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Abstract: In this paper, elliptic curves theory is used for solving the quartic Diophantine equation
X4 + Y 4 = 2U4 +

∑n
i=1 TiU

4
i , where n ≥ 1, and Ti, are rational numbers. We try to transform

this quartic to a cubic elliptic curve of positive rank, then get infinitely many integer solutions for
the aforementioned Diophantine equation. We solve the above Diophantine equation for some
values of n, Ti, and obtain infinitely many nontrivial integer solutions for each case. We show
among the other things that some numbers can be written as sums of some biquadrates in two
different ways with different coefficients.
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1 Introduction

The quartic Diophantine equation (DE)

x4 + y4 = 2z4 + 2kw4, (1)

has already been studied by some authors. Four cases k = 1, k = 6r + 1, k = −8, and k = 2n2,
where n is a congruent number, has been studied in [1–6].
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In this paper, we are interested in the study of the DE:

X4 + Y 4 = 2U4 +
n∑
i=1

TiU
4
i , (2)

where n ≥ 1, and Ti, are rational numbers. This also solves the DE (1) for some values of k,
which is discussed in Example 1.

We conclude this introduction with a standard fact which is needed in this paper (see [8], page
37).

Lemma 1.1. Let K be a field of characteristic not equal to 2. Consider the equation

v2 = au4 + bu3 + cu2 + du+ q2

with a, b, c, d ∈ K. Let

x =
2q(v + q) + du

u2
, y =

4q2(v + q) + 2q(du+ cu2)− (d
2u2

2q
)

u3
.

Define a1 = d
q
, a2 = c − ( d

2

4q2
), a3 = 2qb, a4 = −4q2a, a6 = a2a4. Then y2 + a1xy + a3y =

x3 + a2x
2 + a4x+ a6.

The inverse transformation is

u =
2q(x+ c)− (d

2

2q
)

y
, v = −q + u(ux− d)

2q
.

The point (u, v) = (0, q) corresponds to the point (x, y) = ∞ and (u, v) = (0,−q) corresponds
to (x, y) = (−a2, a1a2 − a3).

2 Main results

We prove the following main theorem:

Theorem 2.1. Consider the DE (2), where n ≥ 1, and Ti, are rational numbers. There exists a
corresponding quartic elliptic curve in the form V 2 = at4 + b, in which the coefficients a and b
are all functions of Ti and the other rational parameters to be found later. If this elliptic curve
has positive rank, depending on the values of Ti and the other rational parameters, the DE (2)
has infinitely many integer solutions.

Proof. Firstly, it is clear that if we find rational solutions of the DE (2), then by canceling the
denominators of X , Y , U , Ui, and by multiplying both sides of the DE (2) by the appropriate
number M , we may obtain integer solutions for the DE (2).

Let X = U + t, Y = U − t, where all variables are rational numbers. By substituting these
variables in the DE (2), and some simplifications, we get:

12U2t2 = −2t4 +
n∑
i=1

TiU
4
i . (3)
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Let Ut = V . Then we obtain:

V 2 = −t
4

6
+

∑n
i=1 TiU

4
i

12
. (4)

We see that if

Q :=

∑n
i=1 TiU

4
i

12

is to be square, say q2 (This is possible by choosing appropriate values for Ui, and Ti.), we may
use from the Lemma 1.1 and transform the quartic elliptic curve (4) to an elliptic curve of the form
y2 + a1xy + a3y = x3 + a2x

2 + a4x+ a6, where ai ∈ Q.
Let

q2 =

∑n
i=1 TiU

4
i

12
. (5)

Then with the inverse transformation V = −q + t2X′

2q
and t = 2qX′

Y ′ , the quartic (4) transforms
to the cubic elliptic curve

Y ′2 = X ′3 +

∑n
i=1 TiU

4
i

18
X ′. (6)

Then if the elliptic curve (6) has positive rank (This is done by choosing appropriate rational
values for Ui, and Ti.), by calculating V , t, X , Y from the above relations and X = U + t,
Y = U − t, and by some simplifications and canceling the denominators of X = U + t, Y =

U − t, Ui and Ti, we may obtain infinitely many integer solutions for the DE (2). The proof is
completed.

Remark 2.2. Generally, it is not essential for Q to be square, the only important thing is the rank
of the quartic elliptic curve (4) to be positive for getting infinitely many solutions for the DE (2).
Note that if the constant number Q is not square and the quartic (4) has positive rank, we may
transform this quartic to a quartic elliptic curve with square constant number, and then use the
Lemma 1.1 for transforming this new quartic to a cubic elliptic curve.

Now we work out some examples.

Example 1. x4 + y4 = 2v4 + Lw4 (given in the Introduction).
First of all, we solve the DE x4 + y4 = 2v4 + L.

Letting x = v + t, y = v − t, yields

2t4 + 12v2t2 = L. (7)

Then by taking vt = z, we get:

z2 =
−1
6
t4 +

L

12
. (8)

Then if L
12

is square (This means that L = 3A2, where A is a rational number.), we may
transform the quartic (8) to a cubic elliptic curve.

Let L = 3A2, then the quartic elliptic curve (8) becomes

z2 =
−1
6
t4 +

A2

4
. (9)
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With the inverse transformation t = AX
Y

and z = −A
2

+ t2X
A

, the corresponding cubic elliptic
curve is

Y 2 = X3 +
A2

6
X. (10)

Then if the elliptic curve (10) has positive rank, we obtain infinitely many solutions for the
DE x4 + y4 = 2v4 + Lw4, with L = 3A2. Also if we let A = 2A′(L = 12A′2), we get

x4 + y4 = 2v4 + 12A′2w4 = 2v4 + 2(6A′2)w4.

Thus we conclude that if the elliptic curve

Y 2 = X3 +
2A′2

3
X (11)

has positive rank (A′ is a rational number.), we obtain infinitely many solutions for the DE

x4 + y4 = 2v4 + 12A′2w4 = 2v4 + 2(6A′2)w4. (12)

This is the same DE (1) given in the Introduction for k = 6A′2, that has been studied by some
authors (see [1-6]). Then we may solve the DE (1) for all of the values k = 6A′2, which rank of
the elliptic curve (11) is positive.

As an example, by letting L = 3, the quartic (8) becomes

z2 =
−1
6
t4 +

1

4
. (13)

With the inverse transformation t = X
Y

and z = −1
2
+t2X , we get the elliptic curve Y 2 = X3+ 1

6
X.

Rank = 1.

Generator: P = (X, Y ) = (25
36
, 145
216

). (t, z) = (30
29
, 409
1682

).
Solution: 22094 + 13914 = 2.(409)4 + 3.(1740)4, i.e., the sums of two biquadratics equal to the
sums of five biquadratics.

By taking L = 1
3
, the quartic (8) becomes

z2 =
−1
6
t4 +

1

36
. (14)

With the inverse transformation t =
1
3
X

Y
and z = −1

6
+ t2X

1
3

, this maps to the new elliptic curve

Y 2 = X3 + 1
54
X .

Rank = 1.

Generator: P = (X, Y ) = ( 1
36
, 5
216

). (t, z) = (2
5
, −23
150

).
Solution: 3.(1)4 +3.(47)4 = 6.(23)4 +604, i.e., the sums of six biquadratics equal to the sums of
seven biquadratics.

Letting L = 588 (A = 14 or A′ = 7), in the quartic (8), yields

z2 =
−1
6
t4 + 49. (15)
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With the inverse transformation t = 14X
Y

and z = −7 + t2X
14

, this maps to the cubic elliptic curve
Y 2 = X3 + 98

3
X .

Rank = 1.

Generator: P = (X, Y ) = ( 7
81
, 1225

729
). (t, z) = (18

25
, −4373

625
).

Solution: 40494 + 46974 = 2.(4373)4 + 588.(450)4.

By taking L = 75, the quartic (8) becomes

z2 =
−1
6
t4 +

25

4
. (16)

With the inverse transformation t = 5X
Y

and z = −5
2

+ t2X
5

, the cubic elliptic curve is Y 2 =

X3 + 25
6
X .

Rank = 1.

Generator: P = (X, Y ) = (24, 118). (t, z) = (60
59
, 17155

6962
).

Solution: 48714 + 19914 = 2.(3431)4 + 75.(1416)4.

Also we have: 2P = (X ′, Y ′) = (11771761
2005056

, 42760419191
2839159296

).
By using this new point, we obtain another solution for the DE (for L = 75) as

x = 357853717430881,
y = 114207083041439,
v = 121823317194721,
w = 121097507148912.

Finally if in (8) we let L = 2.(6r2 + 1), where r is a rational number, we get

z2 =
−1
6
t4 +

6r2 + 1

6
. (17)

Let 6r2+1
6

= g2, then we obtain r = 1
12α
− α

2
and g = α

2
+ 1

12α
.

We have L = 2.(6r2 + 1) = 2.(6.( 1
12α
− α

2
)2 + 1), then also we get

z2 =
−1
6
t4 + (

α

2
+

1

12α
)2. (18)

With the inverse transformation t =
2(α

2
+ 1

12α
)X

Y
and z = −(α

2
+ 1

12α
) + t2X

2(α
2
+ 1

12α
)
, the corre-

sponding cubic elliptic curve is

Y 2 = X3 + (
2

3
).(
α

2
+

1

12α
)2X. (19)

Therefore we conclude that if the elliptic curve (19) has positive rank, we obtain infinitely many
solutions for the DE x4 + y4 = 2v4 + Lw4, with L = 2.(6r2 + 1) = 2.(6.( 1

12α
− α

2
)2 + 1) =

(1
3
).( 1

2α
+ 3α)2.

As an example, if in (19), we take α = 1, we get L = 49
12

and Y 2 = X3 + 49
216
X .
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Rank = 1.

Generator: P = (X, Y ) = ( 7
36
, 49
216

). (t, z) = (1, −5
12
).

Solution: 12.(7)4 + 12.(17)4 = 24.(5)4 + 49.(12)4.

Example 2. x4 + y4 = 2u4 + 2v4 + Lw4.
Firstly, we solve the DE x4 + y4 = 2u4 + 2v4 + L.
Again, letting x = v + t, y = v − t yields

2t4 + 12v2t2 = 2u4 + L. (20)

Now by taking vt = z, we get:

z2 =
1

6
u4 +

L− 2t4

12
. (21)

Let us transform the quartic (21) to a cubic elliptic curve. Let

q2 =
L− 2t4

12
. (22)

(Remark:* Again, to transform the quartic elliptic curve to a cubic elliptic curve, and to find
appropriate values for q, t, with L given, so that the elliptic curve (21) has positive rank, L

12
must

be a square. Then with an arbitrary L given, we may obtain q, t, from the elliptic curve (22) if the
rank of the quartic (21) or the coresponding cubic elliptic curve (23) is ≥ 1, and consequently
obtain infinitely many solutions for the above DE.*)

Now with the inverse transformation u =
2qX

Y
and z = −q + u2X

2q
, we get the new elliptic

curve

Y 2 = X3 +
−L+ 2t4

18
X. (23)

Then if the above elliptic curve has positive rank (This is done by choosing appropriate val-
ues for t, such as rank of the above elliptic curve to be ≥ 1, and L−2t4

12
to be square.), we obtain

infinitely many solutions for the above DE.

As an example, if we take t = 3, q = 1, we get L = 174. Then we obtain z2 = 1
6
u4 + 1.

With the inverse transformation u = 2X
Y

and z = −1 + u2X
2

, we get the new elliptic curve
Y 2 = X3 − 2

3
X .

Rank = 1.

Generator: P = (X, Y ) = (−2
9
, 10
27
). (u, z) = (−6

5
,−29

25
).

Solution: 1964 + 2544 = 2.(294 + 904) + 174.(75)4.

This time, first we take L = 3 , and then obtain appropriate value for t, such as 3−2t4
12

to be a
square. (i.e., L = 3g2 ( L

12
must be a square.), where g is a rational number.).

Let

A2 =
3− 2t4

12
= −t

4

6
+

1

4
. (24)
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With the inverse transformation t = X
Y

and A = −1
2
+ t2X , this maps to the new elliptic curve

Y 2 = X3 + 1
6
X .

Rank = 1.

Generator: P = (X, Y ) = (25
36
, 145
216

). (t, A) = (30
29
, 409
1682

).
So by taking t = 30

29
and L = 3, in the main elliptic curve (21), we get:

z2 =
1

6
u4 + (

409

1682
)2. (25)

With the inverse transformation u =
409
841

X

Y
and z = −409

1682
+ u2X

409
841

, the cubic elliptic curve is

Y 2 = X3 − 167281
4243686

X .
Rank = 2.

One of Generators: P1 = (X, Y ) = ( 204919225
1025024256

, 343427056595
32817176580096

). (u, z) = (15803760
1701053

, 203932086158809
5787162617618

).
Solution (for the DE x4 + y4 = 2u4 + 2v4 + 3w4):

x = 12325316479952166913,
y = 197738927590609,
u = 11962044377817259513,
v = 55620069019200,
w = 5986719949260,

i.e., the sums of two biquadratics equal to the sums of seven biquadratics.

Example 3. x4 + y4 = 2u4 + 2v4 + Lw4 +Kr4.
At first, we solve the DE x4 + y4 = 2u4 + 2v4 + Lw4 +K.
Letting x = v + t, y = v − t yields

2t4 + 12v2t2 = 2u4 + Lw4 +K. (26)

Now, by taking vt = z, we get:

z2 =
1

6
u4 +

Lw4 − 2t4 +K

12
. (27)

Let us transform the quartic (27) to a cubic elliptic curve. Let

q2 =
Lw4 − 2t4 +K

12
. (28)

(Remark:* Again, to transform the above quartic elliptic curve to a cubic elliptic curve and to
find appropriate values for w, t, q, we need the rank of (27) to be ≥ 1, as an example, we may
write

q2 =
Lw4 − 2t4 +K

12
=
Lw4

12
+
−2t4 +K

12
,

then −2t
4+K
12

must be a square to transform the above quartic to a cubic elliptic curve. Let B2 =
−2t4+K

12
. To find appropriate values for B, and t, we must have K = 3G2. After getting the values

for B, and t, we solve the quartic

q2 =
Lw4

12
+
−2t4 +K

12
=
Lw4

12
+B2,
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for q, and w (with L given and B obtained). Finally, after getting appropriate values for q, and
w, we solve

z2 =
1

6
u4 +

Lw4 − 2t4 +K

12
=

1

6
u4 + q2,

for z, and u (With appropriate value of q just obtained.). If the above quartic or its coresponding
cubic elliptic curve (29) has positive rank, we obtain infinitely many solutions for the above DE.*)

Then with the inverse transformation u = 2qX
Y

and z = −q + u2X
2q

, we get the new elliptic
curve

Y 2 = X3 +
−Lw4 + 2t4 −K

18
X. (29)

Then if the above elliptic curve has positive rank (This is done by choosing appropriate val-
ues for w, and t, so that the rank of the above elliptic curve is ≥ 1, and making Lw4−2t4+K

12
be

square.), we obtain infinitely many solutions for the above DE. Of course, we may first choose
w, t, and the other parameters, then choose L, K such as rank of the elliptic curve (29) to be ≥ 1.

As an example, if we take t = 3, L = −1, w = 5, q = 3, we get K = 895 6= 3G2. Then we
obtain z2 = 1

6
u4 + 9.

With the inverse transformation u = 6X
Y

and z = −3 + u2X
6

, the cubic elliptic curve is Y 2 =

X3 − 6X .
Rank = 1.

Generator:P = (X, Y ) = (−2, 2).
By using the point 2P = (X ′, Y ′) = (25

4
, −115

8
), we get (u, z) = (−60

23
, 2163

529
).

Solution (for the point 2P ): 23084 + 8664 + 26454 = 2.(13804) + 2.(7214) + 895.(529)4.

This time, first we take t = 2, w = 1
2
, and then obtain appropriate values for L, K, such as

Lw4−2t4+K
12

= 1, and L+K = −2.

(We wish the number of quadratics in both sides of the above DE to be equal and then show how
some numbers can be written as sums of some biquadrates in two different ways with different
coefficients.)

Then we get: L = −736
15

and K = 706
15

. By plugging these values into (27), we obtain

z2 =
1

6
u4 + 1. (30)

With the inverse transformation u = 2X
Y

and z = −1 + t2X
2

, the above quadratic becomes
Y 2 = X3 − 2

3
X .

Rank = 1.

Generator: P = (X, Y ) = (−2
9
, 10
27
). (u, z) = (−6

5
, −29

25
).

Solution (for the DE 15x4 + 15y4 + 736w4 = 30u4 + 30v4 + 706r4):

15.(71)4 + 15.(129)4 + 736.(25)4 = 30.(60)4 + 30.(29)4 + 706.(50)4.
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Note that: 15 + 15+ 736 = 30+ 30+ 706. Therefore, we may choose the appropriate values
for the coefficients of the Diophantine equations and show how some numbers can be written as
sums of some biquadrates in two different ways with different coefficients.

We used the Sage software for calculating the rank of the elliptic curves (see [7]).
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