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1 Introduction

Boolean Bent functions are the functions having optimal nonlinearity. Bent functions were intro-
duced by Rothaus [3]. Bent function is an important combinatorial object having a wide range
of applications in coding theory, difference set theory and cryptography. Although few classes of
Bent functions have been analyzed, a complete characterization of Bent functions is still elusive.
In recent years, researchers have focused on the generalization of Boolean functions and also ex-
amined the effect of Walsh—-Hadamard transform on them. In [4] Schmidt considered functions
from Z% to Z, and due to more natural connection to cyclic codes over rings, these functions have
drawn more attention. Later Sole and Tokareva [5] considered functions from Zj to Z, and called
these functions as generalized Boolean functions. They also conferred the direct link between
Bent functions and generalized Bent functions. In [2] Parker and Pott considered nega-Hadamard
transform and introduced negabent functions. Negabent functions are the functions having flat
spectra under nega-Hadamard transform. The functions which are both Bent and negabent are
called bent-negabent functions. Bent-negabent functions are interesting to study as they possess
extreme properties in terms of two different Fourier transform. The generalization of negabent
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function is called generalized negabent function [1]. Generalized negabent functions have flat
spectrum with respect to generalized nega-Hadamard transform.

In this article, we study generalized negabent functions and by using negabent functions, we
propose several constructions of generalized negabent functions on Zg and Zs.

2 Preliminaries

Boolean function is a function from Zj to Zo, where Z? is an n-dimensional vector space over
Zs. The set of all n-variable Boolean functions is denoted by 3,,. Hamming weight of f € 5, is
defined by the number of elements in the set |wt(f) = {x € Z} : f(x) = 1}|. Hamming distance
between two Boolean functions f,g € B, is defined by the number of positions in which the
functions differ and is denoted by d(f, g). Every Boolean function has a unique representation
called its algebraic normal form

flxr, 0, 2n) = Drcqio, myas Hﬂfi,
i€l
where a; € Zs.

The algebraic degree of f € B, is defined by the degree of highest monomial with non-zero
coefficient.

The functions with algebraic degree at most one are called affine Boolean functions. The set
of all n-variable affine Boolean functions is denoted by A,. If the constant term of an affine
Boolean function is zero, then it is called linear Boolean function.

The scalar product of two vectors x = (z1, 2, -+ ,x,) and y = (y1, Y2, - - - , Y) is defined by
Ty =211 DT2Y2 D - D TpYn.

Walsh-Hadamard transform of f at any point A € Z7 is defined by

W) = 3 (-1 e,
z€Zy
Nonlinearity and Walsh—Hadamard transform are related as
nl(f) = 2 — S max [, (V).

2 Xezk

By using Parseval’s equality

> WA =27

AEZLY

we have
nl(f) <2mt—2571

A Boolean function f € B, is said to be a Bent function if it possesses maximum nonlinearity.

Generalized Boolean function is a function from Zg to Z, (¢ > 2, a positive integer). The
set of all n-variable generalized Boolean functions is denoted by GBY. Generalized Walsh—
Hadamard transform of f € GBI at any point « is defined by

Hylw) = o 3 IO,

T ELY
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where ( = s is the g-th primitive root of unity. A function f € GB is said to be a generalized
Bent function if and only if | ;(u)| = 1 for all u € Z3.
Nega-Hadamard transform of f at u € Z7 is given by

Nf(u) - Z (_1>f(x)®u-xiwt(a:).
2

TELY

The nega spectrum of a Boolean function f contains all values {N(u)|u € Z4}. A function is
said to be negabent if and only if [N (u)| = 1, for all u € Zj.
Generalized nega-Hadamard transform of f at any point « is defined by

jz: Cf um wt X

IEZ"

A function f € B is said to be a generalized negabent function if | N J? (u)| = 1forallu € Zj.

3 Construction of generalized negabent function in Zg

Stanica et al. [6] have presented several classes of generalized Bent functions with values in Zg.
In this section, we define several classes of generalized negabent functions in Zg.

Theorem 3.1. Let f : 73! — 7 be defined by

f(z,y) = 4g(z) + (4h(x) + 4g(z))y, (1)

then f is generalized negabent if g and h are negabent functions.
Moreover, if f is given by

fi(z,y) = 4g(x) + (4h(z) + 29(2))y, 2
then f, is generalized negabent if g, h and g @ h are negabent and if Ny, (u) = Nyap(u).

Proof. We compute generalized nega-Hadamard coefficient

NQ(U U) 2n+1/2 Z (C4g(m)( 1)ua: wi(z) +Zc4h(ax)( 1)u:v wt(:c)( 1)1})
TELy
\/_ Z g(:p Du-x wt( ) + ’l( 1)h(:p)€9ux,lwt(m)(_1)v
T ELY

V2N (u,v) = Ny(u) +i(—1)" Ny (w).

By taking square of norm, we obtain
2|7 (u, v)|? = Ny (u)? + Ny (u)?.

Since g and h are negabent, we have [N, (u)| = [Ny (u)| = 1. So [N} (u,v)| = 1, Therefore f is
generalized negabent function.
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For the second claim, again we compute the generalized nega-Hadamard coefficient

\/_ £ (u U) Z ((_1)9(x)@uxzwt(l’) + Z(_l)g(m)@h(x)@uxlwt(:t)(_l)vzg(ac)) )

TELy
Now by putting 79(*) = 1+(_21)g<z) + il_(_;)g(m), we obtain
o (No(w) | Ni(w)  Noen(uw) | Nyen(w)
\/§N}11(u,v) =N, (u) + (=1) < 5 i 92 +1i 92 :

By taking square of norm, we get

AN, (o )? = SN+ SN () + Ny ()2 + (~1)" (N ()N (1) — N (1) N5 (1)
= SOV + Ny )+ 2N, (0?) + (~1)F (NG ()N 1) — Ny ()N 0)).

Since g, h and g @ h are all negabent functions, so, |N,(u)| = |N,(u)| = [Nyen(u)| = 1 and by
the imposed condition the remaining coefficients become zero.
Hence, we obtain [N{ (u,v)| = 1. So, f1 is generalized negabent. O

Theorem 3.2. Let f : 73> — 7 be defined by
f(z,y,2) = 4g(x) + (4h(z) + 4g(x) + 1)y + (4k(z) + 4g(x) + 1)z — 2yz, 3)
then f is generalized negabent if g, h, k and g & h ® k are negabent functions with
No(w)Ni(w) = Nip(u)Nggnen(u). )
Moreover, if f1 is given by
fi(z,y, 2) = 4g(x) + (4h(z) + 29(x) + 1)y + (4k(x) + 2g9(z) + 1)z — 2yz, (3)

then fi is generalized negabent if g, h, k, g ® h, k & g and h @ k are all negabent functions and

N (N (w) + Ngen(u)Nragw) = 2Ng(u)Npar (u). (©)
Proof. We compute generalized nega-Hadamard coefficient
1 €T U ;Wi N x U s Wi(x v
NF (u,v,w) = =5ra Z (¢ (— 1) wh®) g g ¢Ah@FL(_ywrjui@) (1)

T€Lp

+ l<4k(m)+1(_1>umlwt(m)<_1)w + i2<—4g(m)+4h(m)+4k(:p)(_1)u-:piwt(x)(_l)v®w)

S Z 9(36 Suzswi(r) | Z'(_1)h(m)@wz((_1)viwt(z)

xEZ"

+ z(_l)k(x)@uxg(_l)wzwt(x) . (_l)g(x)eah(x)eak(x)@u.m(_1)v®wz~wt(x))

= %(Ng(U) +i(=1) "Ny ()€ + i(=1)"Nip(u)¢ = (=1)" " Nyaner (u))-
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Now putting ( = =, we obtain

20,0 = ) + (- (A

oy (PR g ).

Now, by taking square of norm, we obtain

AN (u,0,w) [P = Ny(u)? + Ni(u)® + Ni(w)® + Nyener (v)?
+2(=1)" (N () Ny (1) = Ni(u)Nyoner (1))

+ V2(=1)" (N ()N () = Ni(w)Nyanen(w)
+ V2(=1)" (Vo ()N (1) — Ny (u)Nggnen(w).

Since g, h, k and g & h & k are all negabent functions. So
(No(w)| = INn(u)] = [Ng(u)] = [Ngonen(u)| = 1.

By using the imposed conditions, the remaining coefficients are all zero.
Hence, |\ }1 (u, v,w)| = 1. So, f is a generalized negabent function.
For the second claim, we compute the generalized nega-Hadamard coefficient

2N}11 (U, v, w) _ Z ((_1)g(x)®u~x2'wt(x) + i(_1)g(z)€9k(z)€9u~xig(:c)g(_1>viwt(x)

TELY

+ Z(_l)g(m)eah(x)@ung(x)g(_l)wzwt(z) . (_1>h(x)€Bk(x)€Bu-m<_1)v®wiwt(x))

= Ny (w) + T (A () + NG () — N () + Ni(w)

2
L (i (0)+ i 1) = N () + N () = (—1)" N ()

_ U (o i) A
= Ny{u) (i () — Nl ()

(_1>w ) vhw
+ V2 (iNk(u) = Nygor(u)) — (=1)"“ Nagr(u).

By taking square of the norm, we obtain

+

1 1 1
AN (0, 0)? =N SN (0)? + SN ) + SN () + Ny ) + Nioie(u)
+ (= 1)"V2(Nyar (@) Nagr () — Ny(u)Ngen(u))
+ (1) V2(Nyen(w)Nnor (1) = Ny(w) Ny (u))
+ (= 1) (N (w)Ni () + Ngon (W) Nyag (1) — 2Ny (W) Npar ().
Since g, h, k, g & h, k & g and h & k are all negabent. So
Ny (w)] = INw(w)] = INi(u)] = [Ngen(u)] = [Niag(w)| = [Nugr(u)] = 1.
The remaining coefficients become zero by applying the imposed condition. Hence, we obtain

N7 (u,v,w)| = 1. So fi is a generalized negabent function. O
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4 Construction of generalized negabent function in Z;

Theorem 4.1. Let f : 73 — 714 be defined by

f(,y) = 8g(x) + (8h(x) + 8k(x) + 89(x))y, @)

then f is generalized negabent if and only if g and h @ k are negabent functions.
Moreover, if f1 is given by

fi(w,y) = 8g(x) + (8h(x) + 8k(x) + 4g(x))y, (8)

then fi is generalized negabent if g, h&k and gDh®k are negabent and if Nypay,(u) = Nygner ().
Further if fy : Zy"* — Zyg is given by

fa(w,y,2) = 8g(x) + (8h(z) + 4)y + (8k(x) +4)z + (81(z) + 4)(1 +y)(1 + 2) —dyz, (9)
then fy is generalized negabent if g ® 1, gD k, g ® h and g ® h & k are negabent and if
Nyar(WNgan(u) = Nyai(u)Ngenen(u).- (10)

Proof. We shall only show the third claim, since the proof of remaining ones are same as that of
Theorem 3.1. The generalized nega-Hadamard coefficient is given by

2N, (v, w) = iNga(u) = (=1) Nyen(u) — (=1)*Noanr(w) — i(=1)""" Noanen(u).

By taking square of norm, we get
4|N}12 (u, v, w)|2 = NQ@Z(U)Q + Ng@h(u)2 + Ng@k(u)2 + Ng@h@k(u)2
+2(=1)"" (Nyer (w)Ngan () — Ny (WNganer (1)),

since g1, gDk, g® hand g ® h & k are all negabent functions. Using the imposed condition
the remaining coefficients become zero. Hence |\ ;12 (u,v,w)| = 1. [l
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