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1 Introduction

For arbitrary integers a, b, p, g, a generalized second-order linear recurrence sequence { fj}
denoted by { fr} = {fx(a,b; p,q)} is defined by

fO:aa f1:b7 fk:pfk—1+ka—27 (1)
for k > 2. Particular cases of the sequence { f;} are the sequences

Uk(p,q) = Up = f1(0,1; p,q);

Ve(p,q) = Vi = fu(2,p; p,q);
p

Wi(p, q) = Wi = fi(1, 3 P q).
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For different values of p and ¢ the more special cases of the sequences are Uy (1,1) = F,
where Fj, denotes the k-th Fibonacci number, Ug(2,1) = P, where P; denotes the k-th Pell
number. The other sequences such as the sequence of balancing numbers, sequence of Lucas-
balancing numbers, sequence of Pell-Lucas numbers are also obtained by assigning different
values of p and ¢, i.e., Ux(6,—1) = By, Vi(1,1) = Ly, Wi(2,1) = Qx and Wy (6,—1) = C,
where By, L, @k and C, denote the k-th balancing number, k-th Lucas number, k-th Pell-Lucas
number and k-th Lucas-balancing number respectively. It is worthy to define a balancing number
and a Lucas-balancing number. A balancing number 7 is the solution of a simple Diophantine
equation 1 +2+---+(n—1) = (n+1)+(n+2)+- - -+ (n+r) with the balancer r [1]. A Lucas-
balancing number C), is defined as C,, = \/W and both of their respective recurrences are
B,.1 =6B, — B,_1and C,,.; = 6C,, — C,,_1 [1]. Some recent development of these number
sequences are studied in [2,5, 8—12].

The roots of the Eq. (1) are

/02 1 4 _ 21 4
+p+qandﬁ:p 17‘|‘(17
2 2
with o + 8 = p, a« — 8 = /p? + 4g and a3 = —¢q. The Binet formula for the sequence { f;} is
given by

Aok — Bk
sz—ﬁ,

a—p
where A=b—af and B = b — aa [4].

The mathematical identity that connects three adjacent Fibonacci numbers is well-known
under the name Cassini formula, and is used to establish many important identities involving
Fibonacci numbers and their related sequences. The Cassini formula for the generalized second-
order sequence { f } is (see [4])

feo1forr — fi = —AB(—q)F . ()

For different values of a, b, p, ¢ in the generalized Cassini formula (2), the Cassini formulas
for the sequences such as Fibonacci sequence, Pell sequence, balancing sequence, Lucas se-
quence, Pell-Lucas sequence and the sequence of Lucas-balancing numbers are obtained and are
respectively given by

Fyop1Fyy — Y = (-1)% PeiPooy = PP = (-1)% ByBi1 — Bf = —1;

Lyl — L} =5(=1)"" QuiQur1 — Q2 =2(—1)FY; GGy — CF = 8.

2 The range of convergence of a generalized second order

recurrence sequence with power series

Glaister [3] has studied the Fibonacci power series and found many interesting relations on it.
Subsequently, Koshy [7] has established the convergence of Pell and Pell-Lucas series and also
studied the speed of convergence for these series. In this section, a special attempt is made to
study the convergence of generalized second-order recurrence power series.
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It is well-known that, the geometric progression Z th =1+t +t*+ ..., which converges
k=0

tot/(1 —t)if |¢| < 1. Multiplying the terms t* by f;, we obtain the series S = Z fit®, which

k=0
on further simplification gives

S=a+bt+(bp+aq)t’ + Y plat" + Y qfiat"

k=3 k=3
= a+ bt + (bp + aq)t* + pt Z fnt™ + qt? Z Jut"
m=2 n=1

=a+ bt + (pb+ aq)t* + pt(S — a — bt) + qt*(S — a),
which follows that

5= pr = Aol G)
k=0

(b
1—pt—qt?2

As the series Z ct® for 1/(1 — ct) converges if and only if |ct| < 1, therefore we identify the

=0
radius of convergence for the series S as follows.

Further, factorizing the expression 1 — pt — ¢t? into (1 — at)(1 — St), the right-hand side
a+ (b—ap)t

1 —at)(1— A1)
S:ifktk:G(Oé—p)—Fb/a—ﬁ+a(p_5)_b/a_ﬁ.

expression of (3) simplifies to . Using partial fraction, (3) reduces to

1—at 1—pt “)

However, the series S = Y fit" converges if and only if |at| < 1 and |3t| < 1. It follows
k=0
that S converges if and only if || < |min(|a™!|,|37!])|. Since the product of o and 3 is —g,

clearly 0 < _T/B < a. Therefore, the minimum value of |«™!| and |37 is _Tﬁ, which is nothing
but the radius of convergence of S. Indeed, the range of ¢ for which .S converges is the inequality

é<t<_—ﬁ. 4
q q

The range of the sequences like Fibonacci sequence, Pell sequence, balancing sequence, Lu-
cas sequence etc., can be obtained from (5) by assigning different values to a, b, p, q. Though, the
values of a, b, p, q are used to represent the above mentioned sequences, but to find out the range
of each sequence, it only depend on the values of p and q.

Forp =1 =g¢sothat § = 1= Vo , by virtue of (5), the range of convergence of the Fibonacci
sequence Uy (1, 1) = F}, and the range of convergence of Lucas sequence Vj(1,1) = Ly are same
and is given by —0.618 < t < 0.618. This result for Fibonacci and Lucas sequence has shown
in [3, 6]. Koshy [7] has shown that the Pell series and the Pell-Lucas series both converge if
and only if —0.414 < t < 0.414. It is observed that, this range can also be obtained from (5)
by assigning the values p = 2, ¢ = 1 for the Pell sequence Uy(2,1) = P and the Pell-Lucas
sequence Wy (2,1) = Q. For the balancing sequence Uy (0,1) = By and the Lucas-balancing

sequence Wy (1,3) = CY, the range of convergence is —0.172 < t < 0.172.
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3 Speed of the convergence of the series Z fit"
k=0

—p

o
In the previous section, it is shown that the series Z fxt" converges if and only if é <t < —.
q q
k=0

Assume thatt = fon . Then for é < 0 and by Binet formula,
2n+1 q
f2n B Aa?™ — BﬁQn
foni1 T Aa2ntl — B2+t
Aa2n

< A2+l

_1_f

o q’

which follows that the power series Z fut" converges for t = fa,,/ fons1 When é < 0. However,
q
k=0

the range t = — fo,,/ fons1 Which is greater than é is outside the interval of convergence.

Using (3), we have

ifk ( f2n )k o af22n+1 + (b_ a’p)f2nf2n+1
k=0

fons1 B f22n+1 — pfonfont1 — Qf22n

— af22n+1 + (b - ap)f2nf2n+1
A(fons1fon1 — f3)

By virtue of the Cassini formula (2), the above expression reduces to

ifk ( f2n )k _ a’f22n+1 + (b_ ap)f2nf2n+1' (6)
k=0

font1 —ABg*

Fora = 0,b = 1,p = 1 and ¢ = 1, the identity (6) leads to an expression for Fibonacci
sequence as follows

F2n+1

o) Fn k
ZFk ( 2 ) = FonFonia.
k=0

For example, Z F, (5) —3%x5 and Z F <E) = 8 x 13. By computing the sum,
k=0

k=0

114 3\ A 1243 3\ *
it can be observed that Z F}, (5) ~ 14.5 and Z F}, (E) =~ 103.5, which indicates
k=0 k=0

that the convergence of Fibonacci numbers is extremely slow.
The other examples for the speed of convergence for the sequence of Pell series and the
sequence of balancing series are given in the following table:
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Value of . Exact value Approximate value Speed
Series

a,b,p,q of series of series of convergence
o0

12 k 6445 12 k
- Po \* P(=) =12x29 P (=) ~3475
0,121 |3 P (52 ) = PuPous 2 "(29) 8 Z ’“(29) very slow
k=0 P2n+l =0 k=0

337001

70 \*
P, ~ 11829.
> k<169) 829.5

k=0

o0

= G\ 7170 G\ F
By, \" Bi( 4] =6x35 Bi( =] ~2095
0,1;6,—1> By (7Z> = BonBont1 > B <35> x 1;0 g (35) very slow
k

ps Bont1 ~ 337001 904 \ ¥
B, | —— | =242555.5
; F <1189>

Table 1. Convergence of sequence of Pell series and sequence of balancing series

Further, assume ¢t = fo, 1/ fon. Again by Cassini formula for generalized second-order re-
currence sequence and for n > 1, we have

= f2n—1 g o af22n + (b - ap)f?ann—l
;fk ( Jon ) Bl f22n — pfonfon—1 — Qf22n—1

_ af22n + (b - ap)f2nf2n—1
f22n - f2n*1f271+1 ’

which follows that

o] k 2 .
Z fk: (fjt;znl) _ le2n —;(B?(_Z;)nﬁ?onl (7)
k=0

For Lucas sequence, take a = 2,0 = 1,p = 1 and ¢ = 1, for which

where n > 1. For example,

- 11\" - 20\ "
Ly — ) =5x18 Ly | —= ) =13 x47.
Son(fg) =om Yon(f) =1
k=0 k=0
Notice that s —
11\" 20\ *
Lp{—] =90 Ly —=] =611.
() = 30(w)

From the examples discussed above, it is clear that the speed of convergence of the Lucas series

is very slow.

The example of the speed of convergence for the sequence of Pell-Lucas series is given in the
following table:

Indeed, for the Lucas-balancing series, the values of ¢t = fo, 1/ fo, Or fo,/ fons1 lie outside
the range of convergence (\/g —-3,3— \/g)
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Value of Seri Exact value Approximate value Speed
eries . .
a,b,p,q of series of series of convergence

6445

o0 " > 41\"
]-7 ]-a27]- Z <Q5 1) = P2n—1Q2n ZQk ( ) 999 ZQk R 34T very slow
h— 2n

337001

239
~ 57112
Z @ (338) o

[ee]

239
ZQk <338> =169 x 338

Table 2. Convergence of Pell-Lucas series

The convergence of the series involving mixed types sequences such as Fibonacci and
Lucas sequences, Pell and Pell-Lucas sequences and balancing and Lucas-balancing sequences
are found by using (6) and (7) as discuss below.

V5 -1 1-+5
2 2

<t <

, it follows that Z Btk
k=0

Suppose that, t = Lo, 1/Ls,. Then,

converges for t = Ly, 1/ Ls,. Consequently, it follows by Cassini formula for L,, that

i F L2n71 g _ L2n71L2n
"\ Lo, 5
k=0

Likewise, let t = F3,/Fy,41, then

0o Fn k
ZLk( e ) = Lo Fony1.
k=0

F2n+1

Further, suppose that t = (Q2,,_1/Q2,, then 1 — V2 < t < /2 —1. Therefore, Z Pyt* converges

k=0
QQn—l

fort =
QQn

. By Cassini formula for (),,,,

& QZn—l g o QQn—lQQn

", then
2n+1

Likewise, let ¢t =

S P . k
Z Qk ( 2 > = QZnPQnJrl-
k=0

P2n+1

Again, taking t = Bs, 1/ Ba,, then V8 -3 <t <3—+/8. So, ZC’ktk converges for t =

k=0
By, / Bay+1. Using Cassini formula for B,,,,
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The examples for the speed of convergence for the above mentioned series are given in the

following table:

k=0

k=0

Seri Exact value Approximate value Speed
eries
of series of series of convergence
) N 1x3 23 nF
> Lon1\"  Lon-1Lon B(s) = F(5) =06
> F ( z 1> ==z 51 2 ; ¥ (3> 5 ; b (3> extremely slow
k=0 n 0o ANF 4xT 207 Y
SR (7> . S F (,> ~ 56
k=0 7 b k=0 ’
. 00 1 k 76 1 k
) £, L.(=)] =3x2 Lyl =) =6
Ly 2 = LopFopin Z F <2) Z g <2> extremely slow
F k=0 k=0
—~ n+1 i N 609 3\
ZLk<g) =7x5 ZLk(g> ~ 35
X N F
- . > nNN* 1x3 1
- n—1Qon P lz) = P =) =15
ZPk (Q2 1) = @2 ;QZ ; , (3) 2 ; "\3 extremely slow
k—0 QQn o 7 k 7% 17 3136 7 k
P, () _ S B () ~ 59.5
k=0 17 2 k=0 17
00 9 k 493 2 k
- P \* ~)] =3x5 =) =15
Qe [ =) = QonPonss Z @ 5) Z @ (5) 7 extremely slow
P k=0 k=0
=0 2n+1 00 19 k 20390 12 k
> (2) =17 %29 > @k (29> ~ 493
k=0 k=0
oo 6 k 24834 6 k
a: Ba, \" Crlor ) =17x35 Ci| e ) =595
ZCk(B n ) = CyuBonir kZ:O "(35) o ;} "(35) o slow
k=0 2n+1 oo 204 \ ¥ 98985539 204 \ ¥
pyet (1189> =577 x 1189 Y G <1189> ~ 686053

Table 3. Speed of convergence of the series involving mixed sequences
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