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Abstract: Solvability criteria of negative Pell equations x2 − dy2 = −1 have previously been
established via calculating the length for the period of the simple continued fraction of

√
d and

checking the existence of a primitive Pythagorean triple for d. However, when d� 1, such crite-
ria usually require a lengthy calculation. In this note, we establish a novel approach to construct
integers d such that x2− dy2 = −1 is solvable in integers x and y, where d = d(un, un+1,m) can
be expressed as rational functions of un and un+1 and fourth-degree polynomials of m, and un
satisfies a recurrence relation: u0 = u1 = 1 and un+2 = 3un+1 − un for n ∈ N ∪ {0}. Our main
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argument is based on a binary quadratic relation between un and un+1 and properties 1+u2n
un+1

∈ N

and 1+u2n+1

un
∈ N. Due to the recurrence relation of un, such d’s are easy to be generated by hand

calculation and computational mathematics via a class of explicit formulas. Besides, we consider
equation x2 − k(k + 4)m2y2 = −1 and show that it is solvable in integers if and only if k = 1

and m ∈ N is a divisor of 1
2
u3n+2 for some n ∈ N ∪ {0}. The main approach for its solvability is

the Fermat’s method of infinite descent.
Keywords: Negative Pell equations, Quadratic Diophantine equations, Fermat’s method of infi-
nite descent.
AMS Classification: 11D45, 11D25.

1 Introduction and the statement of main results

This work is devoted to constructing a class of positive integers d ≡ d(un, un+1,m) expressed by
un, un+1 and fourth-degree polynomials of m such that the negative Pell equation x2− dy2 = −1
is solvable in integers, where {un}n∈N∪{0} satisfies u0 = u1 = 1 and un+2 = 3un+1 − un for
n ∈ N ∪ {0}. On the other hand, due to related works [4, 5], we are also interested in a special
equation x2−k(k+4)m2y2 = −1, where k, m ∈ N. A sufficient and necessary condition for the
solvability of this equation in integers has been established. Before introducing the main ideas
and the results, we recall the history of the Pell equation and some related works.

A well-known problem on finding nontrivial integer solutions of the Pell equation

x2 − dy2 = c (1.1)

has a history of several hundred years (cf. [8, 11]), where c ∈ Z−{0} and d is usually assumed a
positive square-free integer. Equation (1.1), a special case of binary quadratic Diophantine equa-
tions A11x

2 + A12xy + A22y
2 + B1x + B2y = c with A11A22 6= 0 and A2

12 − 4A11A22 > 0,
was named after the mathematician John Pell. A nature of (1.1) is that if it has an integer solu-
tion (x, y) with xy 6= 0, then it must have infinitely many distinct integer solutions. Indeed, it
is known (proved by Lagrange in 1768) that x2 − dy2 = 1 has nontrivial integer solutions for
all square-free integer d ≥ 2, and its all integer solutions can be generated by its fundamen-
tal solution (x, y) = (x0, y0) (which means x0, y0 ∈ N and x0 + y0 = min{x + y : x, y ∈
N and (x, y) solves (1.1)}). Assume that (x, y) = (a0, b0) is an integer solution of (1.1). Then
one may check that (x, y) = (an, bn) also solves (1.1), where n ∈ N and

an =
1

2

[
(a0 +

√
db0)(x0 +

√
dy0)

n−1 + (a0 −
√
db0)(x0 −

√
dy0)

n−1
]
∈ Z,

bn =
1

2
√
d

[
(a0 +

√
db0)(x0 +

√
dy0)

n−1 − (a0 −
√
db0)(x0 −

√
dy0)

n−1
]
∈ Z.

These solutions can be obtained directly from the Binomial theorem and establishing the recur-
rence relations. It is also known that even if (1.1) is solvable in integers x and y, finding its
fundamental solution may not be an easy matter. A famous example is equation x2 − 991y2 = 1.
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Its fundamental solution given as follows is quite huge (cf. [10]; see also, the online solver [1]):

(x, y) = (379516400906811930638014896080, 12055735790331359447442538767).

On the other hand, (1.1) may be unsolvable for some d and c.
For instance, x2 − 2y2 = 3 is unsolvable in integers x and y, which can be immediately

proved by applying congruence modulo 3 to this equation. Hence, when c 6= 1, the situation for
solvability of (1.1) becomes more complicated. A quite interesting question immediately arises:

“Given c 6= 1, for what value of d, (1.1) is solvable in integers x and y?”

For this question, a crucial case is c = −1; that is the negative Pell equation (cf. [3])

x2 − dy2 = −1 (x, y ∈ Z). (1.2)

A necessary condition for solvability of (1.2) in integers is that d ≡ 1 or 2 (mod 4) and all
odd prime divisors of d are of the forms congruent to 1 modulo 4. However, these conditions are
not sufficient for a solution to exist. One may visit A031396 in the OEIS [9] for some known
numbers d = 2, 5, 10, 13, 17, 26, 29, 37, 41, 50, ... such that (1.2) is solvable in integers x and
y. Within decades, some number theorists are devoted to establishing criteria for solvability of
(1.2). Some criteria can be found in [2, 6, 7, 10]. Newman [7] showed that if d =

∏r
i=1 pi, where

r = 2 or r is odd, and pi’s are primes congruent to 1 modulo 4 and satisfy
(
pi
pj

)
= −1 for all

1 ≤ i, j ≤ r with i 6= j, then (1.2) is solvable in integers. Here
( ·
·

)
is the usual Jacobi symbol.

On the other hand, Mollin [6] established a connection between the negative Pell equation (1.2)
and the equation x2 − dy2 = 1. He showed that (1.2) is solvable in integers x and y if and only
if the fundamental solution (x0, y0) of x2 − dy2 = 1 satisfies x0 ≡ −1 (mod 2d). Although these
results are quite important, their methods are limited if d � 1. For example, there are many
cases that their fundamental solutions are quite large. Hence, checking these conditions needs
lengthy calculations. Recently, well-known solvability criteria of negative Pell equations have
been established. One method is to calculate the length for the period of the simple continued
fraction of

√
d; the other one is to check the existence of a primitive Pythagorean triple for d. We

state these two criteria as follows:

Theorem A1 (cf. [10] in 1964). Let
√
d = [q0; q1, ..., qs] be the representation of

√
d as a simple

continued fraction with period s, then (1.2) is solvable in integers x and y if and only if the period
s is odd.

Theorem A2 (cf. [2] in 2000). (1.2) is solvable in integers x and y if and only if there exist a
primitive Pythagorean triple (A,B,C) and positive integers α and β such that

d = α2 + β2 and |Aα−Bβ| = 1. (1.3)

Here (A,B,C) is said to be a primitive Pythagorean triple if they are positive integers satisfying
A2+B2 = C2 with A and B relatively prime. Moreover, (x, y) = (Bα+Aβ,C) gives a solution
of (1.2).
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Hence, to verify the solvability for (1.2), one can check the period length for the simple
continued fraction of

√
d or check the existence of a primitive Pythagorean triple for d. However,

when d � 1, such criteria usually require a lengthy calculation. This motivates us to develop
a new method for constructing explicit forms of d such that (1.2) is solvable in integers. For
convenience of our argument, we only consider the case that d is odd and all of its prime divisor
are congruent to 1 modulo 4. (Note that d can be not a square-free number.) Our main idea is to
consider a factor decomposition d = ab for (1.2), i.e.,

x2 − aby2 = −1, for x, y ∈ Z, (1.4)

and transform (1.4) into the quadratic Diophantine equation

X2 − (a+ b)XY +

(
a− b
2

Y

)2

+ 1 = 0 (1.5)

under the relations

x = X − a+ b

2
Y, y = Y. (1.6)

Note that when a = b > 1, (1.4) is unsolvable in the integers. Note also that a ≡ b ≡ 1 (mod 4).
Without loss of generality, we may assume 1 ≤ a < b satisfying

b = a+ 4m, m ∈ N. (1.7)

Accordingly, (X, Y ) = (X0, Y0) is an integer solution of (1.5) if and only if (x, y)

= (±(X0 − a+b
2
Y0),±Y0) is an integer solution of (1.4). Moreover, by (1.7), one immediately

finds that all prime divisors of X0 and Y0 are congruent to 1 modulo 4. Next, we attempt to birth a
breakthrough idea to connect a second-order linear homogeneous recurrence sequence Aun+2 =

Bun+1 + Cun and the equation (1.4). Such an intuition comes from a fact that un satisfies a
quadratic form Cu2n+Bunun+1−Au2n+1 = A(unun+2− u2n+1) = (−C

A
)n(Cu20 +Bu0u1−Au21)

(see the Appendix (Section 3.3)), which has similar form as (1.5) when A = 1 and C = −1. This
gives a connection to constructing a new class of d = ab such that (1.4) is solvable. Although
the quadratic form of un and un+1 is well-known, to the best of our knowledge, it seems that rare
literature gives a connection to construct a wide variety of d = ab such that (1.4) is solvable.
Using such an idea, we can use some un’s to generate a rich class of values a and b such that (1.4)
is solvable in integers x and y. Due to the recurrence relation of un, these d = ab are easy to
be generated by hand calculation and computational mathematics via a class of explicit formulas.
In Section 3, we will provide some examples (see also, Tables 1–4) by hand computation, which
come from the following main result.

Theorem 1.1. Define a sequence {un}n∈N∪{0} satisfying

u0 = u1 = 1, un+2 = 3un+1 − un, n ∈ N ∪ {0}. (1.8)

In addition, for the convenience of notations, we define u−1 := 2 and u−2 := 5. Then (1.4) is
solvable in integers x and y when a and b satisfy one of the following cases:
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(i) For each m ∈ N satisfying m2 ≡ 1 (mod u3n+1), we choose (a, b) = (an(m), bn(m)),
where

an(m) =
(m2 − 1)u3n+2

u3n+1

+ 3− 2m and bn(m) =
(m2 − 1)u3n+2

u3n+1

+ 3 + 2m. (1.9)

Then (1.4) has an integer solution
x =

(m2 − 1)u23n+2

2u3n+1

+
u3n+3 − u3n+1

2
,

y =
1

2
u3n+2.

(1.10)

(ii) For each m ∈ N satisfying m2 ≡ 1 (mod u3n), we choose (a, b) = (an(m), bn(m)), where

an(m) =
(m2 − 1)u3n−1

u3n
+ 3− 2m and bn(m) =

(m2 − 1)u3n−1
u3n

+ 3 + 2m. (1.11)

Then (1.4) has an integer solution
x =

(m2 − 1)u23n−1
2u3n

− u3n − u3n−2
2

,

y =
1

2
u3n−1.

(1.12)

(iii) For each m ∈ N satisfying 4m2 ≡ 1 (mod u3n), we choose (a, b) = (an(m), bn(m)), where

an(m) =
(4m2 − 1)u3n+1 + 3u3n

2u3n
− 2m and bn(m) =

(4m2 − 1)u3n+1 + 3u3n
2u3n

+ 2m.

(1.13)

Then (1.4) has an integer solutionx =
(4m2 − 1)u23n+1 − u23n

2u3n
+

1

2
u3n+2,

y = u3n+1.

(1.14)

(iv) For each m ∈ N satisfying 4m2 ≡ 1 (mod u3n+1), we choose (a, b) = (an(m), bn(m)),
where

an(m) =
(4m2 − 1)u3n + 3u3n+1

2u3n+1

− 2m and bn(m) =
(4m2 − 1)u3n + 3u3n+1

2u3n+1

+ 2m.

(1.15)

Then (1.4) has an integer solutionx =
(4m2 − 1)u23n − u23n+1

2u3n+1

+
1

2
u3n−1,

y = u3n.

(1.16)

We shall state the proof of Theorem 1.1 in Section 2.1. As an application of Theorem 1.1, we
refer the reader to Examples 1–3 in Section 3.
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Remark 1. In Theorem 1.1, d = ab is of a fourth-degree polynomial of m. Such expressions of
d’s are new, and do not appear in the literatures related to the polynomial Pell equations.

In [4, 5], the authors ever studied the solvability in integers x and y for the following Pell
equation x2 − k(k + 4)y2 = −4 by using an infinite simple continued fraction of

√
k(k + 4),

where k ∈ N. As a special case of (1.4) with a = km and b = (k + 4)m, we use a different
approach to establish a sufficient and necessary condition for the solvability of

x2 − k(k + 4)m2y2 = −1 (1.17)

in integers. We stress that (1.17) includes x2 − k(k + 4)y2 = −4 in the case that m is even.
Moreover, using Theorem A1, we obtain the period length for the simple continued fraction of√
k(k + 4)m. Such results are stated as follows:

Theorem 1.2. Let k,m ∈ N. Then

(i) When k ≥ 2, for any m ∈ N, (1.17) is unsolvable in integers. In particular, this implies
that for k ≥ 2, the period of the simple continued fraction of m

√
k(k + 4) is even.

(ii) When k = 1, (1.17) is solvable in integers if and only if m is a divisor of 1
2
u3n+2 for some

n ∈ N ∪ {0}. In particular, the period of the simple continued fraction of
√
5m is even if

and only if

m 6
∣∣∣∣12u3n+2 , ∀ n ∈ N ∪ {0},

where un is defined in (1.8).

The main approach for the unsolvability comes from the concept of the Fermat’s method of
infinite descent. The proof of Theorem 1.2 will be given in Section 2.2.

Besides, we also provide Examples 4–5 for the solvability and unsolvability of (1.17). In
particular, using Theorem 1.2(ii) we show that x2 − 5 · 372y2 = −1 is solvable in integers, while
x2 − 5 · 292y2 = −1 and x2 − 5 · 412y2 = −1 are unsolvable in integers (cf. Example 5).

2 Proof of main results

2.1 Proof of Theorem 1.1

To prove Theorem 1.1, we need the following lemma:

Lemma 2.1. The sequence {un}n∈N presented in (1.8) has the following properties.

(i) u2n − 3unun+1 + u2n+1 + 1 = 0, n ∈ N ∪ {0}.

(ii) For each n ∈ N ∪ {0}, all odd prime divisors p of un satisfy p ≡ 1 (mod 4). Moreover,
u3n ≡ u3n+1 ≡ 1 (mod 4), and u3n+2 ≡ 2 (mod 4).
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Proof. It is apparent that un ∈ N and

un+2 ≡ −(un+1 + un) (mod 4). (2.1)

On the other hand, by (1.8) and Proposition 3.1, we immediately get (i) and unun+2 = u2n+1 + 1,
∀n ∈ N ∪ {0}. In particular, one finds that un and un+1 are relatively prime and satisfy

un|(u2n+1 + 1) and un+1|(u2n + 1), ∀n ∈ N ∪ {0}. (2.2)

Let p ≥ 3 be a prime divisor of un. By (2.2) we have

u4n+1 ≡ 1 (mod p), u2n+1 ≡ −1 (mod p).

Along with the Fermat’s little theorem gives 4|(p − 1). As a consequence, all possible prime
divisors p of un are p = 2 and p ≡ 1 (mod 4). Furthermore, we have that:

if un is odd, then un ≡ 1 (mod 4). (2.3)

Using (2.1) and (2.3) and applying the mathematical induction, we get u3n, u3n+1 ≡ 1 (mod 4)
and u3n+2 ≡ 2 (mod 4). Therefore, we prove (ii) and complete the proof of Lemma 2.1.

Now we state the proof of Theorem 1.1.
By (1.5) and (1.7), we have

X2 − 2(a+ 2m)XY + 4m2Y 2 + 1 = 0. (2.4)

Assume it has an integer solution (X0, Y0). Then, X0|(4m2Y 2
0 + 1). We consider two cases as

follows:

• Case 1. Assume m2 ≡ 1 (mod X0). Then we can let m2 = KX0 + 1 for some K ∈ Z. By
(2.4), we have

X2
0 − (a+ 2m− 2KY0)X0(2Y0) + (2Y0)

2 + 1 = 0. (2.5)

Hence, by Lemma 2.1 and (2.5), we can choose

(X0, Y0, a+ 2m− 2KY0) = (u3n+1,
1

2
u3n+2, 3) or (u3n+3,

1

2
u3n+2, 3). (2.6)

By (1.7) and (2.6), we have

a = 2KY0 + 3− 2m =
2(m2 − 1)Y0

X0

+ 3− 2m, b =
2(m2 − 1)Y0

X0

+ 3 + 2m. (2.7)

(A). If (X0, Y0, a+ 2m− 2KY0) = (u3n+1,
1
2
u3n+2, 3), then we have m2 ≡ 1 (mod u3n+1)

and (1.9). Moreover, by (1.6) and (2.7) we obtain

x0 :=X0 −
a+ b

2
Y0 = u3n+1 −

(
(m2 − 1)u3n+2

u3n+1

+ 3

)
1

2
u3n+2

=
2u23n+1 − (m2 − 1)u23n+2 − 3u3n+1u3n+2

2u3n+1

=
u23n+1 − (m2 − 1)u23n+2 + u3n+1(u3n+1 − 3u3n+2)

2u3n+1

=−
(m2 − 1)u23n+2

2u3n+1

+
u3n+1 − u3n+3

2
,

y0 :=Y0 =
1

2
u3n+2.
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Choosing (x, y) = (−x0, y0), we get (1.10) an integer solution of (1.4). Therefore,
we complete the proof of (i).

(B). If (X0, Y0, a + 2m− 2KY0) = (u3n+3,
1
2
u3n+2, 3), following the similar argument of

(A), we can prove (ii).

• Case 2. Assume 4m2 ≡ 1 (mod X0). Then we can let 4m2 = KX0 + 1 for some K ∈ Z.
By (2.4), we have

X2
0 − (2a+ 4m−KY0)X0Y0 + Y 2

0 + 1 = 0. (2.8)

Note that X0 must be odd. On the other hand, comparing Lemma 2.1(i) and (2.8), we shall
choose

2a+ 4m−KY0 = 3.

Hence, Y0 is also odd and

a =
(4m2 − 1)Y0 + 3X0

2X0

− 2m and b =
(4m2 − 1)Y0 + 3X0

2X0

+ 2m. (2.9)

Consequently, by Lemma 2.1(ii) and (2.8), we can choose

(X0, Y0) = (u3n, u3n+1) or (u3n+1, u3n). (2.10)

(C). If (X0, Y0) = (u3n, u3n+1), then 4m2 ≡ 1 (mod u3n). By (2.9) and (2.10) we get
(1.13), and

x0 :=X0 −
a+ b

2
Y0 = u3n −

(4m2 − 1)u23n+1 + 3u3nu3n+1

2u3n

=
2u23n − (4m2 − 1)u23n+1 − 3u3nu3n+1

2u3n

=
u23n − (4m2 − 1)u23n+1 + u3n(u3n − 3u3n+1)

2u3n

=
u23n − (4m2 − 1)u23n+1

2u3n
− 1

2
u3n+2,

y0 :=Y0 = u3n+1.

Choosing (x, y) = (−x0, y0), we get (1.14) an integer solution of (1.4). Therefore,
we complete the proof of (iii).

(D). If (X0, Y0) = (u3n+1, u3n), then 4m2 ≡ 1 (mod u3n+1). Following the similar argu-
ment as (C), we can prove (iv).

Therefore, we complete the proof of Theorem 1.1. �
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2.2 Proof of Theorem 1.2

We will prove Theorem 1.2(i) by contradiction. One may check that (1.17) is solvable in integers
if and only if

X2 − 2(k + 2)mXY + 4m2Y 2 + 1 = 0 (2.11)

is solvable in integers (by (1.5) and (1.6)). Suppose that there exist k ≥ 2 and m ∈ N such that
(2.11) has an integer solution (X0, Y0). Let Z = 2mY . Then

X2 − (k + 2)XZ + Z2 + 1 = 0 (2.12)

has an integer solution (X0, Z0) := (X0, 2mY0) with X0Z0 > 0 and (−X0,−Z0) also solves
(2.12). Hence, without loss of generality, we may assume that (2.12) has an integer solution
(X,Z) = (X̂0, Ẑ0), where X̂0, Ẑ0 ∈ N satisfy

X̂0 + Ẑ0 = min{X + Z : X, Z ∈ N and (X,Z) solves (2.12).}. (2.13)

(2.13) is well-defined due to the well-ordering property for the natural numbers. Moreover, by
(2.12), we have

Ẑ2
0 + 1

X̂0

∈ N and
X̂2

0 + 1

Ẑ0

∈ N. (2.14)

We consider two cases as follows:

• Case 1. If Ẑ0 < X̂0, then putting Z = Ẑ0 in (2.12) and applying the Vieta’s formulas, one
finds that (X,Z) = (X̂1, Ẑ0) is another integer solution, where X̂1 = (k + 2)Ẑ0 − X̂0 =
Ẑ2
0+1

X̂0
∈ N (by (2.14)). Note that Ẑ0 ≥ 2. We have

1 ≤ X̂1 =
Ẑ2

0 + 1

X̂0

≤ Ẑ2
0 + 1

Ẑ0 + 1
< Ẑ0 < X̂0. (2.15)

However, this implies X̂1 + Ẑ0 < X̂0 + Ẑ0 which gives a contradiction to (2.13).

• Case 2. If X̂0 < Ẑ0, then by the Vieta’s formulas and (2.14) one finds that (2.12) also has
an other integer solutions (X,Z) = (X̂0, Ẑ1), where

Ẑ1 = (k + 2)X̂0 − Ẑ0 =
X̂2

0 + 1

Ẑ0

≤ X̂2
0 + 1

X̂0 + 1
≤ X̂0 < Ẑ0. (2.16)

As a result, we have X̂0 + Ẑ1 < X̂0 + Ẑ0 which contradicts to (2.13).

Hence, by Cases 1 and 2, we have X̂0 = Ẑ0. Along with (2.12), we immediately get kX̂2
0 = 1,

which implies k = X̂0 = 1, a contradiction. Consequently, we prove that for any k ≥ 2 and
m ∈ N, (2.11) is unsolvable in integers. Moreover, by Theorem A1, we obtain that the period of
the simple continued fraction of m

√
k(k + 4) is even for any k ≥ 2 and m ∈ N. Therefore, we

complete the proof of (i).
It remains to prove (ii). When k = 1, (1.17) becomes

x2 − 5m2y2 = −1. (2.17)

We need the following:
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Lemma 2.2. All positive integer solutions of T 2 − 5S2 = −1 are of the form (Tn, Sn), where

Tn =
3

2
u3n+2 − u3n+1, Sn =

1

2
u3n+2, n ∈ N ∪ {0}. (2.18)

Proof. Using the fundamental solution (T0, S0) = (2, 1), one finds all positive integer solutions
(Tn, Sn) obeying

Tn + Sn
√
5 = (2 +

√
5)2n+1, n ∈ N ∪ {0}. (2.19)

One may check from (2.19) that

Tn =
1

4
(Sn+1 − 9Sn) ; (2.20)

S0 =1, S1 = 17, Sn+2 = 18Sn+1 − Sn, n ∈ N ∪ {0}. (2.21)

On the other hand, by applying the mathematical induction to (1.8), we can obtain

u2 = 2, u5 = 34, u3n+8 = 18u3n+5 − u3n+2, n ∈ N ∪ {0}. (2.22)

By (1.8), (2.20)–(2.22) and the uniqueness, we immediately arrive at

Sn =
1

2
u3n+2

and

Tn =
1

8
(u3n+5 − 9u3n+2)

=
1

8
(9u3n+2 − u3n−1)

=
1

8
[9u3n+2 + (u3n+1 − 3u3n)]

=
1

8
[9u3n+2 + u3n+1 − 3 (3u3n+1 − u3n+2)]

=
3

2
u3n+2 − u3n+1.

Therefore, we obtain (2.18) and complete the proof of Lemma 2.2.

By Lemma 2.2, we conclude that (2.17) is solvable in integers if and only if m | 1
2
u3n+2 for

some n ∈ N ∪ {0}. Now we need the following claim:

Claim 1. For i < j, 1
2
u3i+2 and 1

2
u3j+2 are relatively prime, i.e.,

g.c.d.(
1

2
u3i+2,

1

2
u3j+2) = 1. (2.23)

Proof. By (1.8) one may check that

g.c.d.(u3n+2, u3n+5) =g.c.d.(u3n+2, 8u3n+3 − 3u3n+2)
(2.24)

=g.c.d.(u3n+2, 8u3n+3) = 2.

Here we have used facts that g.c.d.(u3n+2, u3n+3) = 1 and u3n+2 ≡ 2 (mod 4). As a consequence,
for n ∈ N∪{0}, 1

2
u3n+2 and 1

2
u3n+5 are relatively prime. Hence, by making good use of (2.22) and

(2.24), we may apply the mathematical induction to g.c.d.(1
2
u3i+2,

1
2
u3j+2) and get (2.23).
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By Claim 1, for each n ∈ N we can choose mn > 1 satisfying mn|12u3n+2. Then all mn’s are
distinct. This shows that there are infinitely many m’s such that x2 − 5m2y2 = −1 is solvable in
integers x and y.

On the other hand, if m is not a divisor of 1
2
u3n+2 for all n ∈ N ∪ {0}, then (2.17) is unsolv-

able in integers. Along with Theorem A1, we immediately obtain that the period of the simple
continued fraction of m

√
5 is even.

Therefore, we prove (ii) and complete the proof of Theorem 1.2. �

3 Applications

For the importance of Theorems 1.1 and 1.2, we introduce some solvable and unsolvable negative
Pell equations which can be obtained from Theorems 1.1 and 1.2.

3.1 Constructing solvable negative Pell equations

Applying mathematical computations to formulas provided in Theorems 1.1, we can obtain much
more solvable negative Pell equations with “fourth-degree-polynomials” coefficients. Here are
some examples:

Example 1. Using u0 = u1 = 1, u2 = 2, u3 = 5 and u4 = 13, by Theorem 1.1 we immediately
create the following negative Pell equations which are solvable in integers x and y:

(i) x2 − (2m2 − 2m + 1)(2m2 + 2m + 1)y2 = −1, for m ∈ Z − {0}, has an integer solu-
tion (x, y) = (2m2, 1); see also, Table 1.

(ii) x2−(10m2−6m+1)(10m2+14m+5)y2 = −1, form ∈ Z, has an integer solution (x, y) =

(10m2 + 4m− 2, 1); see also, Table 2.

(iii) x2 − (130m2 + 146m + 41)(130m2 + 166m + 53)y2 = −1, for m ∈ Z, has an integer
solution (x, y) = (1690m2 + 2028m+ 606, 13); see also, Table 3.

(iv) x2 − (130m2 + 94m + 17)(130m2 + 146m + 41)y2 = −1, for m ∈ Z, has an integer
solution (x, y) = (650m2 + 600m+ 132, 5); see Table 4 for some examples.

Example 2. In Theorem 1.1(i) we can use u10 = 4181 = 37 · 113, u11 = 10946 and u12 = 28657

and choose n = 3 and m = 112 to get a negative Pell equation

x2 − 32617 · 33065y2 = −1

which has an integer solution (x, y) = (179734612, 5473). Using other methods, such as calcu-
lating the length for the period of the simple continued fraction of

√
32617 · 33065 or checking

the existence of a primitive Pythagorean triple for 32617 ·33065, it seems not easy to see that this
equation is solvable in integers.
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Table 1: x2 − (2m2 − 2m+ 1)(2m2 + 2m+ 1)y2 = −1
m The corresponding negative Pell equation

1 x2 − 5y2 = −1
2 x2 − 5 · 13y2 = −1
3 x2 − 52 · 13y2 = −1
4 x2 − 52 · 41y2 = −1
5 x2 − 41 · 61y2 = −1
6 x2 − 5 · 17 · 61y2 = −1
7 x2 − 5 · 17 · 113y2 = −1
8 x2 − 5 · 29 · 113y2 = −1
9 x2 − 5 · 29 · 181y2 = −1
10 x2 − 13 · 17 · 181y2 = −1
11 x2 − 5 · 13 · 17 · 53y2 = −1
12 x2 − 5 · 53 · 313y2 = −1
13 x2 − 5 · 73 · 313y2 = −1
14 x2 − 5 · 73 · 421y2 = −1
15 x2 − 13 · 37 · 421y2 = −1
16 x2 − 5 · 13 · 37 · 109y2 = −1
17 x2 − 5 · 109 · 613y2 = −1
18 x2 − 5 · 137 · 613y2 = −1
19 x2 − 5 · 137 · 761y2 = −1
20 x2 − 292 · 761y2 = −1
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Table 2: x2 − (10m2 − 6m+ 1)(10m2 + 14m+ 5)y2 = −1
m The corresponding negative Pell equation

−10 x2 − 5 · 173 · 1061y2 = −1
−9 x2 − 5 · 13 · 53 · 173y2 = −1
−8 x2 − 132 · 41 · 53y2 = −1
−7 x2 − 13 · 41 · 397y2 = −1
−6 x2 − 281 · 397y2 = −1
−5 x2 − 5 · 37 · 281y2 = −1
−4 x2 − 5 · 37 · 109y2 = −1
−3 x2 − 53 · 109y2 = −1
−2 x2 − 17 · 53y2 = −1
−1 x2 − 17y2 = −1
0 x2 − 5y2 = −1
1 x2 − 5 · 29y2 = −1
2 x2 − 29 · 73y2 = −1
3 x2 − 73 · 137y2 = −1
4 x2 − 13 · 17 · 137y2 = −1
5 x2 − 52 · 132 · 17y2 = −1
6 x2 − 52 · 13 · 449y2 = −1
7 x2 − 449 · 593y2 = −1
8 x2 − 593 · 757y2 = −1
9 x2 − 757 · 941y2 = −1
10 x2 − 5 · 229 · 941y2 = −1

Table 3: x2 − (130m2 + 146m+ 41)(130m2 + 166m+ 53)y2 = −1
m The corresponding negative Pell equation

−5 x2 − 13 · 197 · 2473y2 = −1
−4 x2 − 13 · 29 · 53 · 113y2 = −1
−3 x2 − 52 · 29 · 773y2 = −1
−2 x2 − 241 · 269y2 = −1
−1 x2 − 52 · 17y2 = −1
0 x2 − 41 · 53y2 = −1
1 x2 − 317 · 349y2 = −1
2 x2 − 5 · 181 · 853y2 = −1
3 x2 − 17 · 97 · 1721y2 = −1
4 x2 − 5 · 541 · 2797y2 = −1
5 x2 − 4021 · 4133y2 = −1
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Table 4: x2 − (130m2 + 94m+ 17)(130m2 + 146m+ 41)y2 = −1
m The corresponding negative Pell equation

−5 x2 − 13 · 197 · 2797y2 = −1
−4 x2 − 29 · 53 · 1721y2 = −1
−3 x2 − 5 · 181 · 773y2 = −1
−2 x2 − 269 · 349y2 = −1
−1 x2 − 52 · 53y2 = −1
0 x2 − 17 · 41y2 = −1
1 x2 − 241 · 317y2 = −1
2 x2 − 52 · 29 · 853y2 = −1
3 x2 − 13 · 17 · 97 · 113y2 = −1
4 x2 − 5 · 541 · 2473y2 = −1
5 x2 − 37 · 101 · 4021y2 = −1

3.2 Constructing solvable quadratic Diophantine equations

By (1.5) and Theorem 1.1, we get a class of solvable quadratic Diophantine equations.

Example 3. The following quadratic Diophantine equations are solvable in integers X and Y .

X2 −
(
(m2 − 1)u3n+2

u3n+1

+ 3

)
XY +m2Y 2 + 1 = 0, m2 ≡ 1 (mod u3n+1), (3.1)

X2 −
(
(m2 − 1)u3n−1

u3n
+ 3

)
XY +m2Y 2 + 1 = 0, m2 ≡ 1 (mod u3n), (3.2)

X2 −
(
(4m2 − 1)u3n+1

u3n
+ 3

)
XY + 4m2Y 2 + 1 = 0, 4m2 ≡ 1 (mod u3n), (3.3)

X2 −
(
(4m2 − 1)u3n

u3n+1

+ 3

)
XY + 4m2Y 2 + 1 = 0, 4m2 ≡ 1 (mod u3n+1). (3.4)

Example 3 introduces a lot of nontrivial quadratic Diophantine equations which are solvable.
Here we give some examples. Setting n = 1 in (3.1) and using u4 = 13 and u5 = 34 (by (1.8)),
one immediately finds that

X2 − 34m2 + 5

13
XY +m2Y 2 + 1 = 0

is solvable in integers as m ≡ ±1 (mod 13). Moreover, when m = 12, we get X2 − 377XY +

144Y 2 + 1 = 0 which has an integer solution (X, Y ) = (u4, u5) = (13, 34).
On the other hand, setting n = 1 in (3.4) and using u3 = 5 and u4 = 13, one finds that

X2 − 10m2 + 17

13
XY +m2Y 2 + 1 = 0

is solvable in integers as m ≡ ±6 (mod 13). In particular, when m = 6, the above equation
becomeX2−29XY+36Y 2+1 = 0, which has an integer solution (X, Y ) = (u4, 2u3) = (13, 10).
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3.3 Unsolvability and solvability for x2 − k(k + 4)m2y2 = −1

We introduce some examples for x2 − k(k + 4)m2y2 = −1 which are unsolvable or solvable in
integers.

Example 4. It is known that x2 − py2 = −1 is solvable in integers for p a prime congruent to 1

modulo 4. However, there are many such primes pi’s such that x2− (
∏
pi)y

2 = −1 is unsolvable
in integers. For example, by Theorem 1.2(i) one immediately finds that x2 − 13 · 17y2 = −1
(k = 13), x2−37 ·41y2 = −1 (k = 37), x2−5 ·13 ·61y2 = −1 (k = 61), x2−5 ·17 ·89y2 = −1
(k = 85), x2−97 ·101y2 = −1 (k = 97), ..., and x2−349 ·353y2 = −1 (k = 349) are unsolvable
in integers.

We shall stress that proving the unsolvability of x2−349·353y2 = −1 via other methods, such
as checking the even period length of the simple continued fraction of

√
349 · 353 and checking

the non-existence of a primitive Pythagorean triple for 349 · 353, may be a bit of a challenge.

Example 5.

(i) One may check directly that the sequence {un}n∈N∪{0} modulo 29 obeys a “congruence
period”

{un : n ∈ N ∪ {0}} ≡ {ui : i = 0, 1, ..., 6} ≡ 1, 1, 2, 5, 13, 5, 2 (mod 29).

Hence,

29 6
∣∣∣∣12u3n+2 , ∀n ∈ N ∪ {0},

and we conclude from Theorem 1.2(ii) that x2 − 5 · 292y2 = −1 is unsolvable in integers.

(ii) One may check directly that the sequence {un}n∈N∪{0} modulo 41 obeys a “congruence
period”

{un : n ∈ N ∪ {0}} ≡ {ui : i = 0, 1, ..., 19}
≡1, 1, 2, 5, 13,−7, 7,−13,−5,−2,−1,−1,−2,−5,−13, 7,−7, 13, 5, 2 (mod 41).

Hence,

41 6
∣∣∣∣12u3n+2 , ∀n ∈ N ∪ {0},

and we conclude from Theorem 1.2(ii) that x2 − 5 · 412y2 = −1 is unsolvable in integers.

(iii) By a simple calculation, one may check that

{un : n ∈ N ∪ {0}} ≡ {ui : i = 0, 1, ..., 37}
≡1, 1, 2, 5, 13,−3, 15, 11, 18, 6, 0,−6,−18,−11,−15, 3,−13,−5,−2,−1,
−1,−2,−5,−13, 3,−15,−11,−18,−6, 0, 6, 18, 11, 15,−3, 13, 5, 2 (mod 37).

This shows

37

∣∣∣∣12u3δ(n)+2 , ∀n ∈ N ∪ {0},

where δ(n) = 38n+ 9. Hence, x2 − 5 · 372y2 = −1 is solvable in integers.
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Appendix

For the reader’s convenience, we revisit a well-known property for a second-order linear homo-
geneous recurrence sequence

Aun+2 = Bun+1 + Cun, for n ∈ N ∪ {0}, (3.5)

where A, B and C are real numbers and A 6= 0.

Proposition 3.1. Let un satisfy (3.5). Then we have

Cu2n +Bunun+1 − Au2n+1 = A
(
unun+2 − u2n+1

)
=

(
−C
A

)n (
Cu20 +Bu0u1 − Au21

)
. (3.6)

Proof. We rewrite (3.5) in a matrix form[
0 1
C
A

B
A

][
un un+1

un+1 un+2

]
=

[
un+1 un+2

un+2 un+3

]
. (3.7)

Taking the determinant to (3.7), we get −C
A
(unun+2 − u2n+1) = un+1un+3 − u2n+2, which imme-

diately implies

unun+2 − u2n+1 =

(
−C
A

)n
(u0u2 − u21), ∀n ∈ N ∪ {0}. (3.8)

By (3.5) and (3.8), we get (3.6) and complete the proof of Proposition 3.1.
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