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Abstract: We derive some averages of the Dirichlet convolution of the binary digital sum s(n),
the sum of digits ofthe expansion of n in base 2. The Trollope—Delange formula is used in our
proof. It provides an explicit asymptotic formula for the total number of digits ‘1’ in the binary
expansions of the integers between 1 and n — 1 in term of the continuous, nowhere differentiable
Takagi function. Moreover, we also extend the result to averages of the k-th convolution of the
binary digital sum, for k£ > 2.

Keywords: Binary digital sum, Dirichlet convolution.

2010 Mathematics Subject Classification: 11A63.

1 Introduction and statement of results

Each non-negative integer can be written uniquely in base 2 as n = >_a;2', where the integer
i>0
a; € {0,1}. The binary digital sum is defined by s5(n) = > a;. The sum of digits function s(n)
i>0
appears in many different fields of mathematics. In 1948, Bellman and Shapiro [1] proved that

xlogx
Z sa(n) = 210g2 + O(z loglog z). (1)
0<n<x g

L. Mirsky [6] improved the error term in (1) to O(z). There are many related results to (1). We
refer the reader to the monograph [7, Chapter 4, section 4.3] for more details. The classical results
on the sum (1) is the Trollope—Delange formula [8, Trollope] and [3, Delange] which is stated as
the following theorem.
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Theorem 1.1. [Trollope [8] and Delange [3]] Let T" be the Takagi function:
G 1 n— 1
=> 5 (2 L 0< <1,
n=1

where (x) = |2z — 2 |z + 3] |. And let F : R — R be periodic of period 1, continuous and
nowhere differentiable defined by

F(x)zl—x—?l_“"T< ) 0<x<1.

217x

Then

rlogx log
- °F ) 2
Z 52(n) 2log 2 * 2 (logQ) @)

0<n<x

The Trollope—Delange formula is a powerful tool for attacking problems involving the binary
digital sum. In particular, the moments of the sum of digits function is an interesting question.
Coquet [2] gave the moments of the binary sum of digits function,

1 2
> sa(n)’ = ( Og; x) © + wlogy v (log, x) + zve(log, ),

n<x

where v;(z) and v,(x) are continuous nowhere differentiable functions of period 1. Recently,
Grabner, Kirschenhofer, Prodinger and Tichy [4] considered the s-th moment in the binary num-
ber system by using Delange’s approach and proved that, for a given integer s > 1,

log, x\° — ;
Z so(n)® = <%) T+ Z(log2 z)’v;(log, ),

n<w j=1

where v;(z) are continuous nowhere differentiable functions of period 1.
We define a Dirichlet convolution for binary digital sum as

557 (n) = sy x sa(n) = sa(d)sa(n/d).

din

In this paper, we shall investigate the asymptotic behaviour for

Y sPn),  w>1. ?3)

n<x

The Trollope—Delange formula (2) is the main ingredient in the proof. Our result is:
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Theorem 1.2. Let x > 1, we have

log? log?z (1
S Py < et g (—+FM<ﬁ>log2)

= 2 2
<o 241og" 2 log2 \8

xlogx (1 log x 1 1
‘r - F
T Jog2 <4 (10g2) 2G(ﬁ)+4 M(ﬁ))

L (GWDHWE) o (leer) | GWDFN(VE) | (losr))
2 log 2 log 2 log 2
Z @) > x10g32x N xlogzx N rlogx (_ (logx) _1 )
24log”2  8log”2 log 2 log 2 2

K (G(\/E) HWD) (logx) .\ Qf (log$>) |

2 log 2 log 2 log 2

where Fy(x), G(x) and H(x) are continuous nowhere differentiable functions of period 1 that
can be expressed explicitly from F(x).

The consequence of Theorem 1.2 is:

Corollary 1.2.1. As x — 0o, we have

rlog’ x
Z 352)(n) = —g2 + O (zlog* ).
0 241og" 2

Moreover, we extend Corollary 1.2.1 to the k-th convolution of the binary digital sum, for any
integer £ > 2. Namely, for £ > 2, we define the k-th convolution for binary digital sum as

s$0(n) == sy %55 V(n) =Y sald)sy ™ (n/d)

din
and by using the mathematical induction, we obtain the following result.

Theorem 1.3. For any integer k > 2, we have

k
E sék) (n) = lelog x4+ 0 (a: log?—2 ) )
0 24 1og” 2
where
ak — 1) <= 2k — 3\ (=1)7
2)=1 k)= ——= .
a(2) = Land a(k) = =70 ;0( j )j+2

In the proofs of our results, Theorem 1.1 plays an important role. Dirichlet’s hyperbolic
method and Abel’s identity are used to derive Theorem 1.2.

2 Lemmas on the binary digital sum

The following lemmas are used in the proofs of Theorem 1.2 and 1.3.
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Lemma 2.1. As + — 0o, we have

Sa(n log x log? 1 log x
Z 2 ): 8L L 08T “p (08T
n 2log2  4log2 2

n<x

n<x

where

and

N 1 dvd
H(z) :/ / 7 (10g; vdu
1 1 og uv

Proof. By Abel’s identity and (2), we have

Z sa(n) 1 (xlog:c Lo <logx)> +/x <ulogu LU (10gu)) d_z;
~ n x \2log2 2 log 2 1 \2log2 2 log 2 U

- 2log2 2

log = 1 log = log?z 1
= F —G(x).
(logQ) Togz 20

Using Abel’s identity again and (5), we have

So(n)logn logz 1 log logz 1
= -F =G
>, ng(210g2+2 T Tog2 720

= log 2
T logu 1 log u logu 1 du
_ _F -G -
/1 (210g2+2 (log2)+4log2+2 () u
logz  log?z logz log x logx 1 1
= F —— ) G(z) — zH(x).
6 log 2 * 4log 2 * 2 log 2 * 2 2 (z) 2 (z)
Lemma 2.2.
s2(n) . (log(xz/n) s2(n)
F <F
Z n ( log2 ) — ) Z n '

n<y

where Fy(y) := max{F (M) ,n € [l,y]}

log 2

Proof. This follows from the boundness of the Takagi function (see [5])

Lemma 2.3. For any positive integer j, we have

Z So(n) log? n — log/*2 &
n

_ %8 T 0 (log" ).
2+ 2oz T O (g™ )

n<x

Proof. This follows from using Abel’s identity and (5).
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2
sy(n)logn  log’z  log’z  logx log x logz 1 1
- F —— -5 |Gx)-sH 6
Z n 610g2+410g2+ 2 2log 2 1 9 () 5 (z), (6)
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3 Proofs of Theorems

Proof of Theorem 1.2. Let x > 1. In view of Dirichlet’s hyperbolic method, we have

S 5Py = > sad)sa(n/d)

0<n<z 0<n<z d|n
=237 sa(n) D2 sa(m) = (3 s(n) ®)
n<Vx m<zx/n n<\/x

Inserting (2) in the right hand of (8), we have

3 - 5 (B () - (e (2)

0<n<z n<\z
xlogz So(n) T so(n)logn So(n) log(x/n)
- - F
log 2 ;f n log 2 ;f n e ;f n log 2

rlogz xlog:vF log T logx

16log?2  4log?2 log 2 4 log2 )"
We apply (5) and (6) in Lemma 2.1 to the first and second sum, respectively, and Lemma 2.2 to
the third sum. This completes Theorem 1.2. ]

Proof of Theorem 1.3. We use induction on k. The relation (4) holds for £ = 2 with a(2) = 1.
Let us assume that the relation (4) holds for all £ < [. We have

2. =3 Y s@s n/d)

0<n<z 0<n<z djn

:ZSQ(n) Z s87D (m). )

n<z m<z/n
Inserting the hypothesis in the right hand of (9), we have

[—1
O;x sy (n) = ; s2(n) (2i log? ; (logz —logn)*~* + O (%(Ing —log n)zz_4>)
Z Sa2(MN

a(l - 1)1’ 52(") 21-3
— 1 — 1 O
24 log2 2 nzq n (logz —logn) + . —

)(loga: —logn)**

By Abel’s identity and (5), we have

) a(l — 1)z s9(n) =3 20—3
E : ( _ 2 2—3— 20—2
sy’ (n) = YITVED) n§<$ - E ( j )( )J log Jmlog n+ O (xlog )

0<n<zx 7=0

a(l —1)x 3203 s (n
_all— 23 - - 2 212
= 2410g22log T g ( , )(—1)]10g I g E - log’ n+ O (zlog” ).

7=0 J n<z
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In view of Lemma 2.3, we have

Jj+2

a(l = 1)x 2 /20-3 log’™ x
U] _ — log2l—3 - “1) 1o logitt
E Sy’ (1) U2 og” ’x E ( j )( )’ log 3:(2(j+2)10g2+0(0g )

0<n<lzx 7=0

+O(xlog21 2 )

a(l =Dz o — <2l - 3) ( (—1)j ) 212
= o5 ) T O (2]
2410g? 2 IR . J 2(j +2)log2 + (x o8 )

7=0
This gives
Ca(l—1) QZZB 21 - 3\ (1)’
~ 2log?2 o ' y+2'
Thus, the relation (4) holds at rank /, and Theorem 1.3 is proved. [l
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