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1 Introduction

The quaternions are a number system that extends the complex numbers. They were first de-
scribed by the Irish mathematician William Rowan Hamilton in 1843. Hamilton [7] introduced
the set of quaternions which can be represented as

H={g=q@+iq+je+kae| q ¢, ¢ <R} (D)
where



Several authors worked on different quaternions and their generalizations (see [1,3-6,9, 10,
12,13, 16]). In 1963, Horadam [10, 11] firstly introduced the n-th Fibonacci quaternion and
generalized Fibonacci quaternions, which can be represented as

Hrp={Q,=F,+iF,.1+j Foio+kF, 3 | F,, n-thFibonacci number, } (2)
where

= =kP=ijk=—1, ij=—ji=k,jk=—kj=i,ki=—ik=]j
and n > 1.

In 1969, Iyer [12, 13] derived many relations for the Fibonacci quaternions. Also, in 1973,
Swamy [16] considered generalized Fibonacci quaternions as a new quaternion as follows:

P,=H,+1H,1+j Hypo+kHpypps 3)
where
H,=H, 1+ H, -,
Hy=p Hy=p+gq,
or
Hy=p—q)F,+qF, n>1
Here, H,, is the n-th generalized Fibonacci number that defined in [10] (see [16] for general-
ized Fibonacci quaternions).
Clifford [3] published his work on dual numbers in 1873. The dual numbers extend to the real
numbers has the form
d=a+¢ea”

where ¢ is the dual unit and €2, ¢ # 0. In 2009, Ata and Yayl [2] defined dual quaternions with
dual numbers (a +eb, a,b € R, 2 =0, ¢ # 0) coefficient as follows:

HD)={Q=A+Bi +Cj +Dk | A,B,C,DeD,? ==k =-1=ijk} &
In 2014, Nurkan and Giiven [15] defined dual Fibonacci quaternions as follows:
HD) ={Qn = F 4 iEy1 + jFuo + kFy 3| Fy = F, +€F,y1, €€ =0,e 0}, (5)
where
==k =ijk=—1, ij=—ji=k, jk=—kj=i,ki=—ik=j

n > 1 and Qn = @, + Q.. Essentially, these quaternions in equations (4) and (5) must
be called dual coefficient quaternion and dual coefficient Fibonacci quaternions, respectively.
Majernik [14] defined dual quaternions as follows:

i Q=a+bi+cj+dk]| a,b,c,deR, i*=2=k*=ijk=0, ©
v ij——ji=jk=—kj—ki=—ik=0 '
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For more details on dual quaternions, see [4].
It is clear that H (D) and Hp are different sets.
In 2016, Yiice and Torunbalc1 Aydin [17] defined dual Fibonacci quaternions as follows:

Hy={Q.,=F,+iF,1+j Foio+kF, 3 | F,, n-th Fibonacci number}, (7

where

The Lucas sequence (L,) and DL which is the n-th term of the dual Lucas quaternion se-
quence (DZ) are defined by the following recurrence relations:

Lyio=1Lpi+ Ly, Vn >0 )
Lo=2,1,=1
and
DY =L,4iLy+jLyis+kLpis, )

==k =ijk=0.

In 2016, Yiice and Torunbalc1 Aydin [18] defined the generalized dual Fibonacci quaternions
by using generalized Fibonacci numbers as follows

Qp={Dn=H,+iH,1+j Hyyo+ k H,3 | H,, n-th Generalized Fibonacci number},

(10)
where
==k =ijk=0, ij=—ji=jk=—kj=ki=—ik=0.
where H,, is the n-th generalized Fibonacci number that defined in [10]
Hy= q Hi=p Hy=p+¢q, pg€Z
H,= H,_ H, ) > 2
1+ Tnay 1 11

or
Hy= (p—@)Fa+ gl
Also, in 2016, Yiice and Torunbalc1 Aydin [19] defined the generalized dual Fibonacci se-
quences as follows:

Do= g+eq, Di=p+ep+q),Do=(p+q)+c2p+q), p¢€Z
Dn: Dn—l_'_]D)n—Z; n>2

or
D,= (p—q+eq)Fn+ (q+ep) Frpa.

(12)

In this paper, we will define the generalized dual Fibonacci quaternions with dual coefficient
as follows:

Qp = {Dy = (Hy + & Hyp1) + i (Hoiy + € Hyyo) + 5 (Hyso + € Hyyo) + k (Hyis + € Hyys) |

H,,, n-th Generalized Fibonacci number}
(13)
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where
==k =ijk=0, ij=—ji=jk=—kj=ki=—ik=0

and n > 1.
Also, we will give Binet’s Formula and Cassini identities for the generalized dual Fibonacci
quaternions with dual coefficient.

2 Generalized dual Fibonacci quaternions
with dual coefficient

The generalized dual Fibonacci sequence D, is defined as [19]

D,= {H,+¢cH,1,e*=0,¢+#0}
or . (14)
D,= (p—q+eq)Fn+ (¢+ep) Fopr.

where the elements of the generalized dual Fibonacci sequence are

Dn): ptelp+q), P+a)+e@p+q), ..., (p—q+eq) F+(q+ep) Furr,... (15)
The generalized dual Fibonacci quaternion (Jp, is defined as [18]

QD:{Dn:Hn+ZHn+1 +an+2 +an+3 ’

(16)
H,,, n-th Generalized Fibonacci number}

where
==k =ijk=0, ij=—ji=jk=—-kj=ki=—ik=0.
We can define the generalized dual Fibonacci quaternions with dual coefficient by using gen-
eralized dual Fibonacci numbers as follows
ﬁ; = {<Hn +e€ Hn+1) +1 (Hn+1 +e€ Hn+2) +7 (Hn+2 + 5Hn+3) +k (Hn+3 +€ Hn+4) ’

(17)
H,,, n-th Generalized Fibonacci number}

where
P=2=k=ijk=0, ij=—ji=jk=—kj=ki=—ik=0
and g2 = 01, €+ O.2
Let D, and D, be the n-th terms of the generalized dual Fibonacci quaternion with coeffi-

—~2

]
cient sequence (ID,, ) and (ID,, ) such that

—~

Dn = (Hn + 5Hn+1) +1 (Hn+1 +¢€ Hn+2) + ] (Hn_l,_Q +¢€ Hn+3) + k (Hn+3 +¢€ Hn+4) (18)
and

—~2

]D)n = (Kn +e€ Kn+1) +1 (Kn—H +e€ Kn+2) + J (Kn+2 +¢€ Kn+3) +k (Kn+3 + € Kn+4) (19)
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Then, the addition and subtraction of the generalized dual Fibonacci quaternions with coeffi-

cient are defined by

—~2

]D)n + ]D)n = (Hn +€ Hn—i—l) +1 (Hn—i—l +€ Hn—i—?) +] (Hn+2 + 5Hn+3) + k (Hn+3 + € Hn+4)

+ (Kn +e Kn+1) +1 (Kn+1 + EKn+2) +] (K»,H_Q +e Kn+3) +k (Kn+3 +e Kn+4)
:[(Hn + Kn> + €(Hn+1 + Kn+1>] +1 [(Hn+1 + Kn+1> + €(Hn+2 + Kn+2)]

+ 7 [(Hny2 £ Knyo) +e(Hpgs & Knys)] + K [(Hugs £ Knys) +e(Hppa £ Kiypg)]
(20)

The multiplication of the generalized dual Fibonacci quaternions with coefficient is defined

by

—~1—~2

D, D, = [(Hi+eHy1)+i(Hpp1 +€Hpio) + 3 (Horo+eHyo) + k(Hpys + € Hyys))
(K0 + € K1) + i (Kni1 + € Kpya) +J (Ko + € Knga) + 5 (Kngs + € Kpys)]
= (Hn Kn) +1 (HnKn+l + Hn—HKn) +J (HnKn+2 + Hn+2Kn)
+k (HnKn+3 + Hn+3Kn)
+e{H,Kpi1 + Hop1 Ky + i (Hy Ko + Hy1 K1 + Hy1 K + Hiy 0 K)
+j (HnKngs + Hypo K1 + Hy1 Ko + Hy3K)
+k (HyKpia + Hyy3 K1 + Hyp1 Ky + Hou K, }
= [H. Ky +e(Hp K1 + Hyp1 Knyr) |
A [ Hy (1 Ky 4 Ko + k Kiys)
+e[Hy, (1 Knyo + 3§ Knys + 5 Kppa) + Hogr (1 K1 + 5 Koo + 5 K i3)]}
H{ [ Kn (i Hysr + J Hogo + k Higs) |

+5[Kn+1 (Z Hn+1 + ] Hn+2 + an+3) + Kn (Z Hn+2 + ] Hn+3 + an+4)]}
(21)

The scalar and the vector part of Hf); which is the n-th term of the generalized dual Fibonacci

quaternion with (D,,) are denoted by
Sﬁn = Hn +e Hn+1 and Vﬁn =1 (Hn+1 +e Hn+2) +] (Hn+2 +e Hn+3) + k (Hn+3 +e Hn+4)-
) ) (22)
Thus, the generalized dual Fibonacci quaternion I, is given by D,, = Sz, + Vg, . Then,
relation (21) is defined by

—~1 —~2

The conjugate of generalized dual Fibonacci quaternion ]ﬁ; is denoted by ]ﬁ; and it is

—

]D)n = (Hn + 8Hn+1) — 1 (Hn+1 + 5Hn+2> - j (Hn+2 + 5Hn+3> —k (Hn+3 + 5Hn+4> (24)
The norm of H/)E; is defined as

D, = D, D, = (H,)? + 2eH,, Hypy1. (25)

Then, we give the following theorem using statements (14), (16) and the generalized Fi-

bonacci number in [10] as follows
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HnHm + Hn+1Hm+1 = pQFn+m+1 + 2qun+m + q2Fn+m71

(26)
= (2]9 - Q)Hn+m+1 —eFngimit

where e = p? —pq — ¢>

Theorem 1. Let H,, and ﬁ; be the n-th terms of generalized Fibonacci sequence (H,,) and the
generalized dual Fibonacci quaternion sequence (ID,,), respectively. In this case, for n > 1 we
can give the following relations:

Dy + Dyt = Dpro 27)
(D)2 = 2 (Hp + eHpy1) Dy — (Hy, + cHypi)? (28)
Dy — i Dyt — jDpya — kDys = Hy + eHp iy (29)

—~

D, H/):n + Dpg1 Digr 2(2]? - Q)[(Q Donymy1 — Hn+m+1) + 25(2]Dn+m+2 - Hn+m+2)]
—e[(2Qnimt1 — Frymi1) +26(2Qnimi2 — Frymi2)]-

where ()11 18 the dual Fibonacci quaternion [17].

(30)

Proof. By

Dn = (Hn +e Hn+1) + ? (Hn+1 +e Hn+2) + ] (Hn+2 + 6HTL+3) + k (Hn+3 + € Hn+4) (31)

and

—_~—

D1 = (Hpgr +€ Hppo) + 1 (Hyqo +6 Hyys) + 5 (Hyqs +€ Hyga) + k (Hyqa +€ Hyys) (32)
we see that,

D, + Dppr =
=(H, +eHyy1) +i(Hppr +€ Hyyo) + j (Hppo +€ Hyys) + k (Hpys + € Hyya)

+ (Hpy1 + € Hyyo) + i (Hnvo + € Hyyz) + 3§ (Hogs + € Hyya) + b (Hyya + € Higs)
=(Hy, + Hnt1) + € (Hpy1 + Hogo) + @ [Hog1 + Hogo + € (Hpg2 + Hys)

+J[Hpo + Hyys + e (Huys + Hypa)] + b [Hpys + Hyya + € (Hppa + Hygs)]
=(Hpyo +eHny3) +i (Hnys +eHppa) + j (Hppa + eHnys) + b (Hpys + e Hpyo)

—_~—

:Dn+2
So (27) holds. We observe

(D,)? = (H,+eH,1)?
+2 (Hp + eHpy1)[i (Hns1 + eHpy2) + j (Hpyo + eHny3) + b (Hpys + eHpya))
= 2(H,+eHp)|[(Hy+eHp) + i(Hpp1 +€Hpyo)
+3(Hpyo +€Hpy3) + k(Hpys +eHpys) — (Hy + eHpy1)?]
= 2(Hy+¢eHy1) Dy — (Hy + eHpi)?.
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So (28) holds. By using conditions and the equation (16), we see that

—

D, — Zﬁn\-i-/l _]Hm - kﬂm = (Hy+eHppr) +i[(Hppr + € Hppo) = (Hpg1 + € Hopo)]
+J [(Hn+2 +e Hn+3) - (Hn+2 +e Hn+3)]
+k [(Hn+3 +e Hn+4) - (Hn+3 +e Hn+4)]

= H,+e¢H,.

So (29) holds. By (21) and (26), we see that

ﬁ;]ﬁ)\;% = [Hn H,, + g(HnHm—‘rl + Hn+1Hm)]
+Z [(Hn Hm+1 + Hn+1 Hm) + €(HnHm+2 + Hn+1Hm+1 + Hn+1Hm+1 + Hn+2Hm)]
+.7 [(Hn Hm+2 + Hn+2 Hm) + g(HnHerii + Hn+2Hm+1 + Hn+1Hm+2 + Hn+3Hm>]

+k [(Hn Hm+3 + Hn+3 Hm) + 5(HnHm+4 + Hn+3Hm+1 + Hn+1Hm+3 + Hn+4Hm>]
(33)
and

—_—~—

Dyt ﬁn\m:l = [Hot1 Ho1 + e(Hpp1 Hingo + Hyyo Hin1)]
i [(Hpy1 Hinyo + Hypo Hyg)
te(Hpp1Hpys + HyoHyyo + HypoHio + Hyyy3Hp g 1)
+5 [(Hpg1 Hinys + Hpqs Hipg) (34)
+e(Hny1 Himya + HyysHnyo + Hyyo Hyy s + HypaHop g1
+k [(Hn1 Hiya + Hyya Higr)
te(Hpp1 Hoys + HyoaHppoo + Hy o Hypyog + Hyy s Hyp ).

So (30) holds. Finally, adding equations (33) and (34) side by side, we obtain

ﬁ;]ﬁin + D1 Dy = (2]9 - Q)[(Q Drmar — Hn+m+1) +2¢ (2 Dnymae — Hn+m+2)]
—e[(2Qnyms1 — Frims1) + 26 (2Qnimi2 — Frpm2)]

where ()11 18 the dual Fibonacci quaternion [17]. O]

Theorem 2. Let ]T)S; and ]ﬁ)ﬁ be the n-th terms of the generalized dual Fibonacci quaternion se-
quence (ID,,) and the dual Lucas quaternion sequence (DZX), respectively. The following relations
are satisfied

—~— —_~

Dy 1+ Dyy1 = p(Df +eDly) +q(Diy +2Df) =Dopy — Dy (35)
Proof. From equations (31), (32) and identities
H, = (p_Q)Fn+an+l

and
HnJrl + anl = an +q Lnfl

between the generalized Fibonacci number and the Lucas number, we see that

—_~—

]D)n—l + ]ﬁ):—;
=[(Hn1 + Hopr) + € (Ho + Hopo)] + i [(Hn + Hnp2) + € (Hpia + Hyys)]
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+ 3 [(Hp1 + Hyyz) + € (Hpgo + Hyga)) + K [(Hogo + Hyga) + € (Hpgs + Hyygs)]
=(pLn+qLn-1)+i(pLus1 +qLn) + 7 (pLosa+qLnt1) + k(P Lnts + g Lni2)
+el(pLnt1 +qLn) +1(pLusa + qLnt1) + 5 (p Lnts + q Lnt2)
+k(pLnta+ qLnyis)]
=p{(Ln+ i Lps1+J Lnyo+kLypys) +e(Lngr + i Lnyo+ J Lnys +k Lnya)}
+q{(Ln1+ 9Ly + j Loy +k Lnya) +6(Ly + 0 Lyt + J Lnyo + Kk Liys)}
=p (D +eDyyy) +q(Dy_y +eDy)

and

—_~

Dpyo — Do

=[(Hny2 — Hp2) + e (Hpyz — Hya)] + i [(Hpys — Hyo1) + € (Hoya — Hy))
+ J [(Hpa — Hy) + € (Hyys — Hyg1)| + K [(Hoys — Hog1) + € (Hppo — Hyyo)]

=(pLn+qLn-1) +i(pLot1 +qLn) + j(pLot2 + q Lnt1) + K (p Lngs + q Lngo)
+el(pLns1+qLy)+i(pLnta+ qLnt1) + 7 (P Lngs + q Lngo)
+k (p Lnya + q Linys)]

=p{(Ln + i Lnt1 +J Luyo + k Lyys) + € (Loy1 + i Lo + J Lugs + k Lnga)
+¢{(Lp-1+ 1Ly +jLpy1+kLyio)+e(Ly+iLpi1+JLyto+kLyys)}

=p (Dy; +e(Dyyy) +a(Dy_y +eDy)

=Dy + Dy 0

Theorem 3. Let ]135; be the n-th term of the generalized dual Fibonacci quaternion sequence (D,,).
Then, we can give the following relations between these quaternions:

D, + D, = 2 (H, + cH,1) (36)

DD, + Dy 1Dy 1 = [(2p — @) Hon 1 — € Fon 1] +26[(2p — ) Hon — e Fos]  (37)
DDy + Doy Dot = (20 — @) Honss — € Ponsa] + 26[(2p — @) Honso — € Fanys]  (38)
Do Dors + Doa Doy = (2 — @) Han — € Fan) + 26[(2p — @) Hanss — € Fopsa]  (39)

(D)2 + (Du1)® = (29 — @)[(2Dan—1 — Hono1) + 26(2Dsy, — Hay)]
—e[(2Q2n-1 — Fon—1) + 2¢(2 Qay, — [y,)]

where ()5, is the dual Fibonacci quaternion [17].

(40)

Proof. By (24), we get

—~

Dy, + D, = [(Hy+eHpiy) +i(Hpsr + eHpio) + 5 (Hoso + eHoos) + k (Hpss + eHpoy)]
+[(Hn + 6Hn—f—l) —1 (Hn-H + 5Hn+2) - ] (Hn+2 + 6Hn-&-S) —k (Hn+3 + 5Hn+4)]
2 (Hn + €Hn+1) .

Then (36) holds. By (24) and (25), we get
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I/[—)S;H/—)S’r/z + ]:6);—/1]6);—/1 = (Hn + 5Hn+1)2 + (Hn—l + 5Hn)2
(Hg + H72L—1) + QE(Hn Hn+1 + Hn—l Hn)
= [(217 - Q)Hanl - 6F2n71] + 25[(217 —q)Hy, — €F2n]

Then (37) holds. By (24) and (25), we get
D, D, + mm = (Hy+eH,1)? + (Hppo + €Hppo)?

(H,% + Hg+1) + 2€(Hn Hn+1 + Hn+1 Hn+2)
= [(2p — @) Hant1 — eFonta] +2¢[(2p — q) Honto — €Fop o]

Then (38) holds. By (24) and (25), we get

—_—~— —~— —_~

Dn+1Dn+1 - ananfl
:(Hn—H + 5Hn+2)2 - (Hn—l + 5Hn)2
:(H2+1 - Hr%—l) + 25(Hn+1 Hpyo— Hya Hn)

n

=[(2p — q)Hap — €] + 22[(2p — q) Hapn1 — €Fopn 1]

Then (39) holds. By (25), we get

— —_—~—

(D) + (Dn-1)?* = [(Hy + Hp ) + 26(HyHyy1 + Ho1 H,)]
+2i((HyHps1 + Ho1 Hy) + 26(HyHy oo + Hy o1 Hypo + H2 ) + HY)
+2j[(Han+2 + anlHnJrl)
+2e(H,Hyy3+ Hy 1Hyyo + Hy1Hyvo + HyHy )]
+2k[(H,Hpy3 + Hy 1Hyy0)
+2e(H Hpiu+ Hy 1 Hyys+ Hy1Hyos + HyHy o))
= [(2p — @)Han—1 — eFon_1] + 2i[(2p — q) Hay — eFy)
+25[(2p — @) Hany1 — €Fop 1]
+2k[(2p — q) Honya — €Fonyo]
+2e{[(2p — @) Han — eFo,] + 2i[2(2p — q) Hopy1 — 2¢F5p41]
+25(2(2p — q)Honto — 2¢Fopn o] + 2k[2(2p — q)Honys — 2¢Fo 3]}
= (2p—q)[(2Dgy,—1 — Hap—1) + 26(2Ds,, — Hay,)]
—e[(2Qan_1 — Fop_1) +26(2 Q2 — Foy)]

where ()s,_1 is the dual Fibonacci quaternion [17]. Then (40) holds. O

Theorem 4. Let ]13;1 be the n-th term of the generalized dual Fibonacci quaternion with dual
coefficient sequence (ID,,). Then, we have the following identities

> D, =Dpyz — Dy, (41)
s=1
p —_ —_—
D Dois 4+ Dgs = Dy, (42)
s=0
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S Doy i = Dy — D, (43)
s=1

> Dy, =Dyyys — Dy (44)

s=1

Proof. Since Y i  Hy = H,o — Hyy1 [10], we get
Zﬁs ZZHs+i ZHS-H +7J ZH5+2 +k ZHers
s=1 s=1 s=1 =1 =1
+e() Hyn+i Y Hen+j > Hys+k Y Ho)
s=1 s=1 s=1 s=1

=(Hp42 — Ho) + i (Hots — H3) + j (Hpya — Ha) + k (Hpys — Hs)

+ &[(Hn+s — H3) + 1 (Hpya — Ha) + j (Hnis — Hs) + k (Hnte — Ho)]
=[(Hpio +eHpys) — (Hy+eHs)| + i [(Hpys + eHpra) — (Hs + cHy)

+J [(Hnsa + eHpys) — (Ha + eHs)| + k [(Hnts) + eHpvg) — (Hs + €He )
=D, 12 - Dy.

Then (41) holds. We can write

P —~ —
Z ]Dn-‘rs + Dn-}—l = (Hn+p+2 - Hn+1 + Hn-i-l) +1 (Hn+p+3 - Hn+2 + Hn-‘r?)
s=0

+J (Hpspra — Hyys + Hoss) + k (Hogpis — Hoa + Higa)
+el(Hnsprs — Huyo + Hoyo) + i (Hyypra — Hyyz + Hiys)
+j (Hnypss — Huya + Hppg) +k (Hpgpre — Hogs + Hiys)
= (Hn+p+2 + 5Hn+p+3) +1 (Hn+p+3 + 5Hn+p+4)
+J (Hn+p+4 + eHpipys) + k (Huspss + €Hnipro)

= Dn+p+2

Then (42) holds. By
Zsz 1= Hy, —q and ZHm Hopiq —

(see [10]), we get

n
ZD25—1 =(Hap —q) + i (Hopy1 —p) + j (Honyo — ¢ — p) + k (Hopnts — 2p — q)
s=1

+ e[(Hant1 —p) + i (Hont2 — ¢ — p) +j (Honys — 2p — q) + k (Hanta — 3p — 2q)]
=[(Han + eHont1) + i (Hant1 + eHony2) + j (Hon+2 + €Hangs) + k (Hanys + eHapga)]
—[(g+ep)+ilp+ep+@)+ilp+q+e2p+q)+k(2p+q+e3p+2q)
=Dy, — [(Ho + eHy) + i (Hi + eHz) + j (H + eHs) + k (Hs + ¢ Hy)]
=Dy, — Dy.
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Then (43) holds. By > Hy; = Hs,y1 —p [10], we get
i=1

n
g ]D)Qs -
s=1

=(Hons1 —p) +i(Honso —p — @) +J (Hanss — 2p — q) + k (Hanta — 3p — 2q)
+e[(Hant2 —p — @) + i (Hants — 2p — @) + J (Hapa — 3p — 2q) + k (Honys — 5p — 3q)]
=[(Han+1 + €Honyo) + i (Honyo + €Honss) + J (Honys + Hopya + k (Hanga + €Honos]
—A{lp+elp+ @l +illp+a) +ep+ 9] +7(2p+q) +£(Bp + 2q)]
+ k[(3p + 2q) +=(5p + 3q)]}

= Doner — [(Hy + eHy) + i (Hy + eHy) + j (Hy + eHy) + & (H, + e Hy)]

e~

:D2n+1 - Dl .

Then (44) holds. [l

Theorem 5. Let m and (),, be the n-th terms of the generalized dual Fibonacci quaternion
sequence (ID,,) and the dual Fibonacci quaternion sequence ((),,), respectively. Then, we have

@\7/1]:/[):1 - @\;Lﬁ:l =2 [HnQn - FnDn] + 2€[HnQn+1 - Fn]D)nJrl + Hn+1Qn - n+1Dn} (45)

G Dy + Qu Dy = 2 FyHy + 25(Fo o1 + Foir H,) (46)
0nDy — QuDy, =2 [FuDy + HyQn — 2 Fy H,]
+2e{[FDyy1 + HiQpni1 — 2 Fry 1 Hy 47)
+ [Foi1Dy, + Hy1Qn — 2 F Hp ]}
Proof. By (7) and (17), we get
@D, ~ Q.D, =
=[(Fn+ b)) +i(F +eFnga) +J (Foyo +eFy3) + K (Foys + eF04)]
[(Hn + eHpt1) — i (Hni1 + €Hpg2) — j (Hnio + €Hpys) — k (Hpgs + eHyppa)]
—(2F,H, — 2F,H,) + 2&(FHy 1 + FyirHy — FyHyy — Frii Hy)
+2i(—F,Hp1 + FoHy)
4 2e(—FyHpyo + FootHopot — FootHyot + FovoHy)
+2j (—FyHppo + FoioH,)
4 2e(—FyHoys + FopoHpir — FoiiHoyo + FoypsHy)
+ 2k (—F,H,13+ F,.3H,)
+2e(=FoHyqy + FrypsHyy — Fropn Hygs + Fropa )
= —2F,\[Hy+iHpyy +j Hyyo + k Hyys
+2H,[F+iFo1+j Foe + k Fris)
+e{[-2F,[Hpy1 + i Hpyo + J Hyps + k Hypya)
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+2H,[Fhi1+iF o+ ] Fus+kF,y
2 Hy 1 [Fy 4 Fosr + j Foso + k Foss)
—2F, 1 [Hy + i Hyypr +J Hyyo + Kk Hyy 3]}
= —2[F,Dy + HoQn] + 2e{[-FaDpi1 + HyQui1 — Fo1 Dy + Hy1Qn]}

Then (45) holds. By (10) and (17), we get

@;ﬁz +@:lﬁ’b - (Fn"f'iFn—&-l +an+2+an+3)
(Hn - iHTH—l - ] Hn+2 —k Hn+3)
+(Fn _iFn+1 _an+2 - an+3)
(Hp + i Hyy1 +j Hyyo + Kk Hypy3)
(FuHy + FoH,) + e(FyHpyy + Foy Hy + FoH, oy + Foyy H,)
2 FyH, + 2¢(FyHyp1 + Foir H,).

Then (46) holds. By (10) and (17), we get
@uD, — QuD, =
=[(F 4+ eFnt1) + i (Fos1 + €Fpp2) + J (Faga + €Fys) + k (Frys + eFnta)]
[(Hn +eHpi1) — i (Hng1 + eHni2) — J (Hngo + €Hnis) — k (Hpgs + €Hyppa)]
=2(F,H, — F,H,)+2e(F,Hps1 + FrnHy, — F,Hyy — B Hy)
+2i(FHp1 + FonHy) +2e(FoHpyo + i Hyor + Frop1Hy + FrioHy)
+2j(FoHpyio+ FoioH,) +2e(FyHpyys + FroiHyvo + FraoHyo + FloisHy)
+ 2k (FyHyss + FoysHy) +2e(FyHy 3+ Foy1Hoys + FrysHyoy + FooaHy)
=2 F,[H, +iHp1 + j Hypo + k Hy s
+2H,[F,+iFu1+jFe+kF,3]—4F,H,
+el2F,Hy1 + i Hyvo+ j Hyys + k Hy )
+2H, [Froii+iFo+jFs+kE, 4] —4F, 1 H,
+2F, 1 [Hy+iHpp1 + jHypo + k Hyys)
+2H, 1 [Fy +iFpuy +jFoo+k Fuys) —4F,H, .|
=2[F,D, + H,Q, — 2 F,H,)]
+2e{[F.Dpi1 + H,Qpo1 —2F, 1 Hy| + [FoiiDy + Hy1Qn — 2 F Hy 4]}

Then (47) holds. O

Theorem 6. (Binet’s Formula). Let ]T)TR be the n-th terms of the generalized dual Fibonacci
quaternion with dual coefficient sequence (ID,,). For n > 1, the Binet’s formulas for these quater-

nions are as follows:

—(aa" sz = (14 eh) = — (aa" A o) @
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whered:g(1+5a)and32§(1+56)

a= [p—aB))+elp(1—=08)+q+i{lp(1-p5)+q +elp(2-08)+4q]}
+i{lp(2—8) +4q] +elp(3—28)+q]}
+k{p(3—28)+q +elp(5-38)+q}, a=115

and

B= [p—qa)]+epl—a)+q+i{p(l—a)+q+ep2—a)+q}
+j{lp(2—a) +ql +elp(3—2a) +ql}
+h{[p(3—20) +q] +ep(5-3a) +q)}, =130

—_~

Proof. The characteristic equation of recurrence relation D, .o =D, 1 +D,, 1is

t?—t—1=0.

The roots of this equation are o = %5 and § = 1’2‘/5 wherea+ 3 =1, a—pf =
V5, aff = —

The Binet’s formulas for Fibonacci sequence, generalized Fibonacci sequence and dual Fi-
bonacci quaternion sequence, dual Fibonacci quaternion with dual coefficient sequence and gen-
eralized dual Fibonacci quaternion sequence, respectively, are as follows:

. 1 0 1 n_ apn
-~ 1 n n _ 1 n n
Qn:—\/g(goz (14ca)— BB (1+¢eB)), ]Dn—a_ﬁ(ga B B")

=1+id®+ja*+ka', B=1+if*+jp +kp
(see [10,11,15,17,18])).
Using recurrence relation and initial values:

—~

Do=[qg+ep,p+elp+q) (p+q) +c2p+q),(2p+q) +(3p + 29)],

D, =[p+e(p+aq), (p+aq)e2p+4q), 20+ q) +Bp+2q), (3p + 29) + e(5p + 3q)],

the Binet’s formula for }D)n is

where@:g(l—l—ea),B:Q(l—l—e,ﬁ). O

Theorem 7. (Cassml s Identity). Let ]D> be the n-th terms of the generahzed dual Fibonacci
quaternion sequence (ID) ). For n > 1, the Cassini-like identity for ]D is as follows:

—~—— ~—  —~—

Dp1Dpyr — (Dp)? = (=1)"e (1 40+ 35 +4k) (14 ¢). (49)
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Proof. By (31) and (32) we get

Do1 Dot — (D)* =
—(Hyr +i Hy + j Hysr + k Hyso) (Hopt + i Hyso + j Hoys + k Hop)
— [Hpy + i Hyyy + j Hoyo + k Hyys)?
=[H, 1Hyy1 — HY +e[Hy 1Hpvo + HoHyy — 2 Hy Hyp
+i{[Hp1Hyyo + HoHp1 — 2 HyHy ] + €[Hy 1 Hygs + Hyp1 Hyy — 2 Hy 1 Hoa]}
+ j{[Hn-1Hpny3 — 2 HyHpyo + Hy | + €[Hy o1 Hyos + HoHyys — 2 Hy Hy 5]}
+k{[Hn1Hpya + Hyp1 Hyyo — 2 HyHy 5]
+elHy 1 Hyys + HypoHy o — HyHy oy — Hy 1 Hy 3]}
=(—D)"e(l+i+35j+4k)(1+¢),

where we use identity of the generalized Fibonacci number as follows:
Hn+1Hn—1 - Hz = (_1)n €,

HyyoHy oy — HyHoir = (—1)"e,
HyisHy i — HypiHysr — 2 HyHopo = 3(—1)"e,
HyyyHy oy — HyyoHyy — 2 H Hy3 =4 (—1)"e,
Hy \Hyy5+HyoHy o — HyHyyy — HyysHy = 4(—1)"e,

where e = p?> — pq — ¢*. So (49) holds. O

Example 1. Let ]T)I, ]T)g,]f)g and ]f)l be the generalized dual Fibonacci quaternions with dual
coefficient such that

—~

Dy=[p+ep+q]+illp+q +ec2p+q)]+7jl2p+q) +e3p+2q)
N +k[(3p + 2q) + e(5p + 3q)]
Dy =[(p+4q)+e@p+q)]+i[(2p+q) +eBp+29)] + j[(3p + 2q) + &(5p + 39)]
+k [(5p + 3q) + £(8p + 5¢)]
=[(2p+ q) +e(3p + 29)] + i [(3p + 2q) +e(5p + 3¢)] + j [(5p + 3¢) + £(8p + 5q)]
N +k (8p + 5q) + €(13p + 8q)]
Dy =[(Bp+2q) +e(bp+3q)] +i[(5p+ 3q) + e(8p + 5q)] + j (8p + 5q) + e(13p + 8q)]
+k (13p + 8¢) + ¢(21p + 13¢q)] .

Ds

w

In this case,
Dy D; — (D2)? =
={lp+elp+a]+illp+q) +el2p+q)]+7[(2p+q) +(3p + 2q)]
+k[(3p +29) +£(5p + 39)]}
{[(2p+q) +eBp+29)] +i[(3p + 2q) + £(5p + 3q)]
+ 7 [(5p + 3q) +£(8p + 5q)] + k (8p + 5¢q) + e(13p + 8¢)]}
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—{llp+a9) +e@p+q)]+il(2p+q) +e(3p+29)
+7[(3p + 2q) + £(5p + 39)] + k [(5p + 3¢) + £(8p + 5]}
=’ —pq—@)+i(0* —pq—)+iBp° —3pqg—3¢") +k(4p® —4pqg—4¢°)
=(* —pqg—¢*) (1 +i+ 35 +4k)
=(—1)’e(1+i+3j+4k) (1 +e)

and

DDy — (D5)2 ={[(p+q) +£(2p + q)) + 7 [(2p + q) + £(3p + 29)]

+ 7 [(3p +2q) +e(5p + 3q)] + k[(5p + 3q) + £(8p + 5q)]}
{[(3p+2¢) + (5p + 3q)] + i [(5p + 3¢) + £(8p + 5¢)]

+ 7 (8p+5q) +e(13p+8q)| + k [(13p + 8q) + e(21p + 13¢)|}
—{l2p+q) +eBp +2q)] + 1 [(3p + 2q) + (5p + 3¢)]

+7 (50 + 3q) + £(8p + 59)] + k[(8p + 5g) + e(13p + 8¢)]}*
= (P +pa+ ) +i(—pP +pa+ )+ (=30 +3pq+34°)
+k(—4p* +4pq+447)
= (=1)* (P —pg—¢*)(1 +i+3j + 4k)
= (—1Pe(1+i+3j+4k)(1+e).

3 Conclusion

Dual numbers form two dimensional commutative, associative algebra over the real numbers.
Also the algebra of dual numbers is a ring.

A quaternion with dual coefficient is an extension of dual numbers whereby the elements of
that quaternion are dual numbers. The quaternions with dual coefficient are used as an appliance
for expressing and analyzing the physical properties of rigid bodies. They are computationally
efficient approach of representing rigid transforms like translation and rotation.

In this paper, we investigated the generalized dual Fibonacci quaternions with the dual coeffi-
cient.
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