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1 Introduction

Boolean Bent functions are the functions having optimal nonlinearity. Bent functions were intro-
duced by Rothaus [3]. Bent function is an important combinatorial object having a wide range
of applications in coding theory, difference set theory and cryptography. Although few classes of
Bent functions have been analyzed, a complete characterization of Bent functions is still elusive.
In recent years, researchers have focused on the generalization of Boolean functions and also ex-
amined the effect of Walsh–Hadamard transform on them. In [4] Schmidt considered functions
from Zn2 to Z2 and due to more natural connection to cyclic codes over rings, these functions have
drawn more attention. Later Sole and Tokareva [5] considered functions from Zn2 to Zq and called
these functions as generalized Boolean functions. They also conferred the direct link between
Bent functions and generalized Bent functions. In [2] Parker and Pott considered nega-Hadamard
transform and introduced negabent functions. Negabent functions are the functions having flat
spectra under nega-Hadamard transform. The functions which are both Bent and negabent are
called bent-negabent functions. Bent-negabent functions are interesting to study as they possess
extreme properties in terms of two different Fourier transform. The generalization of negabent

38



function is called generalized negabent function [1]. Generalized negabent functions have flat
spectrum with respect to generalized nega-Hadamard transform.

In this article, we study generalized negabent functions and by using negabent functions, we
propose several constructions of generalized negabent functions on Z8 and Z16.

2 Preliminaries

Boolean function is a function from Zn2 to Z2, where Zn2 is an n-dimensional vector space over
Z2. The set of all n-variable Boolean functions is denoted by Bn. Hamming weight of f ∈ Bn is
defined by the number of elements in the set |wt(f) = {x ∈ Zn2 : f(x) = 1}|. Hamming distance
between two Boolean functions f, g ∈ Bn is defined by the number of positions in which the
functions differ and is denoted by d(f, g). Every Boolean function has a unique representation
called its algebraic normal form

f(x1, x2, · · · , xn) = ⊕I⊆{1,2,··· ,n}aI
∏
i∈I

xi,

where aI ∈ Z2.
The algebraic degree of f ∈ Bn is defined by the degree of highest monomial with non-zero

coefficient.
The functions with algebraic degree at most one are called affine Boolean functions. The set

of all n-variable affine Boolean functions is denoted by An. If the constant term of an affine
Boolean function is zero, then it is called linear Boolean function.

The scalar product of two vectors x = (x1, x2, · · · , xn) and y = (y1, y2, · · · , yn) is defined by
x · y = x1y1 ⊕ x2y2 ⊕ · · · ⊕ xnyn.

Walsh–Hadamard transform of f at any point λ ∈ Zn2 is defined by

Wf (λ) =
∑
x∈Zn2

(−1)f(x)⊕(λ·x).

Nonlinearity and Walsh–Hadamard transform are related as

nl(f) = 2n−1 − 1

2
max
λ∈Zn2
|Wf (λ)|.

By using Parseval’s equality ∑
λ∈Zn2

Wf (λ)
2 = 22n,

we have

nl(f) ≤ 2n−1 − 2
n
2
−1.

A Boolean function f ∈ Bn is said to be a Bent function if it possesses maximum nonlinearity.
Generalized Boolean function is a function from Zn2 to Zq (q ≥ 2, a positive integer). The

set of all n-variable generalized Boolean functions is denoted by GBqn. Generalized Walsh–
Hadamard transform of f ∈ GBqn at any point u is defined by

Hf (u) =
1

2
n
2

∑
x∈Zn2

ζf(x)(−1)u·x,
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where ζ = e
2πi
q is the q-th primitive root of unity. A function f ∈ GBqn is said to be a generalized

Bent function if and only if |Hf (u)| = 1 for all u ∈ Zn2 .
Nega-Hadamard transform of f at u ∈ Zn2 is given by

Nf (u) =
1

2
n
2

∑
x∈Zn2

(−1)f(x)⊕u·xiwt(x).

The nega spectrum of a Boolean function f contains all values {Nf (u)|u ∈ Zn2}. A function is
said to be negabent if and only if |Nf (u)| = 1, for all u ∈ Zn2 .

Generalized nega-Hadamard transform of f at any point u is defined by

N q
f (u) =

1

2
n
2

∑
x∈Zn2

ζf(x)(−1)u·xiwt(x).

A function f ∈ Bqn is said to be a generalized negabent function if |N q
f (u)| = 1 for all u ∈ Zn2 .

3 Construction of generalized negabent function in Z8

Stanica et al. [6] have presented several classes of generalized Bent functions with values in Z8.
In this section, we define several classes of generalized negabent functions in Z8.

Theorem 3.1. Let f : Zn+1
2 → Z8 be defined by

f(x, y) = 4g(x) + (4h(x) + 4g(x))y, (1)

then f is generalized negabent if g and h are negabent functions.
Moreover, if f1 is given by

f1(x, y) = 4g(x) + (4h(x) + 2g(x))y, (2)

then f1 is generalized negabent if g, h and g ⊕ h are negabent and if Nh(u) = Ng⊕h(u).

Proof. We compute generalized nega-Hadamard coefficient

N q
f (u, v) =

1

2n+1/2

∑
x∈Zn2

(
ζ4g(x)(−1)u·xiwt(x) + iζ4h(x)(−1)u·xiwt(x)(−1)v

)
=

1√
2

∑
x∈Zn2

(−1)g(x)⊕u·xiwt(x) + i(−1)h(x)⊕u·xiwt(x)(−1)v

√
2N q

f (u, v) = Ng(u) + i(−1)vNh(u).

By taking square of norm, we obtain

2|N q
f (u, v)|

2 = Ng(u)2 +Nh(u)2.

Since g and h are negabent, we have |Ng(u)| = |Nh(u)| = 1. So |N q
f (u, v)| = 1, Therefore f is

generalized negabent function.
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For the second claim, again we compute the generalized nega-Hadamard coefficient
√
2N q

f1
(u, v) =

∑
x∈Zn2

(
(−1)g(x)⊕u·xiwt(x) + i(−1)g(x)⊕h(x)⊕u·xiwt(x)(−1)vig(x)

)
.

Now by putting ig(x) = 1+(−1)g(x)
2

+ i1−(−1)
g(x)

2
, we obtain

√
2N q

f1
(u, v) =Ng(u) + (−1)v

(
Nh(u)

2
+ i
Nh(u)

2
− Ng⊕h(u)

2
+ i
Ng⊕h(u)

2

)
.

By taking square of norm, we get

2|N q
f1
(u, v)|2 = 1

2
Nh(u)2 +

1

2
Ng⊕h(u)2 +Ng(u)2 + (−1)v(Nh(u)Ng(u)−Ng⊕h(u)Nh(u))

=
1

2
(Nh(u)2 +Ng⊕h(u)2 + 2Ng(u)2) + (−1)v(Nh(u)Ng(u)−Ng⊕h(u)Ng(u)).

Since g, h and g ⊕ h are all negabent functions, so, |Nh(u)| = |Ng(u)| = |Ng⊕h(u)| = 1 and by
the imposed condition the remaining coefficients become zero.

Hence, we obtain |N q
f1
(u, v)| = 1. So, f1 is generalized negabent.

Theorem 3.2. Let f : Zn+2
2 → Z8 be defined by

f(x, y, z) = 4g(x) + (4h(x) + 4g(x) + 1)y + (4k(x) + 4g(x) + 1)z − 2yz, (3)

then f is generalized negabent if g, h, k and g ⊕ h⊕ k are negabent functions with

Ng(u)Nh(u) = Nk(u)Ng⊕h⊕k(u). (4)

Moreover, if f1 is given by

f1(x, y, z) = 4g(x) + (4h(x) + 2g(x) + 1)y + (4k(x) + 2g(x) + 1)z − 2yz, (5)

then f1 is generalized negabent if g, h, k, g ⊕ h, k ⊕ g and h⊕ k are all negabent functions and

Nh(u)Nk(u) +Ng⊕h(u)Nk⊕g(u) = 2Ng(u)Nh⊕k(u). (6)

Proof. We compute generalized nega-Hadamard coefficient

N q
f (u, v, w) =

1

2n+2/2

∑
x∈Zn2

(
ζ4g(x)(−1)u·xiwt(x) + iζ4h(x)+1(−1)u·xiwt(x)(−1)v

+ iζ4k(x)+1(−1)u·xiwt(x)(−1)w + i2ζ4g(x)+4h(x)+4k(x)(−1)u·xiwt(x)(−1)v⊕w
)

=
1

2

∑
x∈Zn2

(
(−1)g(x)⊕u·xiwt(x) + i(−1)h(x)⊕u·xζ(−1)viwt(x)

+ i(−1)k(x)⊕u·xζ(−1)wiwt(x) − (−1)g(x)⊕h(x)⊕k(x)⊕u·x(−1)v⊕wiwt(x)
)

=
1

2
(Ng(u) + i(−1)vNh(u)ζ + i(−1)wNk(u)ζ − (−1)v⊕wNg⊕h⊕k(u)).
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Now putting ζ = 1+i√
2

, we obtain

2N q
f (u, v, w) = Ng(u) + (−1)v

(
iNh(u)−Nh(u)√

2

)
+ (−1)w

(
iNk(u)−Nk(u)√

2

)
− (−1)v⊕wNg⊕h⊕k(u).

Now, by taking square of norm, we obtain

4|N q
f (u, v, w)|

2 = Ng(u)2 +Nh(u)2 +Nk(u)2 +Ng⊕h⊕k(u)2

+ 2(−1)v⊕w(Ng(u)Nh(u)−Nk(u)Ng⊕h⊕k(u))
+
√
2(−1)v(Ng(u)Nk(u)−Nh(u)Ng⊕h⊕k(u))

+
√
2(−1)w(Nh(u)Nk(u)−Ng(u)Ng⊕h⊕k(u)).

Since g, h, k and g ⊕ h⊕ k are all negabent functions. So

|Ng(u)| = |Nh(u)| = |Ng(u)| = |Ng⊕h⊕k(u)| = 1.

By using the imposed conditions, the remaining coefficients are all zero.
Hence, |N q

f (u, v, w)| = 1. So, f is a generalized negabent function.
For the second claim, we compute the generalized nega-Hadamard coefficient

2N q
f1
(u, v, w) =

∑
x∈Zn2

(
(−1)g(x)⊕u·xiwt(x) + i(−1)g(x)⊕k(x)⊕u·xig(x)ζ(−1)viwt(x)

+ i(−1)g(x)⊕h(x)⊕u·xig(x)ζ(−1)wiwt(x) − (−1)h(x)⊕k(x)⊕u·x(−1)v⊕wiwt(x)
)

= Ng(u) +
(−1)vζ

2

(
iNg⊕k(u) + iNk(u)−Ng⊕k(u) +Nk(u)

)
+

(−1)wζ
2

(
iNg⊕h(u) + iNh(u)−Ng⊕h(u) +Nh(u))− (−1)v⊕wNh⊕k(u)

)
= Ng(u) +

(−1)v√
2

(
iNh(u)−Ng⊕h(u)

)
+

(−1)w√
2

(
iNk(u)−Ng⊕k(u)

)
− (−1)v⊕wNh⊕k(u).

By taking square of the norm, we obtain

4|N q
f1
(u, v, w)|2 =1

2
Nh(u)2 +

1

2
Nk(u)2 +

1

2
Ng⊕h(u)2 +

1

2
Ng⊕k(u)2 +Ng(u)2 +Nh⊕k(u)2

+ (−1)v
√
2(Ng⊕k(u)Nh⊕k(u)−Ng(u)Ng⊕h(u))

+ (−1)w
√
2(Ng⊕h(u)Nh⊕k(u)−Ng(u)Ng⊕k(u))

+ (−1)v⊕w(Nh(u)Nk(u) +Ng⊕h(u)Nk⊕g(u)− 2Ng(u)Nh⊕k(u)).

Since g, h, k, g ⊕ h, k ⊕ g and h⊕ k are all negabent. So

|Ng(u)| = |Nh(u)| = |Nk(u)| = |Ng⊕h(u)| = |Nk⊕g(u)| = |Nh⊕k(u)| = 1.

The remaining coefficients become zero by applying the imposed condition. Hence, we obtain
|N q

f1
(u, v, w)| = 1. So f1 is a generalized negabent function.
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4 Construction of generalized negabent function in Z16

Theorem 4.1. Let f : Zn+1
2 → Z16 be defined by

f(x, y) = 8g(x) + (8h(x) + 8k(x) + 8g(x))y, (7)

then f is generalized negabent if and only if g and h⊕ k are negabent functions.
Moreover, if f1 is given by

f1(x, y) = 8g(x) + (8h(x) + 8k(x) + 4g(x))y, (8)

then f1 is generalized negabent if g, h⊕k and g⊕h⊕k are negabent and ifNh⊕k(u) = Ng⊕h⊕k(u).
Further if f2 : Zn+2

2 → Z16 is given by

f2(x, y, z) = 8g(x) + (8h(x) + 4)y + (8k(x) + 4)z + (8l(x) + 4)(1 + y)(1 + z)− 4yz, (9)

then f2 is generalized negabent if g ⊕ l, g ⊕ k, g ⊕ h and g ⊕ h⊕ k are negabent and if

Ng⊕k(u)Ng⊕h(u) = Ng⊕l(u)Ng⊕h⊕k(u). (10)

Proof. We shall only show the third claim, since the proof of remaining ones are same as that of
Theorem 3.1. The generalized nega-Hadamard coefficient is given by

2N q
f2
(u, v, w) = iNg⊕l(u)− (−1)vNg⊕h(u)− (−1)wNg⊕k(u)− i(−1)v⊕wNg⊕h⊕k(u).

By taking square of norm, we get

4|N q
f2
(u, v, w)|2 = Ng⊕l(u)2 +Ng⊕h(u)2 +Ng⊕k(u)2 +Ng⊕h⊕k(u)2

+ 2(−1)v⊕w(Ng⊕k(u)Ng⊕h(u)−Ng⊕l(u)Ng⊕h⊕k(u)),

since g ⊕ l, g ⊕ k, g ⊕ h and g ⊕ h⊕ k are all negabent functions. Using the imposed condition
the remaining coefficients become zero. Hence |N q

f2
(u, v, w)| = 1.
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