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1 Introduction

In combinatorial mathematics, the Catalan numbers form a sequence of natural numbers that
occur in various counting problems, often involving recursively defined objects. The n-th Catalan
numbers are defined in the terms of binomial coefficients which are given by

1 (2 (2n)! fyn+k
Cn_n+1(n)_m_n k (n 2 0).

The generating function of Catalan number is given by

1— V14t 2

2t 141 — 4t

In addition, the Catalan polynomials are also defined by the generating function to be

= Cut", (see [12,15,25)). (D
n=0

2
1—1—\/1—

It is easy to show that the expression of v/1 4 ¢ is given by

- S () ()

k=0

1—4t)% = ZC (see [10, 14]).

Replacing ¢ by —4t in (2), we have the generating function of Catalan numbers (1),

VI—di=1-2%" (Qm) L
m
m=0

m+1

=1-2 i Cpt™ L,
m=0

It is well known that the Daehee numbers, denoted by D,,, are defined by the generating

function

o0

log1+t ZD 3)

Even though the Daehee numbers are easily calculated as D,, = (—1)" +1, they play impor-
tant roles in connecting relationships between special numbers (see [3,5,7,9, 18,20-25]).
The Catalan—Daehee numbers are defined by assigning v/1 — 4¢ — 1 instead of ¢ in the defini-

tion of Daehee numbers (3), as follows:

+log(1 —

m Zd " (see [3, 14]). 4)
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From (4), we note that

1 log(1 — 4t)

1 o0 o .
\/1— 4t —1 5; (2_2;)0"”5 +1>

— <1 o i Cmthrl)
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1 Z
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From (4) and (5), we can derive the following equation (6)

1, ifn =20,

4m n—1 4n—m-1 .

n+1 Zm*() n—m Cm’ iftn > 17
4n m

:—Z 1 cr _,, foralln >0,
n—m

n

(6)

where
—1 if m =0,
Cmfl if m > 1.

Cr_q =

m—1

From the generating function (1), a kind of generalization of the Catalan numbers, the so
called w-Catalan numbers are introduced in [10], as follows:

2 v,
— At)3® § j .
1+4/(1 —4t)“’< g Crl "

Recently, a group of mathematicians studied the symmetric identities of special polynomials
which are derived from the p-adic invariant integral on Z, (see [1,2,4,6,8,11,17,20]).

In this paper, we define w-Catalan—-Daehee polynomials and numbers. We give some iden-
tities for w-Catalan—Daehee polynomials and numbers. In addition, we give some new explicit
expression for w-Catalan—Daehee numbers which are derived from p-adic integrals on Z,,.

2 The w-Catalan—-Daehee polynomials

For w € N, we define the w-Catalan—Dacehee polynomials, d,, .,(x), using the generating func-

tion, as follows:
2 — 4t) El A ) (8)
1" Z

Note that lim,, 1 dp,w(z) = dy(z),(n > 0), and we call d,,, = d, ., (0) w-Catalan-Dachee
numbers.
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From the definition of w-Cataln-Daehee numbers and Daehee numbers,

:log(1 — 4t) Llog ((1—4t)2 —1+41)
(1—4t)yw —1 (1—4t)2 —1

liDn((l — 4ty —1)'

il
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1 S Dy (1 wpr
SRS (s wrcr
1=0 k=0
1 00 Dn I oo wJ. A -
:EZ_' Z()( ) (—4t)i(—=1)!F
l k=0 ¢

S (L r e ()()e)

n

From the equation (8) and (9), we have a relation between the w-Catalan—Daehee and Daehee
numbers.

Proposition 1. For any w,n € N,

1 S . AV
o= 2 20 () ()

0

The following can be obtained from the definition of the w-Catalan—Daehee polynomials.

Llog(1 — 4t) we 1 <= 4 = wp
2 (1—4)% = (> | [ D (1 -4 | (1-41)
(1—4t)w—1 2! k=0
S\ 2 l
=1 k=0 (10)
1 - 4ll o g}(k—i_x) 141
(L0 ZZ( Z )< 1)t
=1 k=0 =0
(=14 (kA x)
_ — 2 _ 4\n—l n
(T (U )
n=0 =1 k=0

The equation (10) gives us an explicit formula for the w-Catalan—Daehee polynomials.

Proposition 2. For any w,n € N,

It is natural to look for for a relationship between Daehee numbers and w-Catalan—Daehee

(1+to)

numbers. For this, substituting instead of ¢ in the definition of w-Catalan—Daehee

numbers (8), the left side becomes
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%log (1—4(%

” - t - w 57 (11)
[y
and the right side becomes
00 ! oo l
1—(14to)w dyu 2
S () < o
1=0 1=0 k=0
=SSy (w, )tz (12)
1=0 k=0 im0 N\ '
0 oo 1
> (Tt ()
]
n=0 (lO k=0 n

From (11) and (12), we get the following
Proposition 3. For any w,n € N,

D, = wiz dj‘—’lw(—n’f(%f).

l
=0 k=0

To observe relations between Catalan numbers and w-Catalan—Daehee numbers, substitute

2
1=@4vi—aw V41_4t)w for ¢ in the definition of w-Catalan—Daehee numbers.

1 1— (24120
5 log (1 -4 < 7 ))
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And the right side becomes

idw (1 — 2+ V1 —4t)i>k

4

= i s (=11 + VT —dt)!

k 00 2

IS EIDY @l) (1 — 4t} (14)

From the equation (13) and (14), we have the following identity between the Catalan and

w-Catalan—Daehee numbers.

Proposition 4. For any w,n € N,

233 () (rve S n s e ()()

3 Symmetric identities of Catalan—Daehee numbers

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will denote the ring of
p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of
Q,. The p-adic norm | - |, is normalized as |p|, = ]l). Let f(x) be a uniformly differential function
f : Z, — C,, the p-adic invariant integral [;(f) is given by

Li(f) = : f(@)du(z)

—1im — 3 f(@),

N—>oop o
r=

(see[1,2,4,6,8,11,17,20].
By taking fi(x) = f(x + 1), the following integral equation is well-known

L(fi1) = L(f)+ f(0),
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Note that

(1—4t)yr —1
= dpu(2)t"
n=0
and since
(a+v) =, [ulety)
[ a0 = [ (73 )
Zp Zp n=0 n
0 w(z+y)
= > )du(y)(—4t)",
> / ( ) dut) (-1
we have

Let us observe that

wlog(i —4t) (/Z (1- 4t>wdﬂ(y> - /Z (1- 4t)w2mdll(y))

n—1
=) (1—4t)7
=0
il 'UJZ k 1 k
= — | — (log(1 — 4t
22(2) L (tog(1 - a1)
n—1 oo ’U)Z k oo tm (15)
-3 () Ssimpe-art
i=0 k=0 m=
m n—1 tm
= Z(—l)mek i*22mE S (m, k) '
m=0 k=0 i=0 ’
- - kn_l ko2m—k "
= Zw ZZ 2 |Sl(m7k)| _'7
m=0 \ k=0 i=0 m:

where S;(m, k) denote the Stirling numbers of the first kind, so |S;(m, k)| mean the unsigned
Stirling numbers of the first kind.
For simplicity, from now on we use Si(n) to denote >/ i* and

Ton(n,w) =Y wkSi(n)2°™* Sy (m, k)|
k=0

Then the equation (15) becomes

m ( / @ —40)" T dp(y) - / (- 4t>“’2’”du<y)) »



For wq, wy € N, we set

me(l o 4t) w1(2m2x+wzr) dx me(l B 4t) w2(2m2x+w1fﬂ)dx
I(m) (wle) = e 2

Jo, (1= 46) 757" da ’
where [, f(z1, @2, -+, Zp)dx = pr - pr flxy,ma, - x)drydy - - - day,

Yo X=T1+ T+ A+ Ty
Note that 1™ (wy, ws) is symmetric in w; and w.
From (17), we have

1 (wy, ws) = </ (1— a)™ 5™ dx) (1— 4t)"5=
zp
(fZ (1—4t)~2" dxm)
X P

Jo (1= 4) 757 da

wa (3 m—1%) wqwoY
X (/ (1 — 4t) 2 d(lfldl’g s dl‘m_1> (]_ — 4t> 122 .
A

It is not difficult to show that

2 w(z+n) wzx)
_ 1—4t dx — 1—4t) =2 d
wlog(1 — 4¢t) (/Zp( ) de /Zp( ) a:)
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nwe

T (-4 da

and

Note that

(17)

and



Hence

k=0 i=0 1

00 . 00 tk 00 . ' 1
I(m)(wl,wg) = (Z dl(,w)l (’wgl’)tl) (Z Tk<w1,w2)g> (Z dl(,wl 1)(w1y)t’> w—

- wil (Z dl(,Tv)l (ng)tl> (Z (Z W%Wk_’& (w, y)> tz‘)

j=0 \k=0
00 1 0 g Tk(’wl, w?) m—1 m n
- <_ Z L dg—k,w)Q (w, y)d;_)j,wl (wox) |

On the other hand, by the symmetric property of ™ (w, w,).

I (wy,wy) = ( / (1—40)™5" dx) (1—41)7%"
Zy'

fz (1- 4t)wl§m dm
X - wiwo
pr(l —4t) "z *dx

w (Zm—l x) wiwoy
X / (1—4t) = dxydzy- - da:m_l) (1—4t)" =
A

0
R > T (wo; w1) (m— ,
_ (m) l E\W2; W) (m—1)
= (Z Ll Wﬂ)t) (Z (Z dek,wz(wzy)) tj)
00 1 n J T(’LU “w . . i
=2 (w—2 Yoy 1>.d;>j,w2<w1m>d§k,&(wzy)) .

Therefore, by the symmetric property of 1™ (wy, ws) in w; and w,, we obtain the following
theorem.

Theorem 5. For m,w;,ws € N,n > 0, we have

1 S Ti(ws; ws) o m
o Z k(w17w2)d( 1) (U)?y)d( ) (UJQI)
7=0 Kk

wy —~ k! j—k,w2 n—j,wi

n

1 ; _
k(wQ’wl)d(m) (wll’)d(m 1) (w2y>

k! n—j,wa j—k,w2

1
2520 k=0
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Now we observe that

10 (wy, ws) = (/ (1 — 4t)™ 5 dx ) (1— 4t)"*
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On the other hand, we set
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wa—1 oo o)
— ( de vy (W17 + — 1 )tk> (Z dz(zl_l)(ww)tl)
W2

1=0 k=0 =0
n

o0 1 wa—1 m m
-3 (L3 v 20 o))

Wa °
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Therefore, by the symmetric property of 1™ (wy, ws) in w; and w,, we obtain the following
theorem.

Theorem 6. For w,wy, m € N andn > 0, we have

n wi—1
_Z > dkw1 w2x+ )d( ku))g(wly)
W10 im0
n wy—1
kwg wl‘r—'— ) n— kwl(wa)
k 0 =0

Remark. Let y = 0 and m = 1, then we note that

1 e w
U)_ Z dk,wl (’LUQJZ' + w—ZZ)
13 1
wo—1
= 1 Z ey (W1 + —lz)
(0] i—0 W
Taking ws = 1, we have
1 1
d dnw -
k(wlx W ; 1 $ + wll)

4 Results and discussion

In this paper, we have defined the w-Catalan—Daehee polynomials and numbers,

3 log( ) 1 — 4¢)%° Zdnw
(1—4t)w—1

These are closely related Catalan, Daehee and Catalan—Daehee numbers. In Proposition 2, we
gave an explicit formula for the w-Catalan—Daehee polynomials. In Propositions 1 and 3, we give
relations between the w-Catalan—-Daehee and Daehee numbers. Proposition 4 expresses a relation
between the w-Catalan—Daehee and Catalan numbers.

In Section 3, we gave explicit expression for symmetric identities of the w-Catalan—Daehee
polynomials, which are derived from p-adic invariant integral on Z,,.
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Conclusion

In this paper, we defined and investigated the symmetric property of the w-Catalan—Daehee poly-

nomials. In addition, by using the p-adic integral on Z,, we explicitly showed that the w-Catalan—

Daehee polynomials have symmetric identities from the p-adic invariant integral on Z,,.

Acknowledgement

This research was supported by Basic Science Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education (2018-01-019).

References

(1]

(2]

(3]

(4]

[5]

[6]

[7]

[8]

[9]

[10]

Choi, S. (2018) Linear symmetry of the modified g-Euler polynomials. Adv. Stud. Contemp.
Math. (Kyungshang), 28 (2), 201-206.

Choit, S., Kim, T., Kwon, H.-1., & Kwon, J. (2018) Quadratic symmetry of modified ¢g-Euler
polynomials, Adv. Difference Equ., Paper No. 38, 9 pages.

Dolgy, D. V., Jang, G.-W., Kim, D. S., & Kim, T. (2017) Explicit Expressions for Catalan—
Daehee numbers, Proc. Jangjeon Math. Soc., 20(1), 1-9.

Duran, U., Acikgoz, M., & Araci, S. (2015) Symmetric identities involving weighted ¢-
Genocchi polynomials under S,. Proc. Jangjeon Math. Soc., 18 (4), 455-465.

El-Desouky, B. S., & Mustafa, A. (2016) New results on higher-order Daehee and Bernoulli
numbers and polynomials, Adv. Difference Equ., 2016, Paper No. 32, 21 pages.

He, Y. (2013) Symmetric identities for Carlitz’s ¢-Bernoulli numbers and polynomials. Adv.
Difference Equ., 2013:246, 10 pages.

Jang, G.-W., Kwon, J., & Lee, J. G. (2017) Some identities of degenerate Daechee numbers
arising from nonlinear differential equation. Adv. Difference Equ., 2017, Paper No. 206, 10

pages.
Jang, L.-C. (2011) A family of Barnes-type multiple twisted q -Euler numbers and polyno-

mials related to Fermionic p-adic invariant integrals on Z,,, J. Comput. Anal. Appl., 13 (2),
376-387.

Khan, W. A., Nisar, K. S., Duran, U., Acikgoz, M., & Araci, S. (2018) Multifarious implicit
summation formulae of Hermite-based poly-Daehee polynomials, Appl. Math. Inf. Sci., 12
(2), 305-310.

Kim, D. S., & Kim, T. (2017) Triple symmetric identities for w-Catalan polynomials, J.
Korean Math. Soc., 54 (4), 1243-1264.

110



[11] Kim, D. S., Lee, N., Na, J., & Park, K. H. (2012) Identities of symmetry for higher-order
Euler polynomials in three variables (I). Adv. Stud. Contemp. Math. (Kyungshang), 22 (1),
51-74.

[12] Kim, T. (2016) A note in Catalan numbers associated with p-adic integral in Z,, Proc.
Jangjeon Math. Soc., 19 (3), 493-501.

[13] Kim, T., & Kim, D. S. (2017) Differential equations associated with Catalan—-Daehee num-
bers and their applications, Revista de la Real Academia de Ciencias Exactas, Fisicas y
Naturales. Serie A. Matematicas 111 (4), 1071-1081.

[14] Kim, T., Kim, D. S., & Seo, J.-J. (2016) Symmetric identities for an analogue of Catalan
polynomials, Proc. Jangjeon Math. Soc., 19 (3), 515-521.

[15] Koshy, T. (2009) Catalan Numbers with Applications. Oxford University Press, Oxford.

[16] Kwon, J., Sohn, G., & Park, J.-W. (2018) Symmetric identities for (h, ¢)-extensions of
the generalized higher order modified ¢-Euler polynomials. J. Comput. Anal. Appl., 24 (8),
1431-1438.

[17] Lim, D., Kwon, J. (2016) A note on poly-Daehee numbers and polynomials. Proc. Jangjeon
Math. Soc., 19 (2), 219—224.

[18] Liu, C., & Wuyungaowa, W. (2018) Application of probabilistic method on Daehee se-
quences, Eur. J. Pure Appl. Math., 11 (1), 69-78.

[19] Moon, E.-J., Rim, S.-H., Jin, J.-H., & Lee, S.-J. (2010) On the symmetric properties of
higher-order twisted ¢-Euler numbers and polynomials, Adv. Difference Equ., 2010, Art. ID
765259, 8 pages.

[20] Park, J.-W. (2016) On the A\-Daehee polynomials with g-parameter. J. Comput. Anal. Appl.,
20 (1), 11-20.

[21] Pyo, S.-S., Kim, T., & Rim, S.-H. (2017) Identities of the degenerate Daechee numbers with
the Bernoulli numbers of the second kind arising from nonlinear differential equation, J.
Nonlinear Sci. Appl., 10, 6219-6228.

[22] Pyo, S.-S., Kim, T., & Rim, S.-H. Degenerate Daehee numbers of the third kind (submitted).

[23] Simsek, Y. (2017) Identities on the Changhee numbers and Apostol-type Daehee polynomi-
als, Adv. Stud. Contemp. Math. (Kyungshang), 27 (2), 199-212.

[24] Simsek, Y., & Yardimci, A. (2016) Applications on the Apostol-Daehee numbers and poly-
nomials associated with special numbers, polynomials, and p-adic integrals. Adv. Difference
Equ., 2016, Paper No. 308, 14 pages.

[25] Stanley, R. P. (2015) Catalan numbers. Cambridge University Press, New York.

111



