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Abstract: In this article, we introduce new symmetric endomorphism operators by making use
of appropriate infinite product series. The main results show that after direct calculations, the
proposed operators are qualified to obtain generating functions for k-Jacobsthal numbers and
Tchebychev polynomials of the first and second kind.
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1 Introduction and preliminaries

It is well-known in the theory of orthogonal polynomials that a positive definite inner product
generates a unique set of real orthogonal polynomials. When the inner product is not Hermitian,
the existence of the corresponding orthogonal polynomials is not guaranteed. A generalization of
orthogonal polynomials in the sense that they satisfy » € N orthogonality conditions leads to the
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concept of multiple orthogonal polynomials. These orthogonal polynomials arise naturally in the
theory of simultaneous rational approximation, in particular in Hermite—Padé approximation of a
system of r (Markov) functions, see [24].

Recently, Baeder et al. [3] used relations and series rearrangement to generalize generating
functions for several higher continuous orthogonal polynomials in the Askey scheme, namely
the Wilson, continuous dual Hahn, continuous Hahn, and Meixner—Pollaczek polynomials. For
different works in the field, readers may refer to [9,11,12,14,16,17, 19, 21—23].

In this contribution, we define a new useful operator denoted by % , for which we can for-

ejeg?
mulate, extend and prove new results based on our previous ones [5—7]. In order to determine
generating functions for k-Jacobsthal numbers and Mersenne numbers and Tchebychev polyno-
mials of the first and second kind, we combine between our indicated past techniques and these

presented polishing approaches.

Definition 1.1 ([1]). Given two sets of indeterminate A and E (called alphabets), we define
S;(A — E) as follows:

Meep(1 — ze)
Myea(l — za)

S;(A—E)2, (1)

M

I
o

J

with S;(A— E) =0 for j < 0.

Remark 1.1. By taking A = 0 in (1), we obtain
Meep (1 }:S )

Proposition 1.1 ([2]). Considering successively the case of A = 0 or E = 0, we can derive the

following factorization

ZS (A—E)z ZS )Zjisj(—E)zj. 3)
j=0
Thus,

=3 S (VS E). 4)

The summation is in fact limited to a finite number of nonzero terms. In particular, we have
Heep(z —e) = Sp(x — E) = So(—E)z" + S1(—E)z" ' + So(—E)z" 2 + - - - + S, (—F), where
S;(—E) are the coefficients of polynomials S, (x — E) for 0 < j < n. We note that S;(—E) =0
for j > n.

For £ = {e,e,...} (we denote F = ne), we have

Sp(z —ne) = (x —e)".
Thus, the special case of F = {1,...,1} gives the two binomial coefficients

Si(=n) = (=1)/ (7) and S;(n) = (" +jf - 1). )
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By combining (4) and (5), we obtain the following expression
: J TEAW
) = 5i(0) = (1) Sty (-1 (1)
Definition 1.2 ([20]). Given a function g on R", the divided difference operator is defined as

follows:

(g) _ g(xla ey Ly it 1y - - >$n) - g<x17 ey L1, i1, Ly Tig2y - - - 7xn)

Ty — Ti41

0

TiTi41

Definition 1.3 ([4]). The symmetrizing operator 6* _ is defined by

€1€e2

' okt _ ki
Oeale]) = == = Siyja(er + ea), forall k,j €N.
17— 62

Definition 1.4 ([5]). The symmetrizing operator 6. is defined by

€1€2

I — el )

e (ere2)*(e1 — e2)

, forall k € N.

2 Main results

Lemma 2.1 ([5]). Let E = {e1, 2}, we define the operator §_%_ as follows:

—S._(E k
57 f (e = =B poy L G e, forall k € N.
€165 €1€5

Theorem 2.1. Given an alphabet E = {ey, ey}, two sequences Z;;OS a;z’ and Z;;Og bjz) such

that <Zj:°8 ajzj> (Z;OS bjzj) =1, then

00 . .
j
Z:()bj 56162(61)2] k—1 0
= j j sk—j ik k k4l k1 j
= . = Zaje{e%ewg(el)zj — efes 2t Zaj+k+15e;2(el)zj. (6)
i i) 0 j=0
(Z bjelz1> (Z bj6223>
j=0 j=0

Proof. Let ) °  a;z’ and 372 b;z/ be two sequences such that Y% ja;27 > b2/ = 1. The
left-hand side of (6) can be written as

—S,_1(E) el -S.1(B) 1 ek 1
i (e) + k1k85162f(61) = Eok B — + klkaem B )
€169 €169 €169 j.j €162 Jq
> bje17 > bje17
Jj=0 Jj=0
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43]16612C 00 [e)
J J
> bjera > bjepa
Jj=0 Jj=0
ib (%6}16_62_’_ 11961 62>Z]
J e1—e e1—e
B -1 =0 1—€2 1—€2
€’f€’2C 00 . 00
J J
>_ bjerz! > bjeys
Jj=0 Jj=0
) ki k+ )
b, (M) i
e1—e
. —1 =0 1mez
6116612C 00 j [e] j
> bjer 2 bjez!
Jj=0 Jj=0
S k
. J
Z b] 56162 (61)’2
—1 j=
 ekeb o
'
> byelr | | 32 bieha
i=0

The right-hand side can be expressed as

x
k _ k 2 : oI
66162f( ) - 56162 ajelz
=0
e Z a]elzj —ef Z aJGQZj
= kK
6162 (e1 — 62)
k j k,J
1 62 — €€y
= Tk .k a’] Z
6162 - 62
k Jj
= Tk aJ '+ a] 2
(A - €1 — €9
12 j=k+1
1 k—1 0o
_ k—j j k_k k+1 ) k+1 7
= kK § :a]e 6256162( 1)2) — efesz § :ay+k+1561e2(€1)2 )
ere; \ 4 :
Jj=0 7=0
therefore
o
Zb b e, (e1)?
E k—j k_k k+1§
o 0o aje 6256162( ) —€ 62 a’]+k+156162 (el)
> bjerz > bjeyzl
=0 j=0
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Theorem 2.2. Given two alphabets E = {e1,e3} and A = {ay,as,...,a,}, we have

N

-1

i  (~A)3E ()= |
- =35, (A) ol g (en)?

k _k k+1 § k+1 7
- 6162 Sj+k+1 56162( )Z )

i
=)

forall k € N.

e

-1
Proof. The action of the operator ¢_ % on the series f(e1) = < S;(—A) ez ) gives the left

member of equality (7), then

661122-][( ) - 561122 o] .
> Sj(=A) ez
J=0

€ €1

Sj(—A)e{zj Zo Sj(—A)e%zj
j=

™8

0

J

€’f€'§ (e1 —e2)

Z j(=A) 3"t — ZS( A) el

ekek (e — ey) (Z S ( 612J> (io S (— eézj>
iz

B 255 (- A) )

ac <§Sj (—A) e{zj) (iSj (—A) e%zj>

The second member of the formula (7) is written as:

5k fler) = ok (ZS el’y‘)

ZS( )6123_612*9]( )6223
Jj=0 j=0

e’fe’j (61 — 62)

k,J
66 e,e
S] 2+1 12])

Msz

k
€1 — €

€y (j —0 1 2

k—1

1 ekel — kel eke] — kel
— S(A)21 12]+§ S 2+1 12Zj
e’feg J €1 — €9 €1 — €29
Jj=0 j=k+1
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k-1
-1 4 ,
= . J k—j k k k+1
= Tk Sj (4) 616256162(61 — €1€692 E Sj+k+1
efes =

The two quantities are equal.

3 Applications

3.1 Applications of Theorem 2.1
— 3
7=0

3.1.1 The case of 1 !

Corollary 3.1. Given an alphabet E = {ey, e5}, we have

k—1
J

Skl()

(1—e12) (1 —ezz)

7=0
For k = 1 in (8), we have

1 1

k+1
).

elebSe_j 1 (E) 2 —e’fegzkHZS ) 2!, forall k € N.

S ( = )
Z (1—e12) (1 —egz) 1 —(eg+e2)z+ ere92?

We replace e; by (—e2) in (9), we obtain

' 1
Z S](el + [ 62])2 1— (61 — 62)2 — 61622’2'

=2
Setting { e in (10), and this gives
€1 — €y = k

> Ser ) = g =
which represents a generating function for k-Jacobsthal numbers, such that

Jr; = Sj-1(e1 + [—e2)),

k+vVk?+8

with €12 = 5

= -2
Again, we put { e in (10), we get
€1 — €y = 3
ZS 1 €1+[ 62])23 ;,
= I 1 —3z+ 222

which represents a generating function for Mersenne numbers, such that )/
with €1 = 2, €9 = 1.
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Theorem 3.1. We have the following new generating function of the k-Jacobsthal numbers at
negative indices as

() A 5

A
Z k=i? 1+ kz — 222
j=0

Theorem 3.2. We have the following new generating function of the Mersenne numbers at nega-
tive indices as

SV =
= 1+32+4 22

Furthermore, we replace e; by 2e; and ey by (—2¢e3) in (9), and under the condition
4e1e5 = —1, we obtain

+o0 1

> 8i(2e1 + [~2e2])2’ = e e T (13)

=0

which represents a generating function for Tchebychev polynomials of the second kind given by
Boussayoud et al. [4, 8], such that U; = S;(2e; + [—2e2]). Moreover, from formula (13), we can
deduce that

15,2 2 Si_1(2 des])] 41 = L (L= €2)
JZO[ (261 + [2e3]) — (€1 — €2)51(2e1 + [2e2])] 27 = 1—2(e1 —e)z + 22

which represents a generating function for Tchebychev polynomials of the first kind given in
[4,7], such that

Ti(er — eg) = [Sj(2e1 + [—2e2]) — (e1 — €2)S;-1(2e1 + [—2e9])] .

For k = 2 in (8), we have

> . e+ ey —eresz e+ ey —eesz
Siv1 (B) 2 = - . 14
jgo i1 (E) 2 (1 —ze1) (1 —zeq) 1 —(e1+e2)z+ eje92? 14
Also, by replacing e, with (—e5) in (14), we obtain
> . (e1 — e2) + e1e22
S. — J = : 15
jZO (et [—ea]) 2 1—(e1 —e9)z — ege92? (15)
. ereg =2 . ..
Putting in (15), it gives
€1 — €y = k
- , k+2z
D S+ [—eal) o = ————, (16)

J=0

which represents a new generating function.
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—1
Substituting { ac in (15), yields
€1 — €y = k
> ~ k+z
]Z:;Sjﬂ (1 +[=ea) ) = T/ (17

which represents a new generating function.
Multiplying the equation (10) by (2) and subtracting it from (11) by (k), we obtain

; (25;(e1 + [—e2]) — kSj_1(e1 + [—ea])) 27 = %’

which represents a generating function for k-Jacobsthal-Lucas numbers such that
Jrg = 28j(e1 + [—ea]) — kSji(er + [—e2]).

Theorem 3.3. We have the following new generating function of the k-Jacobsthal numbers at

io:‘ i 24+ kz
— Th=i= = + kz — 222

negative indices as

3.2 Applications of Theorem 2.2

In this section, we attempt to give results for some well-known generating functions. In fact,
we will use Theorem 2.2 to derive k-Jacobsthal numbers and Tchebychev polynomials of second
kind. If £ = 1, the next Corollary gives a new generating function.

Corollary 3.2. Given two alphabets E = {e1,e3} and A = {ay, as, } , we have

Z SjJrQ(a/l + Clg)Sj(@l + €2>Zj
j=0

18
e1e0a2a32% — aras(er + ez)(ar + az)z + (a1 + az)? — ajay (18)
N o (1-— I (1-— '
a€As ( aelZ) a€As ( aeQZ)
3.2.1 Thecase £ = {1,y}, A={l,z2}
Substituting e; = a; = 1, e = x and as = y in (18), we obtain
> a4 a)(l+y)z+(1+a)? —=
7=0

(1—2)(1—=z)(1-yz) (1 —ayz) ~

which represents a new generating function.

Proposition 3.1. For all j € N, we have

Spsa(l+a) = S;(1+ ) + ala + 1), (a).
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Proof. From (19), we have
vy?2 —rx(l+2)(1+y)z+(1+2)?—x
(1—2)(1—z2x)(1—zy) (1 —zxy)

1 — zy2? (1 + )
(1—2)1—zx)(1—2y) (1 —zzy) (1—2z22)(1—z2Y)’

Zsﬁzlﬂs J(1+y)2

then

. i ) ) i 1—acyz2
after that, as in [7, 18], we have J;O Si(L+2)S;(1+9)? = a5ama it

> Sia(l+2)S(L+y)2 =Y Si(1+x)S, 1+yz]+z 1+ 2)5;(2)8;(1 + y)27
7=0 7=0

therefore
Siro(1+2) =851+ )+ z(x + 1)5;(x). O

3.22 Thecase E = {e;, —ey}, A = {a1, —as}

Replacing e; by (—e3) and ay by (—az) in (18) yields

ZS]Jrl a1 + [—az])Sj-1(e1 + [—ea])2?

(20)
_ —e1ea7a32® + ajas(er — e2)(ar — a2)2? + (a1 — a2)® + aras)z
(1 —are12) (1 + ager2) (14 ajesz) (1 — ageqz) ’
This case consists of three related parts.
Firstly, the substitutions of
Cll—(lgzk’, 61—62:]{7,
and
a1 = 2, €169 = 27
in (20) give
> Sialar + [—a2))Sj-i(er + [—ea]) 2
=0
k? +2 2k?2?% — 823
(k* +2)z+ 8z o

T 1 k22— 4(k? + 2)22 — —4k223 4+ 1624

o0
= E Jk,j+2=]k,j2]7
Jj=0

which represents a new generating function of k-Jacobsthal numbers .J; ;, such that
Jrir2diy = Sipa(an + [—az])Sja(er + [—ea).
We have the following theorem.

Theorem 3.4. For n, k € N, the new generating function of the product of k-Jacobsthal numbers
is given by
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i A A kz + 2kz?
. - '
pr k,j+1Jk,j 1— k.QZ _ 4(k2 + 2)22 _ _4k223 4 1624

Proof. We have

Z Jk7j+2Jk’jzj = Z(kjk’j+1 + 2Jk7j)Jk7ij
§=0 §=0
= k Z JkJ_,_leJZj + 2 Z J,f’jzj.
§=0 j=0
since
> , 2z — 423
Ji 2 = 10
j;o Ri% T g2 — 4(k? +2)2%2 — —4k?23 4+ 1624 (see [10])
we have
= : kz + 2k2*
T ivodi iz =k
jgo kg +2 k% 1— k22 — 4(k2 +2)22 — —4k223 + 1624
N 2z — 823
1— k22 — 4(k? + 2)22 — —4k223 + 162%
therefore
> , kz + 2kz?
Jpi1dy 27 = )
; Rk T T 2, — 4(R? 4 2)22 — —4k225 + 1624
Thus, this completes the proof. [
Secondly, by making the following restrictions: e; — ey = 1, ejeo = 1, 4a1a9 = —1, and by

replacing (a1 — az) by 2(a; — ag) in (20), we get a new generating function, involving the product

of k-Jacobsthal numbers with Tchebychev polynomial of second kind as follows:

(4(ay — ag)* — 1)z — 2k(a; — ag)2* — 223
Puy

Z Si1(2a1 + [=2as])Sj 1 (e1 + [—ea])2? =

J=0

= Z Uj+1(a1 — ag)JkJ’Zj,

=0
with Py =1 — 2k (a1 — as) 2+ (8 (ay — ay)® — k% — 4)2% 4+ 4k (ay — ag) 2% + 42°.

Thirdly, choose a; and e; (i = 1,2) such that 4e;e; = —1, 4ajas = —1, and by replacing
(a1 — ag) with 2(a; —az), and (e; — ey) with 2(e; — e5) in (20), we get a new generating function,
involving the square of Tchebychev polynomials of second kind given by
22 —1+4(a; — az)? — 4(a; — as)(ey — e3)z
Puu

D Spea(2a + [~202])55(2e1 + [~2e2])” =

= Z Uj+2<a1 — (lg)Uj(el — eg)zj,
7=0

with Py = 1—4(e1—e) (a1 —az)z+ (4(a1 —as)? +4(ey —e9)? —2) 22 —4 (e —es) (a1 —ag) 23+ 24
Thus, we get the following theorem.
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Theorem 3.5. We have a new generating function of the product of Tchebychev polynomials of
second kind as

2(a; —ag) —2(e; — 62)2.

> Ujia(ar — a2)Uj(er — €)= iz
- UU

Proof. We have,

> Ujsi(ar — a2)Ujler — €2)2 = [2(ar — az)Ujyr (a1 — az) — Uj(ar — a2)]Uj(er — €2)2
j=0 Jj=0

=2(a; — as Z Ujti(ar —az)Uj(er — ez)z Z Uj(a; — ag)Uj(eq — eg)2.
7=0 7=0

Since

1= 2
Z Uj(a; — a2)Uj(eq — e3)2’ = PUj (see [6,7])

0 . 20/ —Qa —26 — €92 1_2
D Ujsalar — ax)Uj(er — €2)2 = 2(a1 — az) (a1 —az) —2(e1 —e)z

Jj=0 Py Py
therefore, N
Z: Ujsi(ar — az)Uj(eg — e)2? = 2(a; — CL2)P—U5(61 — 62)2.
This completes the proof. -

Finally, according the formulas (9) and (13) in [4, 7], and to the fact that

(2a1)j+2 — (—2ag)j+2
2a71 + 2as

Sj+1(2a1 -+ {—2(12]) =

we have

—1+2(ay — ag)? — 2(ay — az)(er — e9)z + 22
Pry ’

Z j+2 (Zl — Q9 U‘(@l — 62)Zj =

with Pry = 1—4(e;—es) (a1 —as)z+(4(a; —as)* +4(e; —e2)?—2) 22 —4(e; —e3) (a1 —ag) 23+ 24,
which represents a new generating function for the combined Tchebychev polynomials of the
second and first kinds.

On the other hand, we have

[e o]

ZTjJrg(al —ag)Uj(e1 —ez)z Z (a1 — a2)Tji1(ar — az) — Ti(ay — az)] Uj(eq — eg)2?
— <o

00
a1 — ag E 7}+1 a1 — ag U'(€1 — 62)2]
J=0

— ZT a; — az)Uj(eg — e9)2.
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Further, the identity [6, 7]: z Tj(al _ az)Uj<€1 _ 62)Zj _ 1-2(a1—as)(e1—e2)z+(2(a1—a2)*~1)z?
=0

PTU 7
then
S ; 2(a; — — 14 22) —2(e; —
ZTHQ ar —az)Uj(eg —e9)?? = (a1 — as) [(a a23§ +2°) = 2(e1 —e2)z]
3=0 TU
1-— 2(&1 — &2)(61 — 62)2 + (2(@1 _ a2>2 _ 1)22
Pry

We get a new generating function defined as follows:

(ay —ag) —2(e; —ex)z + (a1 — a2)22.

Pry

Z]}+1 a1 — CLQ U (61 — GQ)Zj =

4 Conclusion

This research proposes new developments to determine generating functions. The suggested
techniques are based on symmetric functions. The main results are consistent with some ideas,
obtained in other previous works [5,7, 8, 13]. The first results of this work seem promising, but
further investigations in the field should be continued. Future research can be done around the
extension of alphabet F elements and the treats of k& parameter values.
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