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Str. Kogalniceanu 1, 400084 Cluj-Napoca, Romania

e-mail: jjsandor@hotmail.com

Abstract: For three of the basic arithmetic functions ϕ, ψ and σ are proved the inequalities
ψ(n)n > σ(n)ϕ(n) and σ(n)n < ψ(n)σ(n) for each natural number n ≥ 2.
Keywords: Arithmetic function, Inequality.
2010 Mathematics Classification Numbers: 11A25.

1 Introduction

One of the most interesting areas of the number theory is related to the arithmetic functions. Some
properties of them are discussed in a series of papers of the authors [1–4, 7]. In the paper, two
new inequalities will be formulated and proved.

For the natural number

n =
k∏
i=1

pαii , (1)

where k, α1, ..., αk, k ≥ 1 are natural numbers and p1, ..., pk are different primes, the following
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arithmetic functions are defined by:

ϕ(n) =
k∏
i=1

pαi−1
i (pi − 1), ϕ(1) = 1,

ψ(n) =
k∏
i=1

pαi−1
i (pi + 1), ψ(1) = 1,

σ(n) =
k∏
i=1

pαi+1
i − 1

pi − 1
, σ(1) = 1

(see, e.g. [5, 6]).
Also, we use the following notation for the above n:

set(1) = ∅, set(n) = {p1, ..., pk}.

One of the interesting inequalities containing the arithmetic functions ϕ and ψ is:

ψ(n)ϕ(n) < nn < ϕ(n)ψ(n) (2)

(see [2]).
It can be easily seen that the following inequalities

ψ(n)ϕ(n) < σ(n)ϕ(n) < nn < ϕ(n)ψ(n) < ϕ(n)σ(n) (3)

are valid, too.
In the present paper, two new inequalities related to (2) and (3), will be defined and proved,

using different methods.

2 Main result

Theorem 1. For each natural number n ≥ 2:

ψ(n)n > σ(n)ϕ(n). (4)

Proof: Let n be a prime number. Then from (4) we obtain:

ψ(n)n − σ(n)ϕ(n) = (n+ 1)n − (n+ 1)n−1 > 0.

Let for the natural number n ≥ 2 of the form (1), the inequality (4) be valid. Let p be a prime
number. For it there are two possibilities.
Case 1. Let p 6∈ set(n). Then,

ψ(np)np − σ(np)ϕ(np) = (ψ(n)(p+ 1))np − (σ(n)(p+ 1))ϕ(n)(p−1)

= ψ(n)np.(p+ 1)np − σ(n)ϕ(n)(p−1).(p+ 1)ϕ(n)(p−1)

= (ψ(n)n)p.(p+ 1)np − (σ(n)ϕ(n))p−1.(p+ 1)ϕ(n)(p−1)
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(by the induction assumption)

= (ψ(n)n)p.(p+ 1)np − (ψ(n)n)p−1.(p+ 1)ϕ(n)(p−1) > 0.

Case 2. Let p ∈ set(n). Then n = pam for the natural numbers a,m ≥ 1, where (m, p) = 1.
First, obviously, for q ≥ 3

q > (1 +
1

q
)q−1 > (1 +

1

q2
)q−1. (5)

Therefore, for each prime number q ≥ 3:

q2q−1 = q.q2q−2 > q2q−2(1 +
1

q
)q−1 = (q2(1 +

1

q
))q−1

Second, we see that for q ≥ 3 and for a ≥ 1:

q +
1

q
− qa+2 − 1

qa+1 − 1
=
q2 + 1

q
− qa+2 − 1

qa+1 − 1

=
1

q(qa+1 − 1)
((qa+3 + qa+1 − q2 − 1)− (qa+3 + q))

=
1

q(qa+1 − 1)
(qa+1 − q2 + q − 1) > 0. (6)

Third,

σ(np) = σ(mpa+1) = σ(m)
pa+2 − 1

p− 1
= σ(n)

pa+2 − 1

pa+1 − 1
.

Now, we obtain sequentially:

ψ(np)np − σ(np)ϕ(np) = (ψ(n)p)np −
(
σ(n)

pa+2 − 1

pa+1 − 1

)ϕ(n)p

= ψ(n)nppnp − σ(n)ϕ(n)p
(
pa+2 − 1

pa+1 − 1

)ϕ(n)p
(by the induction assumption)

> ψ(n)nppnp − ψ(n)np
(
pa+2 − 1

pa+1 − 1

)ϕ(n)p

= ψ(n)np

(
pnp −

(
pa+2 − 1

pa+1 − 1

)ϕ(n)p)

≥ ψ(n)np

(
pnp −

(
pa+2 − 1

pa+1 − 1

)(n−1)p
)

(from (6))

≥ ψ(n)np

(
pnp −

(
p+

1

p

)(n−1)p
)
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= ψ(n)npp(n−1)p

(
pp −

(
1 +

1

p2

)(n−1)p
)

(from (5))
> 0.

This completes the proof. �

Theorem 2. For each natural number n ≥ 2:

σ(n)n < ψ(n)σ(n). (7)

Proof: It is well-known that the function f(x) = x
1
x is strictly decreasing for x ≥ e – Euler’s

number. As 3 > e, particularly we get that

σ(n)
1

σ(n) ≤ ψ(n)
1

ψ(n) ,

as σ(n) ≥ ψ(n) ≥ 3 for n ≥ 2. Now, as ψ(n) > n for n ≥ 2, we get that

σ(n)
1

σ(n) < ψ(n)
1
n ,

which implies (7). This completes the proof. �

In near future, other inequalities related to ϕ, ψ, σ and other arithmetic functions will be
discussed.
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