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1 Introduction

The author has introduced a series of extensions of the nature of the Fibonacci sequence (see,
e.g., [1]). Here, two new combined 3-Fibonacci sequences are introduced.

2 First scheme

Let a, b, ¢, d be arbitrary real numbers. The first sequence has the form: oy = a, 8y = b,y =
¢,71 = d and for each natural number n:

An42 = Vn+l + ﬁn—i-la

577,—‘,—2 = Yn+1 + Opt1,

Tnt+2 = Vnt1 T Tn-
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The first values of sequences {a, }22, {8n}52, and {7, }5° , are the following

n Oén ’yn Bn

0 a b

0 c

1 b+c a+c

1 d

2 a+c+d b+c+d
2 c+d

3 b+2c+ 2e a+ 2c+2d
3 c+2d

4 a+3c+4d b+ 3c+4d
4 2c+ 3d

5 b+bc+T7d a+bc+7d
5 3c+ 5d

6 a4+ 8c+12d b+ 8c+12d
6 5c+ 8d

7 b+ 13c+ 20d a+ 13c+ 20d
7 8c+ 13d

8 a-+2lc+ 33d b+ 21c+ 33d
8 13c + 21d

9 b+ 34c+ H4d a+ 34c + 54d
9 21lc+ 34d

Let {F,}>2, be the standard Fibonacci sequence, where for each natural number n > 0,
Fy=0,F; =1, and
Fojo=Fo + I,
Theorem 1. For each natural number n > 1:
Qop—1 = b+ Fop_1a+ (Fo, — 1)d,
2y = a + Fonc + (Fany1 — 1)d,
Ban—1 = a+ Fop_1c+ (Fy, + 1)d,
Bon = b+ Fonc+ (Fopp — 1)d,
Ytz = Frpic+ Fopod.

Proof: We can prove the Theorem, for example, by induction. For n = 1, the validity of the
Theorem is checked directly from the above table. Let us assume that the Theorem is valid for
some natural number n > 1. Then:

Qony1 = Yon + Bon
= Fop1c+ Fopd + b+ Fye+ (Foppr — 1)d
=b+ (Fap1 + Fop)e+ (Fop + Fopig — 1)d
=b+ Fypi1c+ (Foppa — 1)d.

91



Qont2 = VYontl + Bonsi
= Fyc+ Foppid+ a+ Fopgc+ (Fopyo — 1)d
=a+ (Fy, 4+ Fopi1)c+ (Fopg1 + Fopyo — 1)d
=b+ Fypioc+ (Fopsz — 1)d.

The rest formulas are checked by analogy.

3 Second scheme

Let a, b, ¢, d be arbitrary real numbers. The second sequence has the form: oy = a, 5y = b,y =

¢, ag = d and for each natural number n:
Qi1 = Qpy1 + Qp,

Bn+1 = Qpt1 + Vn,

Ynt1 = Qni1 + ﬁn

The first values of sequences {c, }22 , {Bn}o2, and {7, }5°, are the following

n Bn Oy, Tn

0 a

0 b c

1 d

1 c+d b+d

2 a+d

2 a+b+2d a+c+2d

3 a+ 2d

3 2a+c+4d 2a + b+ 4d
4 2a + 3d

4 4da+b+7d da+c+7d
5 3a + Hd

5 Ta+c+12d Ta+b+12d
6 da + 8d

6 12a+ b+ 20d 12a + ¢ + 20d
7 8a + 13d

7 20a+ c+ 33d 20a + b+ 33d
8 13a 4 21d

8 33a+ b+ 54d 33a + ¢+ H4d
9 2la + 34d

9 b54a+ c+ 88d 54a + b+ 88d
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Theorem 2. For each natural number n > 1:

Qp = I'p—1C + Fnda

6271—1 - (F2n - 1>CL + b+ (F2n+1 — 1)d,
Bon = (Fang1 — 1)a+ ¢+ (Fonqo — 1)d,
Yon—1 = (Foy — D)a+ c+ (Fony1 — 1)d,
Yon = (F2n+1 — 1)& + b + <F2n+2 — 1)d
Proof: The proof is similar. U

Another new scheme, modifying the standard form of 2-Fibonacci and 3-Fibonacci sequences
and the above two sequences, will be discussed in near future.
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