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k

Let n > 1 be an integer. If n = [] p;" is the canonical factorization of n (using primes), then we
=1

set

k= w(n) (1)

and by convention
w(1) = 0. (2)

It is a well-known fact (see, e.g. [1]) that for each real number z, function f(n) = " is
multiplicative.
Theorem. For an arbitrary square-free number n, the identity

(x4 1) =y " g (3)

d/n

holds, where ) | means the sum over all divisors d of n.

d/n
Proof: Let n be an arbitrary positive integer. Since f(n) is multiplicative, then the function
F(n) =) f(d)
d/n

is multiplicative, too. But for m = p®, where p is a prime number and o > 1 is an integer, we
have
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=Y f(d) +fp)+..+ ) =2"+2'+.. +2' =1+ axm.

d/m a-times

Hence, for

we have
H F(p H (1+ a;z). (4)

When n is square-free, then a; = 1 for i = 1, ..., w(n) and then from (4)

F(n) = (x +1)*™

and (3) is proved.
Putting in 3) x = %, where a, b are real numbers and b # 0, we obtain
(CL + b)w(n) _ Z d)bw(n w(d) _ Z 6Lw(n)—w(d)bw(d). (5)
d/n d/n

Equality (5) corresponds to the Newton’s Binomial Theorem. For example, for n = 6 we
have w(6) = 2 and (5) yields
(a+b)* = a® + 2ab + b*.

For n = 30 we have w(30) = 3 and (5) yields

(a+b)* = a® + 3ab + 3ab® + V°.

k
For n = [ p; we have w(n) = k and (5) yields

i=1
k
(a+ b Z ( ) ak it

1=
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