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1 Introduction

In combinatorial mathematics, the Catalan numbers form a sequence of natural numbers that
occur in various counting problems, often involving recursively defined objects. The n-th Catalan
numbers are defined in the terms of binomial coefficients which are given by

Cn =
1

n+ 1

(
2n

n

)
=

(2n)!

(n+ 1)!n!
=

n∏
k=2

n+ k

k
(n ≥ 0).

The generating function of Catalan number is given by

1−
√
1− 4t

2t
=

2

1 +
√
1− 4t

=
∞∑
n=0

Cnt
n, (see [12, 15, 25]). (1)

In addition, the Catalan polynomials are also defined by the generating function to be

2

1 +
√
1− 4t

(1− 4t)
x
2 =

∞∑
n=0

Cn(x)
tn

n!
(see [10, 14]).

It is easy to show that the expression of
√
1 + t is given by

√
1 + t =

∞∑
k=0

(−1)k−1
(
2k

k

)
1

4k

(
1

2k − 1

)
tk. (2)

Replacing t by −4t in (2), we have the generating function of Catalan numbers (1),

√
1− 4t = 1− 2

∞∑
m=0

(
2m

m

)
1

m+ 1
tm+1

= 1− 2
∞∑

m=0

Cmt
m+1.

It is well known that the Daehee numbers, denoted by Dn, are defined by the generating
function

log(1 + t)

t
=
∞∑
n=0

Dn
tn

n!
. (3)

Even though the Daehee numbers are easily calculated as Dn = (−1)n n!
n+1

, they play impor-
tant roles in connecting relationships between special numbers (see [3, 5, 7, 9, 18, 20–25]).

The Catalan–Daehee numbers are defined by assigning
√
1− 4t− 1 instead of t in the defini-

tion of Daehee numbers (3), as follows:

1
2
log(1− 4t)
√
1− 4t− 1

=
∞∑
n=0

dnt
n, (see [3, 14]). (4)
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From (4), we note that

1
2
log(1− 4t)
√
1− 4t− 1

=
1

2

∞∑
l=0

4l

l + 1
tl

(
2− 2

∞∑
m=0

Cmt
m+1

)

=
∞∑
l=0

4l

l + 1
tl

(
1−

∞∑
m=0

Cmt
m+1

)

=
∞∑
n=0

4n

n+ 1
tn −

∞∑
l=0

4l

l + 1
tl
∞∑

m=0

Cmt
m+1

= 1 +
∞∑
n=1

(
4n

n+ 1
−

n−1∑
m=0

4n−m−1

n−m
Cm

)
tn

(5)

From (4) and (5), we can derive the following equation (6)

dn =

1, if n = 0,

4n

n+1
−
∑n−1

m=0
4n−m−1

n−m Cm, if n ≥ 1,

= −
n∑

m=0

4n−m

n−m+ 1
C∗m−1, for all n ≥ 0,

(6)

where

C∗m−1 =

−1 if m = 0,

Cm−1 if m ≥ 1.

From the generating function (1), a kind of generalization of the Catalan numbers, the so
called w-Catalan numbers are introduced in [10], as follows:

2

1 +
√

(1− 4t)w
(1− 4t)

w
2
x =

∞∑
n=0

Cn,w(x)t
n. (7)

Recently, a group of mathematicians studied the symmetric identities of special polynomials
which are derived from the p-adic invariant integral on Zp (see [1, 2, 4, 6, 8, 11, 17, 20]).

In this paper, we define w-Catalan–Daehee polynomials and numbers. We give some iden-
tities for w-Catalan–Daehee polynomials and numbers. In addition, we give some new explicit
expression for w-Catalan–Daehee numbers which are derived from p-adic integrals on Zp.

2 The w-Catalan–Daehee polynomials

For w ∈ N, we define the w-Catalan–Daehee polynomials, dn,w(x), using the generating func-
tion, as follows:

1
2
log(1− 4t)√
(1− 4t)w − 1

(1− 4t)
wx
2 =

∞∑
n=0

dn,w(x)t
n. (8)

Note that limw→1 dn,w(x) = dn(x), (n ≥ 0), and we call dn,w = dn,w(0) w-Catalan–Daehee
numbers.

101



From the definition of w-Cataln-Daehee numbers and Daehee numbers,

1
2
log(1− 4t)√
(1− 4t)w − 1

=
1
w
log
(
(1− 4t)

w
2 − 1 + 1

)
(1− 4t)

w
2 − 1

=
1

w

∞∑
l=0

Dn

(
(1− 4t)

w
2 − 1

)l
l!

=
1

w

∞∑
l=0

Dn

l!

l∑
k=0

(
l

k

)
(1− 4t)

w
2
k(−1)l−k

=
1

w

∞∑
l=0

Dn

l!

l∑
k=0

∞∑
i=0

(
l

k

)(
w
2
k

i

)
(−4t)i(−1)l−k

=
∞∑
n=0

(
1

w

∞∑
l=0

l∑
k=0

(−1)n+l−kDn

l!

(
l

k

)(
w
2
k

n

)
4n

)
tn.

(9)

From the equation (8) and (9), we have a relation between the w-Catalan–Daehee and Daehee
numbers.

Proposition 1. For any w, n ∈ N,

dn,w =
1

w

∞∑
l=0

l∑
k=0

(−1)n+l−kDn

l!

(
l

k

)(
w
2
k

n

)
4n.

The following can be obtained from the definition of the w-Catalan–Daehee polynomials.

1
2
log(1− 4t)√
(1− 4t)w − 1

(1− 4t)
wx
2 =

(
1

2

∞∑
l=1

4l

l
tl

)(
∞∑
k=0

(1− 4t)
w
2
k

)
(1− 4t)

wx
2

=

(
1

2

∞∑
l=1

4l

l
tl

)(
∞∑
k=0

(1− 4t)
w
2
(k+x)

)

=

(
1

2

∞∑
l=1

4l

l
tl

)(
∞∑
k=0

∞∑
i=0

(
w
2
(k + x)

i

)
(−4)iti

)

=
∞∑
n=0

(
n∑

l=1

∞∑
k=0

1

2

4l

l

(
w
2
(k + x)

n− l

)
(−4)n−l

)
tn

(10)

The equation (10) gives us an explicit formula for the w-Catalan–Daehee polynomials.

Proposition 2. For any w, n ∈ N,

dn,w(x) =
n∑

l=1

∞∑
k=0

1

2

4l

l

(
w
2
(k + x)

n− l

)
(−4)n−l.

It is natural to look for for a relationship between Daehee numbers and w-Catalan–Daehee

numbers. For this, substituting 1−(1+t0)
2
w

4
instead of t in the definition of w-Catalan–Daehee

numbers (8), the left side becomes
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1
2
log

(
1− 4

(
1−(1+t)

2
w

4

))
√(

1− 4

(
1−(1+t)

2
w

4

))w

− 1

=
1
w
log(1 + t)

t
=
∞∑
n=0

Dn

w

tn

n!
, (11)

and the right side becomes

∞∑
l=0

dl,w

(
1− (1 + t0)

2
w

4

)l

=
∞∑
l=0

dl,w
4l

l∑
k=0

(−1)k(1 + t)
2
w
k

=
∞∑
l=0

dl,w
4l

l∑
k=0

(−1)k
∞∑
i=0

(
2
w
k

i

)
ti

=
∞∑
n=0

(
∞∑
l=0

l∑
k=0

dl,w
4l

(−1)k
(

2
w
k

n

))
tn.

(12)

From (11) and (12), we get the following

Proposition 3. For any w, n ∈ N,

Dn = w
∞∑
l=0

l∑
k=0

dl,w
4l

(−1)k
(

2
w
k

n

)
.

To observe relations between Catalan numbers and w-Catalan–Daehee numbers, substitute
1−(2+

√
1−4t)

2
w

4
for t in the definition of w-Catalan–Daehee numbers.

1
2
log

(
1− 4

(
1−(2+

√
1−4t)

2
w

4

))
√(

1− 4

(
1−(2+

√
1−4t)

2
w

4

))w

− 1

=
1
w
log
(
2 +
√
1− 4t

)
1 +
√
1− 4t

= − 1

2w

∞∑
k=1

(−1)k

k
(1 +

√
1− 4t)k

∞∑
m=0

Cmt
m

= − 1

2w

∞∑
k=1

(−1)k

k

k∑
l=0

(
k

l

)
(1− 4t)

l
2

∞∑
m=0

Cmt
m

= − 1

2w

∞∑
k=1

(−1)k

k

k∑
l=0

(
k

l

) ∞∑
i=0

(
l
2

i

)
(−4t)i

∞∑
m=0

Cmt
m

= − 1

2w

∞∑
k=1

(−1)k

k

k∑
l=0

(
k

l

) ∞∑
j=0

j∑
i=0

(
l
2

i

)
(−4)iCj−it

j

=
∞∑
n=0

(
∞∑
k=1

k∑
l=0

n∑
i=0

1

2w

(−1)i+k+1

k

(
k

l

)(
l
2

i

)
(−4)iCn−i

)
tn.

(13)
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And the right side becomes

∞∑
k=0

dn,w

(
1− (2 +

√
1− 4t)

2
w

4

)k

=
∞∑
k=0

dn,w
4k

k∑
l=0

(−1)l(1 +
√
1− 4t)

2
w
l

=
∞∑
k=0

dn,w
4k

k∑
l=0

(−1)l
∞∑
i=0

(
2
w
l

i

)
(1− 4t)

i
2

=
∞∑
k=0

dk,w
4k

k∑
l=0

(−1)l
∞∑
i=0

(
2
w
l

i

) ∞∑
j=0

(
i
2

j

)
(−4t)j

=
∞∑
n=0

(
∞∑
k=0

dk,w
4k

k∑
l=0

∞∑
i=0

(−1)n+l4n
(

2
w
l

i

)(
i
2

j

))
tn

(14)

From the equation (13) and (14), we have the following identity between the Catalan and
w-Catalan–Daehee numbers.

Proposition 4. For any w, n ∈ N,

∞∑
k=1

k∑
l=0

n∑
i=0

1

2w

(−1)i+k+1

k

(
k

l

)(
l
2

i

)
(−4)iCn−i =

∞∑
k=0

dk,w
4k

k∑
l=0

∞∑
i=0

(−1)n+l4n
(

2
w
l

i

)(
i
2

j

)
.

3 Symmetric identities of Catalan–Daehee numbers

Let p be a fixed prime number. Throughout this paper, Zp, Qp and Cp will denote the ring of
p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of
Qp. The p-adic norm | · |p is normalized as |p|p = 1

p
. Let f(x) be a uniformly differential function

f : Zp → Cp, the p-adic invariant integral I1(f) is given by

I1(f) =

∫
Zp

f(x)dµ(x)

= lim
N→∞

1

pN

pN−1∑
x=0

f(x),

(see [1, 2, 4, 6, 8, 11, 17, 20].
By taking f1(x) = f(x+ 1), the following integral equation is well-known

I1(f1) = I1(f) + f ′(0),

where f ′(0) = df(x)
dx

∣∣∣
x=0

.
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Note that ∫
Zp

(1− 4t)
w(x+y)

2 dµ(y) =
1
2
log(1− 4t)√
(1− 4t)w − 1

(1− 4t)
wx
2

=
∞∑
n=0

dn,w(x)t
n

and since ∫
Zp

(1− 4t)
w(x+y)

2 dµ(y) =

∫
Zp

∞∑
n=0

(w(x+y)
2

n

)
(−4t)ndµ(y)

=
∞∑
n=0

∫
Zp

(w(x+y)
2

n

)
dµ(y)(−4t)n,

we have ∫
Zp

(w(x+y)
2

n

)
dµ(y) =

(−1)n

4n
dn,w(x).

Let us observe that

2

w log(1− 4t)

(∫
Zp

(1− 4t)
w(x+n)

2 dµ(y)−
∫
Zp

(1− 4t)
wx
2 dµ(y)

)

=
n−1∑
i=0

(1− 4t)
wi
2

=
n−1∑
i=0

∞∑
k=0

(
wi

2

)k
1

k!
(log(1− 4t))k

=
n−1∑
i=0

∞∑
k=0

(
wi

2

)k ∞∑
m=k

S1(m, k)(−4)m
tm

m!

=
∞∑

m=0

(−1)m
m∑
k=0

wk

n−1∑
i=0

ik22m−kS1(m, k)
tm

m!

=
∞∑

m=0

(
m∑
k=0

wk

n−1∑
i=0

ik22m−k |S1(m, k)|

)
tm

m!
,

(15)

where S1(m, k) denote the Stirling numbers of the first kind, so |S1(m, k)| mean the unsigned
Stirling numbers of the first kind.

For simplicity, from now on we use Sk(n) to denote
∑n−1

i=0 i
k and

Tm(n,w) =
m∑
k=0

wkSk(n)2
2m−k |S1(m, k)| .

Then the equation (15) becomes

2

w log(1− 4t)

(∫
Zp

(1− 4t)
w(x+y)

2 dµ(y)−
∫
Zp

(1− 4t)
wx)
2 dµ(y)

)

=
∞∑

m=0

Tm(n,w)
tm

m!
.

(16)
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For w1, w2 ∈ N, we set

I(m)(w1w2) =

∫
Zm
p
(1− 4t)

w1(
∑

m x+w2x)

2 dx
∫
Zm
p
(1− 4t)

w2(
∑

m x+w1x)

2 dx∫
Zp
(1− 4t)

w1w2
2

xdx
, (17)

where
∫
Zm
p
f(x1, x2, · · · , xm)dx =

∫
Zp
· · ·
∫
Zp
f(x1, x2, · · · , xm)dx1dx2 · · · dxm and∑

m x = x1 + x2 + · · ·+ xm.
Note that I(m)(w1, w2) is symmetric in w1 and w2.
From (17), we have

I(m)(w1, w2) =

(∫
Zm
p

(1− 4t)
w1(

∑
m x)

2 dx

)
(1− 4t)

w1w2x
2

×

(∫
Zp
(1− 4t)

w2xm
2 dxm∫

Zp
(1− 4t)

w1w2
2

xdx

)

×

(∫
Zm−1
p

(1− 4t)
w2(

∑
m−1 x)
2 dx1dx2 · · · dxm−1

)
(1− 4t)

w1w2y
2 .

It is not difficult to show that

2

w log(1− 4t)

(∫
Zp

(1− 4t)
w(x+n)

2 dx−
∫
Zp

(1− 4t)
wx)
2 dx

)

=
n
∫
Zp
(1− 4t)

wx
2 dx∫

Zp
(1− 4t)

nwx
2 dx

=
∞∑
k=0

Tk(w)
tk

k!
,

and

(1− 4t)
w1w2

2
x

∫
Zm
p

(1− 4t)
w1(

∑
m x)

2 dx

=

(
w1

2
log(1− 4t)

(1− 4t)
w1
2 − 1

)m

(1− 4t)
w1w2

2
x

=
∞∑
n=0

d(m)
n,w1

(w2x)t
n.

Note that

∞∑
n=0

d(m)
n,w1

(w2x)t
n =

( w
2
log(1− 4t)

(1− 4t)
wx
2 − 1

)m

(1− 4t)
wx
2

=

(
∞∑
l=0

d
(m)
l,w t

l

)(
∞∑
k=0

(
wx
2

k

)
(−4)ktk

)

=
∞∑
n=0

(
n∑

k=0

(
wx
2

k

)
(−1)k22kd(m)

n−k,w

)
tn.
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Hence

d(m)
n,w(x) =

n∑
k=0

(
wx
2

k

)
(−1)k22kd(m)

n−k,w.

From (17), we have

I(m)(w1, w2) =

(
∞∑
l=0

d
(m)
l,w1

(w2x)t
l

)(
∞∑
k=0

Tk(w1;w2)
tk

k!

)(
∞∑
i=0

d
(m−1)
l,w1

(w1y)t
i

)
1

w1

=
1

w1

(
∞∑
l=0

d
(m)
l,w1

(w2x)t
l

)(
∞∑
j=0

(
j∑

k=0

Tk(w1;w2)

k!
d
(m−1)
j−k,w2

(w, y)

)
ti

)

=
∞∑
l=0

(
1

w1

∞∑
j=0

j∑
k=0

Tk(w1;w2)

k!
d
(m−1)
j−k,w2

(w, y)d
(m)
n−j,w1

(w2x)

)
tn

On the other hand, by the symmetric property of I(m)(w1, w2).

I(m)(w2, w1) =

(∫
Zm
p

(1− 4t)
w2(

∑
m x)

2 dx

)
(1− 4t)

w1w2x
2

×

(∫
Zp
(1− 4t)

w1xm
2 dxm∫

Zp
(1− 4t)

w1w2
2

xdx

)

×

(∫
Zm−1
p

(1− 4t)
w1(

∑
m−1 x)
2 dx1dx2 · · · dxm−1

)
(1− 4t)

w1w2y
2

=

(
∞∑
l=0

d
(m)
l,w2

(w1x)t
l

)(
1

w2

∞∑
k=0

Tk(w2;w1)
tk

k!

)

×

(
∞∑
i=0

d
(m−1)
i,w2

(w2y)t
i

)

=
1

w2

(
∞∑
l=0

d
(m)
l,w2

(w1x)t
l

)(
∞∑
j=0

(
j∑

k=0

Tk(w2;w1)

k!
d
(m−1)
j−k,w2

(w2y)

)
tj

)

=
∞∑
n=0

(
1

w2

n∑
j=0

j∑
k=0

Tk(w2;w1)

k!
d
(m)
n−j,w2

(w1x)d
(m−1)
j−k,w2

(w2y)

)
tn.

Therefore, by the symmetric property of I(m)(w1, w2) in w1 and w2, we obtain the following
theorem.

Theorem 5. For m,w1, w2 ∈ N, n ≥ 0, we have

1

w1

∞∑
j=0

j∑
k=0

Tk(w1;w2)

k!
d
(m−1)
j−k,w2

(w, y)d
(m)
n−j,w1

(w2x)

=
1

w2

n∑
j=0

j∑
k=0

Tk(w2;w1)

k!
d
(m)
n−j,w2

(w1x)d
(m−1)
j−k,w2

(w2y).
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Now we observe that

I(m)(w1, w2) =

(∫
Zm
p

(1− 4t)
w1(

∑
m x)

2 dx

)
(1− 4t)

w1w2x
2

×

(∫
Zp
(1− 4t)

w2xm
2 dxm∫

Zp
(1− 4t)

w1w2
2

xdx

)

×

(∫
Zm−1
p

(1− 4t)
w2(

∑
m−1 x)
2 dx1dx2 · · · dxm−1

)
(1− 4t)

w1w2y
2

=
1

w1

(∫
Zm
p

(1− 4t)
w1(

∑
m x)

2 dx

)
(1− 4t)

w1w2x
2

(
w1−1∑
i=0

(1− 4t)
w2i
2

)

×

(∫
Zm−1
p

(1− 4t)
w2(

∑
m−1 x)
2 dx1dx2 · · · dxm−1

)
(1− 4t)

w1w2y
2

=
1

w1

w1−1∑
i=0

(∫
Zm
p

(1− 4t)
w1(

∑
m x+w2

w1
i+w2x)

2 dx

)

×

(∫
Zm−1
p

(1− 4t)
w2(

∑
m−1 x)
2 dx1dx2 · · · dxm−1

)

=
1

w1

(
w1−1∑
i=0

∞∑
k=0

d
(m)
k,w1

(w2x+
w2

w1

i)tk

)(
∞∑
l=0

d
(m−1)
l,w2

(w1y)t
l

)

=
∞∑
n=0

(
1

w1

n∑
k=0

w1−1∑
i=0

d
(m)
k,w1

(w2x+
w2

w1

i)d
(m−1)
n−k,w2

(w1y)

)
tn

On the other hand, we set

I(m)(w2, w1) =

(∫
Zm
p

(1− 4t)
w2
2
(
∑

m x)dx

)
(1− 4t)

w1w2
2

x

(∫
Zp
(1− 4t)

w1
2
xmdxm∫

Zp
(1− 4t)

w1w2
2

xdx

)

×

(∫
Zm−1
p

(1− 4t)
w1
2
(
∑

m−1 x)dx1dx2 · · · dxm−1

)
(1− 4t)

w1w2
2

y

=
1

w2

(∫
Zm
p

(1− 4t)
w2
2
(
∑

m x)dx

)
(1− 4t)

w1w2
2

x

(
w2−1∑
i=0

(1− 4t)
w1
2
i

)

×

(∫
Zm−1
p

(1− 4t)
w1
2
(
∑

m−1 x+w2y)dx1dx2 · · · dxm−1

)

=
1

w2

w2−1∑
i=0

(∫
Zm
p

(1− 4t)
w2
2
(
∑

m x+w1
w2

i+w1x)dx

)

×

(∫
Zm−1
p

(1− 4t)
w1
2
(
∑

m−1 x+w2y)dx1dx2 · · · dxm−1

)
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=
1

w2

(
w2−1∑
i=0

∞∑
k=0

d
(m)
k,w2

(w1x+
w1

w2

i)tk

)(
∞∑
l=0

d
(m−1)
l,w1

(w2y)t
l

)

=
∞∑
n=0

(
1

w2

n∑
k=0

w2−1∑
i=0

d
(m)
k,w2

(w1x+
w1

w2

i)d
(m−1)
n−k,w1

(w2y)

)
tn.

Therefore, by the symmetric property of I(m)(w1, w2) in w1 and w2, we obtain the following
theorem.

Theorem 6. For w1, w2,m ∈ N and n ≥ 0, we have

1

w1

n∑
k=0

w1−1∑
i=0

d
(m)
k,w1

(w2x+
w2

w1

i)d
(m−1)
n−k,w2

(w1y)

=
1

w2

n∑
k=0

w2−1∑
i=0

d
(m)
k,w2

(w1x+
w1

w2

i)d
(m−1)
n−k,w1

(w2y).

Remark. Let y = 0 and m = 1, then we note that

1

w1

w1−1∑
i=0

dk,w1(w2x+
w2

w1

i)

=
1

w2

w2−1∑
i=0

dk,w2(w1x+
w1

w2

i)

Taking w2 = 1, we have

dk(w1x) =
1

w1

w1−1∑
i=0

dn,w−1(x+
1

w1

i).

4 Results and discussion

In this paper, we have defined the w-Catalan–Daehee polynomials and numbers,

1
2
log(1− 4t)√
(1− 4t)w − 1

(1− 4t)
w
2
x =

∞∑
n=0

dn,w(x)t
n.

These are closely related Catalan, Daehee and Catalan–Daehee numbers. In Proposition 2, we
gave an explicit formula for the w-Catalan–Daehee polynomials. In Propositions 1 and 3, we give
relations between the w-Catalan–Daehee and Daehee numbers. Proposition 4 expresses a relation
between the w-Catalan–Daehee and Catalan numbers.

In Section 3, we gave explicit expression for symmetric identities of the w-Catalan–Daehee
polynomials, which are derived from p-adic invariant integral on Zp.
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5 Conclusion

In this paper, we defined and investigated the symmetric property of the w-Catalan–Daehee poly-
nomials. In addition, by using the p-adic integral on Zp, we explicitly showed that the w-Catalan–
Daehee polynomials have symmetric identities from the p-adic invariant integral on Zp.
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