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Abstract: In this paper, elliptic curves theory is used for solving the quartic Diophantine equation
X4V =20+ Z?:l T,Uf, where n > 1, and 7}, are rational numbers. We try to transform
this quartic to a cubic elliptic curve of positive rank, then get infinitely many integer solutions for
the aforementioned Diophantine equation. We solve the above Diophantine equation for some
values of n, T;, and obtain infinitely many nontrivial integer solutions for each case. We show
among the other things that some numbers can be written as sums of some biquadrates in two
different ways with different coefficients.
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1 Introduction
The quartic Diophantine equation (DE)
ot 4yt = 221 + 2kw?, (D)

has already been studied by some authors. Four cases k = 1, k = 6r + 1, k = —8, and k = 2n?,
where n is a congruent number, has been studied in [1-6].



In this paper, we are interested in the study of the DE:
XYt =2Ut+ ) TUY, )
i=1

where n > 1, and T;, are rational numbers. This also solves the DE (1) for some values of k,
which is discussed in Example 1.

We conclude this introduction with a standard fact which is needed in this paper (see [8], page
37).

Lemma 1.1. Let K be a field of characteristic not equal to 2. Consider the equation

v? = au' + bud + cu® + du + ¢

with a, b, ¢, d € K. Let

2U2

2+ q) +du A (v +q) + 2q(du+ cu?) — (F5)

N u? T u’ '
Define a; = Cal, ay = ¢ — (%), as = 2qb, ay = —4q%a, ag = asas. Then y* + a1xy + asy =
3+ a2x2 + a4x + ag.
The inverse transformation is

2
2q(z +¢) — (S—q) u(ux — d)
U= , V= —q
Y 2q

The point (u,v) = (0, q) corresponds to the point (z,y) = oo and (u,v) = (0, —q) corresponds

to (z,y) = (—az, a1a2 — ag).

2 Main results

We prove the following main theorem:

Theorem 2.1. Consider the DE (2), where n > 1, and T}, are rational numbers. There exists a
corresponding quartic elliptic curve in the form V? = at* + b, in which the coefficients a and b
are all functions of 'I; and the other rational parameters to be found later. If this elliptic curve
has positive rank, depending on the values of 'T; and the other rational parameters, the DE (2)
has infinitely many integer solutions.

Proof. Firstly, it is clear that if we find rational solutions of the DE (2), then by canceling the
denominators of X, Y, U, U;, and by multiplying both sides of the DE (2) by the appropriate
number M, we may obtain integer solutions for the DE (2).

Let X = U +t,Y = U —t, where all variables are rational numbers. By substituting these
variables in the DE (2), and some simplifications, we get:

12077 = —2t' + > " TU}. (3)

=1



Let Ut = V. Then we obtain:

2 Ez 1TU4
= —— 4 &=L 4
v 6 + 12 “)

We see that if s
Q _ L=l "t
12
is to be square, say ¢? (This is possible by choosing appropriate values for U;, and T;.), we may
use from the Lemma 1.1 and transform the quartic elliptic curve (4) to an elliptic curve of the form

Y2 + arwy + azy = 23 4 asr® + aur + ag, where a; € Q.

Let Z" T
2 i=111Yq
=== ' 5
q D (5
Then with the inverse transformation V' = —¢g + X' and t = 235 , the quartic (4) transforms
to the cubic elliptic curve
T;U; 4
Y? =X"+ Zli—SX’ (6)

Then if the elliptic curve (6) has positive rank (This is done by choosing appropriate rational
values for U,;, and T;.), by calculating V, ¢, X, Y from the above relations and X = U + ¢,
Y = U —t, and by some simplifications and canceling the denominators of X = U + ¢, Y =
U —t, U; and T}, we may obtain infinitely many integer solutions for the DE (2). The proof is
completed. [

Remark 2.2. Generally, it is not essential for () to be square, the only important thing is the rank
of the quartic elliptic curve (4) to be positive for getting infinitely many solutions for the DE (2).
Note that if the constant number () is not square and the quartic (4) has positive rank, we may
transform this quartic to a quartic elliptic curve with square constant number, and then use the

Lemma 1.1 for transforming this new quartic to a cubic elliptic curve.
Now we work out some examples.
Example 1. 2 + y* = 20 + Lw* (given in the Introduction).

First of all, we solve the DE z* + y* = 20* + L.
Letting z = v +t,y = v — ¢, yields

2t + 120%t = L. (7)
Then by taking vt = z, we get:
—1 L
2 4
= —t"+ —. 8
z AT ()

Then 1f = is square (This means that L = 3A?, where A is a rational number.), we may
transform the quartic (8) to a cubic elliptic curve.
Let L = 3A2, then the quartic elliptic curve (8) becomes

2=t ©)



With the inverse transformation ¢ = ATX and z = % + FTX, the corresponding cubic elliptic
curve is
. A2
Y?2=X%+ FX. (10)

Then if the elliptic curve (10) has positive rank, we obtain infinitely many solutions for the
DE 2 + y* = 2v* + Lw?*, with L = 3A2. Also if we let A = 2A'(L = 12A"?), we get
ot +yt =20 + 12470 = 20" 4+ 2(6A%)w,
Thus we conclude that if the elliptic curve

2A12
3

has positive rank (A’ is a rational number.), we obtain infinitely many solutions for the DE

Y?=X3+ X (11)

ot 4yt =20t + 12470 = 20" 4 2(6A)w?. (12)

This is the same DE (1) given in the Introduction for k = 6 A%, that has been studied by some
authors (see [1-6]). Then we may solve the DE (1) for all of the values k& = 6A"?, which rank of
the elliptic curve (11) is positive.

As an example, by letting L = 3, the quartic (8) becomes
-1 1

2 1
= —t —. 13
z 6 + 1 (13)
With the inverse transformation ¢ = < and z = S +12X, we get the elliptic curve Y? = X3+1X.
Rank = 1.
Generator: P = (X,Y) = (2, 18) (¢,2) = (£,22).

Solution: 2209 4 1391* = 2.(409)* + 3.(1740)%, i.e., the sums of two biquadratics equal to the
sums of five biquadratics.

By taking L = 3, the quartic (8) becomes

—1 1
2 4
=—1U + . 14
7% T (14
1
With the inverse transformation ¢ = % and z = %1 + FTX, this maps to the new elliptic curve
3
2 _ w3 1
Y°=X"+gX.
Rank = 1.
. p_ _ (1 5 _ (2 -23
Generator: P = (X,Y) = (55,575)- (t,2) = (5, T55)-

Solution: 3.(1)* +3.(47)* = 6.(23)* + 604, i.e., the sums of six biquadratics equal to the sums of
seven biquadratics.

Letting L = 588 (A = 14 or A’ = 7), in the quartic (8), yields

-1
22 = ?z‘* + 49. (15)
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With the inverse transformation ¢ = 14X and z = —7 + £ this maps to the cubic elliptic curve

98 ' E
2 _ v3

Y<=X"+2X.

Rank = 1.

Generator: P = (X,Y) = (8—71, %) (t,2) = (%7 7323573)'

Solution: 4049% + 4697* = 2.(4373)* + 588.(450)%.

By taking L = 75, the quartic (8) becomes

2= %1154 + %. (16)
With the inverse transformation ¢ = % and z = _75 + RTX, the cubic elliptic curve is Y? =
X+ 5X.
Rank = 1.
Generator: P = (X,Y) = (24,118). (t,2) = (£, T50).

Solution: 48714 + 19914 = 2.(3431)* + 75.(1416)*.

) /vt v\ (11771761 42760419191
Also we have: 2P = (X", Y") = (5505056 » 830150296 )-

By using this new point, we obtain another solution for the DE (for L = 75) as
x = 357853717430881,
y = 1142070830414309,
v = 121823317194721,
w = 121097507148912.

Finally if in (8) we let L = 2.(6r% + 1), where r is a rational number, we get

—1 6r2 + 1
2 4 . 17
z 5 + 5 (17)

Let &6“ = g7, then we obtain r = - and g = § + 35
1

2
We have L = 2.(6r% + 1) = 2.(6.(73z — §)® + 1), then also we get

— ! — )% 18
Segt Gy (18)
. : . (5 ﬁ> Q 1 2X

With the inverse transformation ¢ = v and z = —( 5 + 15a) T e+ the corre-

sponding cubic elliptic curve is ’
2.« 1
V=X +(2).(z + —)*X. 19
+(3)-(5 + 55 (19)

Therefore we conclude that if the elliptic curve (19) has positive rank, we obtain infinitely many
solutions for the DE z* + y* = 2v* + Lw*, with L = 2.(6r + 1) = 2.(6.(55; — §)* + 1) =
(3).(55 + 3)2.

As an example, if in (19), we take o = 1, we get L = % and Y? = X3 + %X.



Rank = 1.
Generator: P = (X,Y) = (55, 555). (t,2) = (1, T2).
Solution: 12.(7)* + 12.(17)* = 24.(5)* + 49.(12)".

Example 2. z* + y* = 2u* + 20* + Lw*.
Firstly, we solve the DE z* + y* = 2u* + 2v* + L.
Again, letting x = v + ¢,y = v — t yields

2t +120%2 = 2u* + L. (20)

Now by taking vt = z, we get:
, 1, L-—2t

_ 21
z 6u + 19 (21)
Let us transform the quartic (21) to a cubic elliptic curve. Let
L —2t*
2
= . 22
q B (22)

(Remark:* Again, to transform the quartic elliptic curve to a cubic elliptic curve, and to find
appropriate values for q, t, with L given, so that the elliptic curve (21) has positive rank, % must
be a square. Then with an arbitrary L given, we may obtain q, t, from the elliptic curve (22) if the
rank of the quartic (21) or the coresponding cubic elliptic curve (23) is > 1, and consequently

obtain infinitely many solutions for the above DE.*)

2qX 2X
Now with the inverse transformation v = q? and z = —q + 4 , we get the new elliptic
curve I .
— 2t
Y?=X3+ %X. (23)
Then if the above elliptic curve has positive rank (This is done by choosing appropriate val-

_o44 .
L=2C 16 be square.), we obtain

ues for t, such as rank of the above elliptic curve to be > 1, and =75

infinitely many solutions for the above DE.

As an example, if we take ¢t = 3, ¢ = 1, we get L = 174. Then we obtain 2% = %u4 + 1.

With the inverse transformation v = % and z = —1 + UQTX, we get the new elliptic curve
Y2 =X3-2X
5 X.
Rank = 1.
Generator: P = (X,Y) = (=2, 3). (u,2) = (=2, —2).

Solution: 196 + 254% = 2.(29% + 90%) + 174.(75)".

3—2t?

This time, first we take L = 3, and then obtain appropriate value for ¢, such as “5Z- to be a
square. (i.e., L = 3g> (1—L2 must be a square.), where g is a rational number.).
Let . .
szt 1 (24)

12 6 4



With the inverse transformation t = = and A = _71 + t*X, this maps to the new elliptic curve

Y
Y?2=X3+ %X .
Rank = 1.
Generator: P = (X,Y) = (2, 18) (1, 4) = (£, 22).
So by taking t = % and L = 3, in the main elliptic curve (21), we get:
1 409
2 4 2
== ) 25
=50 T (em) (2

409

With the inverse transformation u = 0~ and z = % + %, the cubic elliptic curve is
841
_ 167281

Y= X7 - 1243686
Rank = 2.

Oneof Generators: 7, = (X, ) = (2 smuamoesn ) () _ (s amasorgon)
Solution (for the DE x* + y* = 2u* + 2v* + 3w?):

r = 12325316479952166913,

y = 197738927590609,

u = 11962044377817259513,

v = 55620069019200,

w = 5986719949260,

i.e., the sums of two biquadratics equal to the sums of seven biquadratics.

Example 3. 2 + y* = 2u* + 2v* + Lw* + Kr?.
At first, we solve the DE z* + y* = 2u* + 2v* 4+ Lw* + K.
Lettingx = v +t,y = v — t yields

2t* + 120%? = 2t + Luw* + K. (26)

Now, by taking vt = z, we get:

s 1, Lu'—2t"+K
+ :

== 27
=g 5 (27)
Let us transform the quartic (27) to a cubic elliptic curve. Let
Luw* -2t + K
¢ = : (28)

12

(Remark:* Again, to transform the above quartic elliptic curve to a cubic elliptic curve and to
find appropriate values for w, t, q, we need the rank of (27) to be > 1, as an example, we may

write
o Luw'—2'+ K  Lu' N =2+ K

7= 12 12 2

must be a square to transform the above quartic to a cubic elliptic curve. Let B> =

—214+ K
12

. To find appropriate values for B, and t, we must have K = 3G>. After getting the values

then
—2t* 4K
12

for B, and t, we solve the quartic

2_Lw4+—2t4—|—K_Lw4
771 2 12

+ B2,

7



for q, and w (with L given and B obtained). Finally, after getting appropriate values for q, and

w, we solve . A
1 Lw* —2t"+ K 1
2 _ 14 _ 14 2
Tt 12 ¢! T

for z, and u (With appropriate value of q just obtained.). If the above quartic or its coresponding

cubic elliptic curve (29) has positive rank, we obtain infinitely many solutions for the above DE.*)

Then with the inverse transformation v = % and z = —q + “;—qX, we get the new elliptic
curve o i g
_ o
y? = x84 2 j;8 X. (29)

Then if the above elliptic curve has positive rank (This is done by choosing appropriate val-
ues for w, and t, so that the rank of the above elliptic curve is > 1, and making W be
square.), we obtain infinitely many solutions for the above DE. Of course, we may first choose

w, t, and the other parameters, then choose L, K such as rank of the elliptic curve (29) to be > 1.

As an example, if we take t = 3, L = —1, w = 5, ¢ = 3, we get K = 895 # 3G?. Then we
obtain 2% = gu* +9.
With the inverse transformation v = % and z = —3 + UQTX, the cubic elliptic curve is Y2 =
X3 —-6X.
Rank = 1.
Generator: P = (X,Y) = (—2,2).
By using the point 2P = (X', Y") = (2, =112), we get (u, z) = (=37, 2%,
Solution (for the point 2P): 2308* + 866 + 2645 = 2.(1380%) + 2.(721%) + 895.(529)*.

This time, first we take t = 2, w = %, and then obtain appropriate values for L, K, such as
Luw*—2t4+ K _ _
== =1,and L + K = -2,
(We wish the number of quadratics in both sides of the above DE to be equal and then show how
some numbers can be written as sums of some biquadrates in two different ways with different
coefficients.)

—736

ST _ 706 : . .
Then we get: L = =2> and K = 2. By plugging these values into (27), we obtain

1

22 = —ut+ 1. (30)
6
With the inverse transformation u = % and z = —1 + tQTX, the above quadratic becomes
Y2 =X3-2X
5X.
Rank = 1.
Generator: P = (X,Y) = (_TQv ;_(;) (u,z) = (—?67 —2_259)

Solution (for the DE 152* + 15y* + 736w?* = 30u* + 300* + 706r):

15.(71)* + 15.(129)* + 736.(25)* = 30.(60)* + 30.(29)* + 706.(50)*.



Note that: 15 + 15 + 736 = 30 4 30 + 706. Therefore, we may choose the appropriate values
for the coefficients of the Diophantine equations and show how some numbers can be written as
sums of some biquadrates in two different ways with different coefficients.

We used the Sage software for calculating the rank of the elliptic curves (see [7]).
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