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Abstract: In this paper, our aim is to provide two bijective proofs for identities involving what
we call chromatic overpartitions, which is a generalization of the well-known overpartitions class.
For this purpose we will give the mathematical definitions of chromatic overpartitions, providing
their respective generating functions.
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1 Introduction

In this paper, we use the following notation.

(a, q)n =

(1− a)(1− aq)(1− aq2) · · · (1− aqn−1), if n > 0;

1, if n = 0.

Taking the limit n→∞, we have:

(a, q)∞ = lim
n→∞

(a, q)n.

In [1], we use combinatorial arguments to prove identities like as identity (1), shown below.

∞∑
n=0

nqn

(1− q)(1− 2q) · · · (1− nqn)
=
∞∏
n=1

1

(1− nqn)
. (1)

Indeed, we proved (1) by means of a new class of partitions, namely, the chromatic partitions.
The new class of chromatic partitions comes from the necessity for generalization of ordinary
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partitions, due to the fact that the terms (1 − kqj)−1, for |q| < 1 and a positive integer k, appear
in the equations like (1). In order to find a meaning for these terms, we managed to enumerate
the coefficients of qn appearing in the product, using the trivial concept of permutations with
repetitions. For example, considering the product

1

1− 2q2
.

1

1− 5q5
= (1 + 2q2 + 22q4 + 23q6 + 24q8 + 25q10 + . . .)(1 + 5q5 + 52q10 + 53q15 + . . .),

the coefficient of q10 is equal to 57, where this number is obtained from

32q2+2+2+2+2 + 25q5+5.

We can interpret the sum in terms of integer partitions that there are 32 partitions of type
2 + 2 + 2 + 2 + 2 and 25 of type 5 + 5 in this product. Our immediate goal is to distinguish
between partitions of each type using colours. If we count with seven colours: red, yellow, green,
blue, indigo and violet, the number 2 receives the colours red and yellow, and the number 5

receives the other five colours, and if the order of presentation of the numbers matter, by the
multiplicative principle we have 25 = 32 coloured partitions of 2 + 2 + 2 + 2 + 2 and 52 = 25

coloured partitions of 5 + 5.
Our goal in this work is to find some bijective proofs for new chromatic overpartitions iden-

tities. Bijective proofs involving partition identities are widely used to establish simple results
as found in [3], [4], and discussed in [2] and [8]. The importance of this type of proof is due to
the fact of making a bijective association between one class of partition to another, using simple
invertible operation, without the need to establish a generating function for both.

In this work we use the concept of the overpartition of an integer n, defined in [5] an discussed
in [6] and [7]. The generating function of the ordinary overpartitions, is given by

∞∑
n=0

(−1, q)nq
n

(q, q)n
=

(−q, q)∞
(q, q)∞

. (2)

From the above identity we can easily obtain the identity below.

(−q, q)∞
(q, q)∞

=
1

(q, q)∞(q, q2)∞
. (3)

The right-hand side of the equation (3) is the generating function for partitions in which the
parts appear with an index: odd parts appear with indices 0 or 1, and the even parts are indexed
by 0. The order of the indexed parts should be disgarded. Thus the number of overpartitions of a
positive integer n, p̄(n) is equal to the number of indexed partitions by 0 or 1 (or partitions with
attached parts), wherein each odd part receives the index 0 or 1 and the even parts are indexed by
0. We can obtain a bijective proof to this fact. Considering An the set of partitions of n indexed
by 0 or 1 with the restrictions mentioned above, and On the set of all overpartitions of n, the
function f : An → On defined by the rule below is bijective.

• A part with index 0 is associated with a non-overlined part;

• A part with index 1 is associated with an overlined part. But every two odd equal parts with
index 1, of type λ1 + λ1, are associated to 2λ1.
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In this work, we will provide some generalizations inspired by this bijective proof.
The next table shows the association 1-1 for the case n = 4.

Overpartition Indexed partition Overpartition Indexed partition

4 ↔ 40 2 + 2 ↔ 20 + 20

4 ↔ 11 + 11 + 11 + 11 2 + 2 ↔ 20 + 11 + 11

3 + 1 ↔ 30 + 10 2 + 1 + 1 ↔ 20 + 10 + 10

3 + 1 ↔ 31 + 10 2 + 1 + 1 ↔ 10 + 10 + 11 + 11

3 + 1 ↔ 30 + 11 2 + 1 + 1 ↔ 20 + 11 + 10

3 + 1 ↔ 31 + 11 2 + 1 + 1 ↔ 10 + 11 + 11 + 11

1 + 1 + 1 + 1 ↔ 10 + 10 + 10 + 10 1 + 1 + 1 + 1 ↔ 11 + 10 + 10 + 10

Table 1. Bijective association between overpartitions and indexed partitions.

2 Background

In this section we give a few definitions and state a proposition that is the base for constructing
the bijections.

Definition 1. A (n, k)-chromatic partition is an integer partition of n in which every part receives
an index, ranging from 0 to k−1, referring to colours. The order of appearance of coloured parts
should be considered, i.e., equal parts associated to different colours are considered distinct.

Definition 2. For positive integers n and k, an (n, k)-super-chromatic partition is a chromatic
partition of n where each part j can appear with up to kj different colours.

Example 1.

• 54 + 32 + 37 + 20 + 18 is a (21, 9)-chromatic partition distinct from 54 + 37 + 32 + 20 + 18.

• 540 + 532 + 415 + 37 + 25 + 10 is a (20, 2)-super-chromatic partition.

• For n = k = 4, 4a, 3a + 1b, 2a + 2b,2a + 1b + 1c, 1a + 1b + 1c + 1d are indexed partitions,
and taking colours a, b, c and d, where 0 ≤ a, b, c, d ≤ 3, there are 356 (4, 4)-chromatic
partitions.

For |kq| < 1, the infinite products (kq, q)−1∞ , and (kq, kq)−1∞ are the generating functions for
the number of chromatic partitions and super-chromatic partitions with k colours, respectively.

Definition 3. An (l, k)-chromatic overpartition of n is an overpartition of n, where each non-
overlined part can take up to k colours and every first occurrence of any part may appear over-
lined with l ≤ k distinct colours. Equal parts with different colours shall be considered distinct.
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Example 2.

• 53 + 51 + 43 + 21 + 21 + 20 + 1 is a (5, 6)-chromatic overpartition of 21 different from
51 + 53 + 43 + 21 + 21 + 20 + 1.

• For n = k = l = 4, 4a, 4a, 3a + 1b, 3a + 1b, 3a + 1b, 3a + 1b, 2a + 2b, 2a + 2b, 2a + 1b + 1c,
2a + 1b + 1c, 2a + 1b + 1c, 2a + 1b + 1c, 1a + 1b + 1c + 1d, 1a + 1b + 1c + 1d are indexed
overpartitions, taking 0 ≤ a ≤ 3,0 ≤ b ≤ 3, 0 ≤ c ≤ 3 and 0 ≤ d ≤ 3, we have the 872

chromatic overpartitions of n = 4 with four colours.

Denote the number of (l, k)-chromatic overpartitions of n by pl,k(n). The next table show a
comparative between p(n) and pn,n(n) for some values of n.

n p(n) pn,n(n)

1 2 2

2 4 12

3 8 96

4 14 872

5 24 9960

6 40 138180

7 60 2296644

Table 2. Comparison between the number of overpartitions
and the number of chromatic overpartitions

Definition 4. An (n, k)-super-chromatic overpartition is an overpartition of n where each part j
can appear with kj different colours, and the order of equal coloured parts matters.

Example 3. 582+47+20+23+20+10 is a (16, 3)-super-chromatic overpartition. The chromatic
overpartitions 40 + 41 + 20 + 12 is different from 41 + 40 + 20 + 12, as an (11, 3)-chromatic
overpartition.

Definition 5. An (n, k, 2)-chromatic partition is a partition of n with two indexes where the first
ascribes colours from 0 to k − 1, the second index is a number 0 or 1. For equal parts and equal
first indexes, the order of sum of this parts should be disregarded. In other words, for a sum of
parts ja,i + ja,l is the same as ja,l + ja,i but ja,i + jb,l is different from jb,i + ja,l for a 6= b in
{0, 1, . . . , k − 1}, and i, j ∈ {0, 1}.

Example 4. 50,1 + 42,1 + 31,0 + 31,1 + 21,1 + 10,0 + 12,0 + 12,0 is a (20, 3, 2)-chromatic partition.

Definition 6. An (n, k, 2)-super-chromatic partition is a (n, k)-super-chromatic partition that
appears with two indices, where the first ascribes colours from 0 to k − 1, the second index is
a number 0 or 1. For equal parts and equal first index, the order of sum of this parts should be
disregarded.
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Definition 7. An (n, k, 2)-super-chromatic partition of type A is an (n, k, 2)-super-chromatic
partition, where:

• the even parts have the second index equal to 0;

• the odd parts have index equal to 0 or 1.

Example 5. The partition 540,1 + 540,0 + 415,1 + 37,0 + 25,1 + 10,0 + 10,1 is a (21, 2, 2)-super-
chromatic partition, and 540,1 + 36,1 + 37,0 + 25,1 + 10,0 + 10,1 is a (15, 2, 2)-super-chromatic
partition of type A.

Definition 8. Let k be a perfect square. An (n, k, 2)-chromatic partition of type A is an (n, k, 2)-
chromatic partition, where:

• the even parts appear up to
√
k distinct colours, with second index equal to 1;

• the odd parts appear up to k colours with first index equal to 0, and with the second index
equal to 1, the odd parts can take up to

√
k colours.

Proposition 1. The generating function for the number of (1, k)-chromatic partitions with distinct
parts is

(−kq, q)∞.

Furtermore, the product
(−kq, kq)∞

is the generating function for the number of (1, k)-super-chromatic partitions with distinct parts.

Proof. Expanding (−kq, q)∞ and (−kq, kq)∞, we have

(1 + kq)(1 + kq2)(1 + kq3) . . . (1 + kqj) . . .

and

(1 + kq)(1 + k2q2)(1 + k3q3) . . . (1 + kjqj) . . . ,

respectively.
Every choice in the first product can be associated with a partition with distinct parts, each

part having k colours at most. In the second, every distinct part j may appear with kj distinct
colours.

Combining the products above, and taking into consideration that the coloured overlined parts
are distinct, we have the next result.

Corollary 1. The infinite products:

(−lq, q)∞
(kq, q)∞

and
(−kq, kq)∞
(kq, kq)∞

are the generating functions for the number of the (l, k)-chromatic overpartitions and super-
chromatic overpartitions with k colours, respectively.
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3 Proofs using generating functions

In the next two theorems we will provide interpretations using chromatic overpartitions for some
identities. The proofs are made using only cancellations laws.

Theorem 1. Let k be a perfect square. The number of (
√
k, k)-chromatic overpartitions of n is

equal to the number of (n, k, 2)-chromatic partitions of type A.

Proof. Taking the generating function for (
√
k, k)-chromatic overpartitions of n, we have

(−
√
kq, q)∞

(kq, q)∞
=

(1 +
√
kq)(1 +

√
kq2)(1 +

√
kq3) · · · (1 +

√
kqn) · · ·

(1− kq)(1− kq2)(1− kq3) · · · (1− kqn) · · ·

=
1

(1− kq)(1−
√
kq)(1−

√
kq2)(1− kq3)(1−

√
kq4) · · · (1− kqn)(1− kq5)(1−

√
kq5) · · ·

=
∏
nodd
j∈Z+

1

(1− kqn)(1−
√
kqj)

=
1

(
√
kq, q)∞(kq, q2)∞

,

which is the generating function for (n, k, 2)-chromatic partitions of type A.

Theorem 2. The number of (n, k)-super-chromatic overpartitions is equal to the number of
(n, k, 2)-super-chromatic partitions of type A.

Proof. Considering the generating function for k-super chromatic overpartitions

(−kq, kq)∞
(kq, kq)∞

=
(1 + kq)(1 + k2q2)(1 + k3q3) · · · (1 + knqn) · · ·
(1− kq)(1− k2q2)(1− k3q3) · · · (1− knqn) · · ·

=
1

(1− kq)2(1− k2q2)(1− k3q3)2(1− k4q4)(1− k5q5)2 · · ·

=
1

(kq, kq)∞(kq, kq2)∞
,

where the last expression is the generating function for (n, k, 2)-super-chromatic partitions of
type A.

4 The bijective proofs

Bijective proof for Theorem 1.
Let Cn(

√
k, k) be the set of all (

√
k, k)-chromatic overpartitions of n, and An(k, 2) be the set of

(n, k, 2)-chromatic partitions of type A. Let f : Cn(
√
k, k)→ An(k, 2) be a function given by:

• non-overlined odd parts are associated with the same odd part with equal first index and
second index equal to 0 ;

• overlined odd parts are associated with the same odd part with equal first index and second
index equal to 1;
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• overlined even parts are associated with pairs of parts with equal first index and second
index equal to 1;

• a non-overlined even part αl, 0 ≤ l ≤
√
k − 1 is associated with the same part with αl,1 ;

• a non-overlined even part αl,
√
k ≤ l ≤ k− 1, where α = 2λ is associated with the sum of

parts λi,1 + λj,1, for i, j ∈ {0, 1, . . . ,
√
k − 1}.

We claim that the function f is bijective. In fact, the first two conditions establish associations
1-1 between odd parts of overpartitions, either overlined or not, and their corresponding in bi-
indexed partitions. The last three conditions refer to the overpartitions in even parts. The latter
associates the part αl with the sum of parts (α/2)i,1 + (α/2)j,1 for i, j ∈ {0, 1, . . . ,

√
k − 1}.

Indeed, this latter association is 1-1, since, by the multiplicative principle, there is
√
k.
√
k = k

bi-indexed partitions of type (α/2)i,1 + (α/2)j,1, and therefore, the function f is bijective. �

Example 6. For instance, f(21 + 10) = 11,1 + 11,1 + 10,1, f(22 + 11) = 10,1 + 11,1 + 11,1, and
f(40 + 30 + 22 + 22) = 20,1 + 20,1 + 31,1 + 10,1 + 11,1.

The next table shows the effect of the function f : C3(2, 4) → A3(4, 2) in parts of chromatic
overpartitions and (3, 4, 2)-chromatic partitions.

10 ↔ 10,0 23 ↔ 11,1 + 10,1

11 ↔ 11,0 20 ↔ 10,1 + 10,1

12 ↔ 12,0 21 ↔ 11,1 + 11,1

13 ↔ 13,0 30 ↔ 30,0

10 ↔ 10,1 31 ↔ 31,0

11 ↔ 11,1 32 ↔ 32,0

20 ↔ 20,1 33 ↔ 33,0

21 ↔ 21,1 30 ↔ 30,1

22 ↔ 10,1 + 11,1 31 ↔ 31,1

Table 3. Example of bijective association between parts of overpartitions
and parts of chromatic partitions of type A.

Bijective proof for Theorem 2.
For n and k positive integers, denote the set of all super-chromatic overpartitions of n in k colours
by Sn(k), and denote by Sn(k, 2) the set of (n, k, 2)-super-chromatic partitions of type A. Let
g : Sn(k)→ Sn(k, 2) be a function given by:

• non-overlined odd parts are associated with the same part with equal first index and second
index equal to 0 ;

• overlined odd parts are associated with the same part with equal first index and second
index equal to 1;
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• non-overlined even parts are associated with the same part with equal first index and second
index equal to 0;

• an overlined even part λl is associated with a sum of the kind 1i1,1 + 1i2,1 + · · · + 1il,1,
where i1, i2, · · · , il ∈ {0, 1}, in the following order λ0 ↔ 10,1 + 10,1 + · · · + 10,1, λ1 ↔
11,1 + 10,1 + · · ·+ 10,1, and so on.

The first condition makes a bijective association between odd parts of super-chromatic over-
partitions of type λl and parts λl,0 of (n, k, 2)-super-chromatic partitions of type A, as well as the
second and third conditions make the bijective associations αl ↔ αl,1, and βl ↔ βl,0, respectively,
for an odd number α and an even number β.

For the last class of chromatic overpartitions, an overlined part λl is associated with a bi-
indexed partition of type 1i1,1 + 1i2,1 + . . . + 1il,1. Since each ij index refers to one of the k
colours available, by the multiplicative principle, there are kλ partitions of this type, and since we
are associating each one of them with super-chromatic overpartitions, we obtain the desired 1-1
association. �

For parts in {1, 2, 3} the next table shows the the 1-1 association between super-chromatic
overpartitions and parts of super-chromatic partitions of type A.

10 ↔ 10,0 32 ↔ 32,0

11 ↔ 11,0 33 ↔ 33,0

10 ↔ 10,1 21 ↔ 34,0

11 ↔ 11,1 30 ↔ 35,0

20 ↔ 20,0 36 ↔ 36,0

21 ↔ 21,0 37 ↔ 37,0

22 ↔ 22,0 30 ↔ 30,1

23 ↔ 23,0 31 ↔ 31,1

20 ↔ 10,1 + 10,1 31 ↔ 32,1

21 ↔ 10,1 + 11,1 31 ↔ 33,1

22 ↔ 11,1 + 10,1 31 ↔ 34,1

23 ↔ 11,1 + 11,1 31 ↔ 35,1

30 ↔ 30,0 36 ↔ 36,1

31 ↔ 31,0 37 ↔ 37,1

Table 4. Bijective association between parts of super-chromatic overpartitions
and parts of super-chromatic partitions of type A.

Example 7. There are sixty-eight super-chromatic overpartitions of n = 3 with k = 2 colours.
Indeed for s1 = 30, s2 = 21 + 10, s3 = 22 + 10, and s4 = 10 + 10 + 10, the correspondent
(3, 2, 2)-chromatic partition are g(s1) = 30,0, g(s2) = 21,0 + 10,0, g(s3) = 12,1 + 12,1 + 10, 0 and
g(s4) = 10,1 + 10,0 + 10,0, respectively.

A (12, 3, 2)-super-chromatic partitions of type A, 45,0 + 23,1 + 20, 1 + 11,1 + 10,1 + 10,1 + 10,1

is associated to g−1(45,0 + 23,1 + 20, 1 + 11,1 + 10,1 + 10,1 + 10,1) = 45 + 41 + 23 + 20.
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