo 1, 9)

where OH,,, is m-th Horadam octonion.
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Using Egs. (3), (9) and Remark 1.1, we can easily define dual Fibonacci, dual Lucas, dual
Jacobsthal, dual Jacobsthal-Lucas, dual Pell and dual Pell-Lucas octonions.

The dual Horadam octonions OH.,,, consist of 8 dual elements and can be represented as

—_——

OHon = (Wi + €Winy1) + (Wing1 + EWmg2)er + (Winy2 + EWny3)es
+ (Wigs + EWpga)€3 + (Wiga + EWpges ) €4 + (Wiges + EWpni6) €5

+ (Wit + EWmir)es + (Wit + EWmyg)er.

By the definition of dual Horadam numbers, we have

—~—
—_—~—

OHp = Wiy + Wing1€1 + Wini2€2 + Wi 363 + Wi a4 + Wiy 565 + Winy6€6 + Wiy 767

—_——

The scalar part and vector part of O, are given as

S@Tn = Wy + EWpnt1

Vo = (Wmt1 + eWmy2)er + (Wini2 + EWnys)e2 + (Wints + EWnia)es
+ (Winta + €Wmys)es + (Wits + €Wmg)es + (Wit + EWmi7)es

+ (wm—i-? + 5wm+8)e7,

respectively.

—_—

Let 67\-[; = OHp + eOHppyy and OH,, = OH,, + »SOHmHI be two dual Horadam
octonions. Then, addition and multiplication of them are given by

OHop + OH, = (OHy + OH' ) + e(OHons s + OHort)
OHOM, = (OHnOH, ) + e(OH s OHonr '+ OMos 1 OH ),
7 , T, 8
respectively. Here, OH,, = > wimue, OH,, = > w61, OHpmys = > Wpiie— and
=0 =0 =1

8
’ / .
OH,,y; = D Wy, -1 are Horadam octonions.

=1

The conjugate of 67\{; is given by

OMH, =S — V.

OHm @/m ( 1 0)

7
= (wm + Z':U}m-l—l)e[) - Z(wm—H + 5wm+l+1)el' (11)
=1

‘We now introduce the Binet formula for dual Horadam octonions.

Theorem 2.3. (Binet formula) [8] For m > 1, the Binet formula for dual Horadam octonion is

—~—  NXA(1+ X&) — K~'y™(1 + ve)

OH,, = (12)

A—7
’ 7 / 7
where \ = > Neg, v = > 7e, N=b—ayand K =b— al\
s=0

s=0
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Proof. Using the definition (9) and the Binet formula for the Horadam numbers, we obtain

7 7
—_ —
OHm = E Wpn1s€s + € E Wm+s+1€s
s=0 s=0

= W€y + ... + Wiarer + e(Wpmi1€0 + Whio€1 + ... + Wiyser)

NI — KA~™ N)\m+7—K m~+7
N)\m+1 _ K’}/m+1 N)\m—O—B _ K’7m+8
+g[( P S v )67]

_NAm

(eg + e+ ...+ A7e7) (1+eN)

m

— (60—1—’}/61—{—...—}-’)/767)(1—{—6’7)
A=

CNXNAT(14eX) — Ky'y™(1 +ev)
= g ,

]

cas, dual Jacosthal, dual Jacobsthal-Lucas, dual Pell and dual Pell-Lucas octonions, respectively.

In the Binet formula for dual Horadam octonions, if we put N = K = 1, A = %5 and

v = 1’2\/5, we obtain the Binet formula for dual Fibonacci octonions as follows;

o NAT (14 Xe) — ' y™(1 + 7¢)
" V5
which is given in [16], it is given in the second row of the Table 1 (see below).
In the Eq. (12), if we take N = V5, K = —/5, )\ = %5 and v = %5, we have the Binet
formula for dual Lucas octonions £,, = (1 + M)A A™ + (1 + )y’ y™ which is given in [16]. It
can be seen in the third row of the Table 1.

In the following table we give the Binet formula for dual Fibonacci, dual Lucas, dual Jacob-
sthal, dual Jacobsthal— Lucas, dual Pell and dual Pell-Lucas octonions.

Remark 2.4. The results of Theorem 2.3 are given in the following Table 1.

’ Dual Oc ‘ wm(a, b;p, q) ‘ N ‘ K ‘ A ‘ ~ ‘ Binet formulas ‘
DF [ w01t | 1| 1 [358] 56 ] §, = nied i
DL | wn(2,1;1,1) | V6 | —v5 | 155 | 1o¥B | o e A Am(1 4 Xe) +4/v™(1 4 7¢)
DJ wn(0,1;1,2) | 1 1 2 1 Iy = 2200y ()

DJ-L | wn(2,1;1,2) 3 -3 2 -1 im = A X1+ Ae) 4+ 4™ (1 + ¢)
DP wm(0,1;2,1) 1 1 L4v3 | 1-v3 T = A Am(1+)\s2)\—/'§y 7™ (1+~e)
DP-L | wn(2,2:2,1) | 2v2 | =2v2 | 1+v2 | 1=v2 | P = AN (1 + )+ 7" (1 + 7¢)

Table 1. Binet formulas for dual octonions.
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Proposition 2.5. Fort > 0, the following identity holds
OHiyo = pOHip1 + qOH,.
Proof. By Egs. (3) and (7), we obtain the result. O

In the following proposition we give some properties, which are used throughout the paper.

Proposition 2.6. For m > 0, the following identities hold;

(i) OHpis = pOH s +gOH,
—_ N N — 7
(ZZZ) OHmO%m = O%mOHm + 2¢ Z W+l Wm+1+15
=0

—_—2 - 7
(“)) OHm = 2wm2 - OHmOHm + 2{5(wmwm+1 - wm+lwm+1+l)
=1
7

+ Z[wmm + wm+1wm+l‘€]el};
=1

(v) OH,, =2w,?>— OH,OH,, + 2{5(wmwm+1 = Wi Wins141)
I=1

7

— Y (W Wit + W1 Wini€ler |,
=1

—2 2 . 7
(vi) OHp +OHp = dwp? — 20H , OH py + AW Wi 16 — 4 D Wi 1 Win 141
=1

Proof. (i) By the Eq. (9) and Proposition 2.5, we obtain

Moo = OMys +eOMH s
= pOH i1 + qOHp + c(POH 2 + ¢OH 1 11)
= p(OHerl + €OHm+2) + q<OHm + 50Hm+1)

= pOHm—I—l + (]6;'2;

(#2) From the definition of 67\-[; equations (7) and (9), we have the result.
(77i) Employing Definitions (7), (10) and the multiplication Table in ([16]), we can write

OH,,.OH,,
= [(wm + eWmi1)eo + (Wit + EWmp2)er + ... + (Wingr + 8wm+8>€7):|
X [(wm + eWmi1)eo — (W1 + EWma2)er — .. — (Wi + 5wm+8)e7}

2 2 2
=Wy + Wpt1” + oo + Wipp7

+ 26 (Wi W41 + W1 Wing2 + oo+ Win g 7Win18)

7
= OMpOMHop + 26 Wi W14

1=0
(7v)  From the definition (7), the multiplication Table in [16] and the definition of dual Horadam
sequences, we obtain
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O’H2

(OH + 50Hm+1)
= (Wi + Winy18)eo + (Wing1 + Winpoe)er + - - - + (Wypr + Wynpse)eq]?
= Wi — Wyg1® =+ — Wing7> + 26(WiWing] — Wi 1Wing2 — =+ — Win gy 7Wpps)
4 2 Wi Wins1 + WinWins28 + Winp12€ler + 2[WimWimpa + WinWin g 36 + Wi 1 Wiy 26] €2
2{ W Wint3 + Wi Winta€ + Wi 1 Wint3€]€3 + 2{WnWinta + Wint1 Wit 4€ + Wi W1 5€] €4
2{Wm Wit s + Wi Wit 6 + W1 WinasEles + 2[WnWimae + WinWimt 7€ + Wi 1 Wit 6€]€6
[

2 W Wm+7 + Wy Wyn48€ + wm—i—lwm—i—?E] €7
7

2 2 2
= Wp" — (Wna1” + oo + Wi r”) + 28(Wp Wiy 11 — E Wi W4 141)
=1

-

2 E (Wi 1 Wit + Wi 1 Wi i€y
=1

7
= 2’l,Um2 — OHmOHm + 2{€(wmwm+1 — Zwm+lwm+1+l)
=1

7
+ ) (Wit + W1 Wmpigler -
=1

(v) Using the definition of 67\-[; and the multiplication Table in [16], it is easy to get the identity

required.
(vi) By employing (iv) and (v), the result immediately follows. O

Theorem 2.7. [8] The generating function for the dual Horadam octonion is

Proof.

OH() + (OH] - pOHa)
1 — px — qz?

() =

Since the proof is similar to that of Theorem 2.3 in [13], it will be omitted. O]

Remark 2.8. The results of Theorem 2.7 are listed in the following Table 2:

Dual Octonions Wi (a,b;p,q) A v Generating functions
Dual Fibonacci wm(0,1;1,1) 1+2‘/5 1—2\/5 flz) = W
Dual Lucas wm(2,1;1,1) 1+2‘/5 1_2\/5 I(z) = W
Dual Jacobsthal wim(0,151,2) 2 -1 J(z) = %
Dual Jacobsthal-Lucas | w,,(2,1;1,2) 2 -1 jlx) = %
Dual Pell wm(0,1;2,1) | 14+v2 | 1-v2 | P(z) = W
Dual Pell-Lucas wm(2,2;2,1) | 14+vV2 | 1-v2 | plz) = %

Table 2. Generating functions for dual octonions.
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PrOpOSItlon 2. 9 The followmg identities hold:

Proof. (i)  Using the Binet formula for dual Horadam octonions, we get

NAXA1+ Xe) — Ko/ v (1 + ”ye))

O, - \OT, - ( )
)

\g

B A<NX(1 +Xe) — Ky'(1 +75)>
A—7
= K~ (1 +7e).

(17) The proof of the second equation is similar to the proof of (i), so it is omitted. O

Theorem 2.10. For t € Z*, u € N, the generating function of the dual Horadam octonion
O%u—i-t is

=~ OH, +q@OH,_
ZOHu+txu = ki : 1'
1 — pxr — qu?

Proof. By considering Theorem 2.3 and Eq. (5), we obtain

Z OHu—i—txu
u=0
i": < NN (14 Ae) — Kty (1 + 75)):5“
u=0 A= 7
1 - , -
= 3= 7{NA N(L+Xe) Y (Az)" = Ky ’yt(l—i—’ya)Z(fyx)“}
u=0 u=0

= ﬁ{]\/)&t(l +e)(5 _1M) — Ky (1+92)(5 _1793)}

o {leﬂzs)—m’vt(lﬂe)

1 — px — qa? A—7

N —~ NN Ayz(1 4 Ae) + Ky v Az (1 + 7e)
A=y
1 —~— [NNA (1 + Xe) — Ky 1Azl

_ {OHt_[ z(1+Ae) — Ky +va)]M}

1 — px — qa? A—7
_(/’)\7-£/t+qx(’)7—lt_1
1l —pr—qa?

Theorem 2.11. The exponential generating function for the dual Horadam octonion is

ié\ﬁliyl— NN (14 Xe)eM — Ky (1—1—75)6”
[! N A—7

=0
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Proof. Using the Binet formula for dual Horadam octonions, we have

i @lyl _ i <NX)J(1 +Ae) — Ky'l(1 +75)>g;_!l

= ! 1=0 A=Y
_NXN(1+4Xe) f: Myt Ky (14 7e) o= 7'y
A—7 — [! A—7 — l!
N)\ (1+Xe)e — Ko'(1+ 75)673/
A=

O
We next give a proposition for the dual Horadam octonions. The proof of proposition can be
done by using Binet’s formula for OH,,,.

Pl‘Oposition 2.12. Form > 0, the following identities hold:
(2)[8] Z OH, = (OHO — OHpy 1 — qOH,, [N’\IV(H’\E)—KV'A(H%)]),.

A=y

(”) Z OHQ[ W (OHO — OHomaa +q O’H [NX')’Q(l‘*‘)\E)—K“/)\Q(l-i-“/E)]) :

A=y

m/'v

(i) 3 OMars = s (OF — OMais + 0Oy + g[HHEGAER),

-
We next give Catalan’s, Cassini’s and d’Ocagne’s identities for dual Horadam octonions.

Theorem 2.13. (Catalan’s Identities) For every nonnegative integer number u and t such that
t < wu, we have

) o 2 (_Q)u_t t t { Nt r t}
OHyrtOHyy — OH, = —2——NK(1 M NAt— Ny AL
(4) t ¢ 1) (T+pe)(A" =) v Ay ¥
N S T 2 (_Q)u_t ¢ ¢ { " N t}
OH, OHoyry — OH, = —2——NK(1 P b AL
(44) tOH oy P+ 19) (L+p) (N =)A=~

Proof. (i) Using the (5) and (12), we obtain

O%u+tOHu7t - @{/’MQ
B (NXA““(l + Xe) — Ko/ v+ (1 + ’ye))

A=

" <N)\/)\“t(1 +Ae) — Ky H(1 + 75)) B (N/\/)\“(l +Ae) — Ky/'y*(1 + 75))2
A= A—7

= NEXNA XY 4 (A + y)e] — NEKy Xy L+ (A + 7)e]

N (A=7)?

+NKX7')\“7“[1 (A +7)e] + NEy XA 1+ (A +7)e]
(A—7)?
NE[L+ A+ )] =Xy Ayt + Ny =y Nyt +4'X'}

(A—1)?
K(1+ pe)(—q)" { —NY N =) + 4 Ny (N =) }
(A=) (Ay)!
(1 +P5)< Q)u_t(/\t - 'Vt) "Nt Y
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The proof of (i7) is similar to the proof of (i) and will be omitted. O

If, in Theorem 2.13(37), we write the values of N, K, A, v and w,(a, b; p, q) as in Table 2, then
we obtain the Catalan identity for the corresponding dual octonion as in the following table;

Remark 2.14. In Table 3, we show the results of Theorem 2.13(1):

Dual Oc Catalan’s identities
DF Furdas — 7 = SR a5y - 158y (1558) - Ny (155) )
DL | B8 -8 = (-1 +a{(58) - (158) My (158) -y (158) )
DJ Juridus T S U Gl e R R G R R,
DL ke = iu” = =(=2)" (1 + >{ — () N ) =2
DP | PuriBu t—fpﬁ_( D (] 4 2¢) { (1++2) \/i)t}{’y,)\/(l—\/§)t—)\/fy/(1+\/§)t}
DP-L | pyiipus — pu?=—( 14+ 2){(1+v2)' = (1 = V2 H{' N (1= v2) =Xy (1 +Vv2)'}

Table 3. Catalan’s identities for dual octonions.

For ¢ = 1 in the Catalan identity we have the Cassini identity for dual Horadam octonions in
the next Theorem:

Theorem 2.15. (Cassini’s identities) For u > 1, we have
2 u— Y o
<Z> OHqulO%ufl - O%u = NE(Lpe)g) - |:7 A Y= A v )\] s

\/prHaq
. e~ —~—— _NQ_ NK(l—Q—pa)(—q)“*l SN
(#)[8] OH,1OHps — O, = ML [yl /)]

If, in Theorem 2.15(i), we put the values of N, K, A, v and wy,(a, b; p, ¢) as in Table 2, then
we get the Cassini identity for the corresponding dual octonion as in the Table 4.

Remark 2.16. The results of Theorem 2.15(i) are listed in the following Table 4:

Dual Octonions Cassini’s identities
Dual Fibonacci Sur1Su1 — §.2 = 1)[ (1+ a){ N (=5 — /v/(1+2‘/5)}
Dual Lucas Bnf1 = 82 =~ WVB(+ o) {4 N (158) - 0y (155))
Dual Jacobshtal 51:_/13/7:—/1 - :;Af = ¢(1 +€) ’Y/X( 1) - \ Y 2}
Dual Jacobsthal-Lucas St — ju2 = —3(—2)" (1 + 6){7 N (=1) = N~y 2}
Dual Pell Tur1Put — B’ = (1+20) 17 { N(1-+32) _M’(Hﬂ)}
Du Pell-Lucas PuriPu 1 —pu? = —2V2(=1)" 11+ 2e) {7 N (1 = v2) = N~ (1 +v2)}

Table 4: Cassini’s identities for dual octonions.
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Theorem 2.17. ( d’ 0cagne s identities) For t € Z* and u € N, such that v > t + 1. Then

(i) OHOH, — OH,OHysy = M[ Nyt oy N A t]

\/P?+4q
(”) %OHH-I - 6\72:0%%1 = NK(Hpe)(;qu);(;u_t ) [V AXA= X Y 7}

(ii]) OHyOMyrr — OHyrr OH, = YEC I [A N BN O t]

VP2 +4q

Proof. From the Binet formula for dual Horadam octonions and Eq. (5), we have

(i) OHyp1OHy — OHOHp

(N)\ AL 4 Ne) — Ky 4711+ 75)) y (N)\')\“(l + Ae) — Ky/'y*(1 + 7¢)

A= A—7
(N)\ A1 —i—)\e Ky'44(1 —i—”ya)) y <NX)\“+1(1+)\5) — Ko/ y"+HH(1 + 7¢)
- A=7
—)\ Ay (N — NNy —
ZNK(l—i—pE){ v A (;)_:)72 7( 7)}

NE@+pe) (=)' [ /ety oy yuet
— Ny A
wy [ Ty }

The proofs of (ii) and (7i¢) are similar to the proof of (i), so they are omitted.

)
)

]

If, in Theorem 2.17 (i), we take the values of N, K, A, v and w,,(a, b; p, q) as in Table 2, then

we obtain the d’Ocagne identity for the corresponding dual octonion as in the following table.

Remark 2.18. The results of Theorem 2.17(i) are given in the following table (Table 5);

Dual Oc. d’Ocagne’s identities
DF Feru = §ibun = SN (358t 3y (1581
DL | &8 —Efin=—(- >f<1+s>{ <1+f>ut XA (55
DJ Jendu = Tidunn = S8 L Jot oy N2ut
DJ-L et —iturs = —3(=2)' (1 +){ = X'y (=1)"~* + 4/ N'2v 71}
DP | PP — BB = CLEE N (14 VI - X (1 - VD)
DP-L | prapu — Prbur1 = —2V2(-1) (1 +26) {4 N (1 + V)" " =Xy (1 - v2)" '}

Table 5. d’Ocagne’s identities for dual octonions.

3 The matrix generator for dual Horadam octonions

In this section, we introduce the matrix generator for dual Horadam octonions.
Let

—_—

OH(m) =

OH,, OH,
OHmfl OHm72

be a matrix with entries dual Horadam octonions. Then we give the following theorem:
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Theorem 3.1. For v > 2, we have

—— —~— Y~ —~— v—2
OHU OHv_l _ OHQ OHl P 1
OHyy OHy s OHy OMHo| |a O

Proof. We will use the induction method to prove this theorem. If v = 2, then the result immedi-
ately follows.
If v = 3, then using Proposition 2.6(1), we obtain

OHy, OHi| [p 1 __p(/9\71l/z+q(/9\H/1 O,
OHy OHo| |a O [pOHy+qOH, OH,
_[on, o,
OH, O

Thus, it is true for v = 3.
Suppose that it is true for all v < k. We must show it holds for v = k + 1.

By Proposition 2.6(i), we obtain
k-1 —~ 7 T k—2
[ ]
qg 0 OH, OH, K 0 q 0
[ oH onL| [p 1
B _@/7'1\1:1 (/)/7'_'1\1:2_ [q 0]
—p6\7'[/lc+q(9/7'_{\1:1 6\7'[/14
_p(9/7'l\k/—1+q@/7'[\1:2 O/H\k/—l
—O/Hk—l-l OHy,

OH, OH,
OH, OHy

So it is true for v = k + 1. Thus, the proof is complete. [

The determinant of OH(m) =

——  —— | gives the Cassini formula for dual Ho-
OHm—l OHm—Q

radam octonions.

Corollary 3.1.1. Let m > 2 be an integer. Then

—_— —~— —2

—_ — —_ — 2
O OHo oy — OHo | = (OHQO’HO ~ OH, )(—q)m”.
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