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1 Introduction and statement of the main results

Let q ≥ 2 be an integer. For n ∈ N can be written uniquely in base q as

n =
∞∑
k=0

ak(n)qk, ak(n) ∈ {0, 1, ..., q − 1}.

For a fixed q, the sum of digits of n in base q is defined by

sq(n) =
∞∑
k=0

ak(n).

The function sq(n) occurs in many branches of mathematics. We refer the reader to the
monograph [7] (see Chapter IV, part 4.3) for more details. Let d(n) denote the number of positive
divisors of the integer n. There are many research on the determining the asymptotic behaviour
of the divisor sum
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∑
n≤x

d(f(n)) for f(x) is a given polynomial. (1.1)

For example, in 1952, Erdös [1] showed that for an irreducible polynomial P (x) ∈ Z[x] and
for any N > 1,

N logN �P

∑
n≤N

d(P (n))�P N logN,

where the dependence of the constants can be both on the degree and the coefficients of the
polynomial P (x). Next, Hooley [4] proved that∑

n≤N

d(n2 + a) = c1N logN + c2N +O(N8/9 log3N),

for any fixed a ∈ Z such that −a is not a perfect square, where c1 and c2 are constants depending
only on a. For other results related to the sum in (1.1), we refer the reader to [5] and [8] (see
Chapter II) for more details.

In this paper, we shall determine the asymptotic behaviour of the divisor sum, which is similar
as in (1.1) related to the sum of digits of n in base q. Here are our main results.

Theorem 1.1. For N, q ≥ 2, and q − 1 =
∏r

i=1 p
si
i . Then, for a small ε > 0, we have

∑
n≤N

d(sq(n
2)) =

1 + ln((q − 1)
⌊
logq qN

⌋
)

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
N (1.2)

+Oq(N(logN)−1+ε).

Moreover, we extend Theorem 1.1 to the sum of digits of the power h, h ≥ 2.

Theorem 1.2. For N, h ≥ 2, and q ≥ exp(67h3(log h)2) be a sufficiently large prime number
such that q − 1 =

∏r
i=1 p

si
i . Then, for a small ε > 0, we have

∑
n≤N

d(sq(n
h)) =

1 + ln((q − 1)
⌊
logq qN

⌋
)

q − 1

r∏
i=1

(
p

⌊
si(h−1)

h

⌋
i + (pi − 1)

si∑
b=1

p
b si+bh c−1
i

)
N (1.3)

+Oq(N(logN)−1+ε).

2 Lemmas

The following lemmas will be used in the proof of (1.2) and (1.3).

Lemma 2.1. [6, Theorem 3] For any integers q ≥ 2 and m ≥ 2. There exists σq,m > 0 such that

#{n ≤ x : sq(n
2) ≡ 0 mod m} =

x

m
Q(0, D) +O(x1−σq,m), (2.1)

where D = gcd(q − 1,m) and Q(0, D) = #{0 ≤ n < D : n2 ≡ 0 mod D}.
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Lemma 2.2. [3, Corollary 5] Given a multiplicative function f , the sum over k, k = 1, ..., n of
the function values f(gcd(k, n)) of the greatest common divisor can be expressed in the prime
factors of the number n =

∏r
i=1 p

si
i as

n∑
k=1

f(gcd(k, n)) =
r∏
i=1

(
f(psii ) + (pi − 1)

si∑
b=1

pb−1i f(psi−bi )

)
. (2.2)

For x ∈ R/Z, Ψ(x) = x− bxc − 1
2
.

Lemma 2.3. For T > 1, if q − 1 6 |T , then

T∑
d=1

Q(0, gcd(q − 1, d)) =
T

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
(2.3)

+Oq

(
Ψ

(
T

q − 1

))
.

If q − 1 | T , then

T∑
d=1

Q(0, gcd(q − 1, d)) =
T

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
. (2.4)

Proof. Let q − 1 =
∏r

i=1 p
si
i . For q = 2, the empty product is 1. Thus

T∑
d=1

Q(0, gcd(1, d)) =
T∑
d=1

Q(0, 1) =
T∑
d=1

1 = T.

Now, we consider q > 2. For q − 1 | T , we have the result (2.4) by applying Lemma 2.2. In
order to apply Lemma 2.2, we need to show that the arithmetical function Q(0, gcd(q − 1, .)) is
multiplicative. It is trivial that Q(0, gcd(q − 1, 1)) = 1 and for any prime number p, and non-

negative integer α, we haveQ(0, gcd(q−1, pα)) = Q(0, pα
′
) = p

⌊
α′
2

⌋
, where gcd(q−1, pα) = pα

′ .
Then, for a product of prime pi, i = 1, ..., k,

Q(0, gcd(q − 1,
k∏
i=1

pαii )) = Q(0,
k∏
i=1

p
α′i
i )) =

k∏
i=1

p

⌊
α′i
2

⌋
i =

k∏
i=1

Q(0, gcd(q − 1, p
α′i
i )).

This shows the multiplication property of the function Q(0, gcd(q − 1, .)).
Thus, in view of Lemma 2.2, we have

q−1∑
d=1

Q(0, gcd(d, q − 1)) =
r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
.

Since the function Q(0, gcd(q − 1, .)) is periodic with period q − 1, thus, for q − 1|T

T∑
d=1

Q(0, gcd(q − 1, d)) =
T

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
.

42



For q − 1 6 |T , we have

T∑
d=1

Q(0, gcd(q − 1, d)) =

q−1∑
d=1

Q(0, gcd(q − 1, d)) + · · ·+
T∑

d=b T
q−1c(q−1)+1

Q(0, gcd(q − 1, d))

=

⌊
T

q − 1

⌋ r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)

+
T∑

d=b T
q−1c(q−1)+1

Q(0, gcd(q − 1, d))

=

⌊
T

q − 1

⌋ r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)

+

(
T −

⌊
T

q − 1

⌋
(q − 1)

)
+

T∑
d=b T

q−1c(q−1)+1

gcd(q−1,d) is not squarefree

(Q(0, gcd(q − 1, d))− 1).

Now we bound the last term.

T∑
d=b T

q−1c(q−1)+1

gcd(q−1,d) is not a squarefree

Q(0, gcd(q − 1, d))

≤ #

{
n|
⌊

T

q − 1

⌋
(q − 1) < np2 ≤ T, for all p | (q − 1)

} r∏
i=1

p
b si2 c
i

≤
(
T −

⌊
T

q − 1

⌋
(q − 1)

) r∏
i=1

p
b si2 c
i

∑
pi

1

p2i

= Oq

(
T −

⌊
T

q − 1

⌋
(q − 1)

)
= Oq

(
Ψ

(
T

q − 1

))
.

Thus,

T∑
d=1

Q(0, gcd(q − 1, d)) =
T

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)

+Oq

(
Ψ

(
T

q − 1

))
.
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3 Proof of Theorems 1.1-1.2

Let N, q ≥ 2, we have

∑
n≤N

d(sq(n
2)) =

∑
n≤N

∑
d|sq(n2)

1 =

(q−1)blogq qNc∑
d=1

∑
1≤n≤N
d|sq(n2)

1.

In view of Lemma 2.1, the last inner sum is # { n ≤ N : sq(n
2) ≡ 0 mod m }. Thus

∑
n≤N

d(sq(n
2)) =

(q−1)blogq qNc∑
d=1

(
N

d
Q(0, gcd(q − 1, d)) +O(N1−σq,d)

)

= N

(q−1)blogq qNc∑
d=1

Q(0, gcd(q − 1, d))

d
+

(q−1)blogq qNc∑
d=1

O(N1−σq,d). (3.1)

Using the partial summation and Lemma 2.3, we have

(q−1)blogq qNc∑
d=1

Q(0, gcd(q − 1, d))

d

=
1

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)

+

∫ (q−1)blogq qNc

1

(
t∑

d=1

Q(0, gcd(q − 1, d))

)
dt

t2

=
1

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)

+

∫ (q−1)blogq qNc

1

(
t

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b−2

2 c
i

))
dt

t2

+

∫ (q−1)blogq qNc

1

Oq

(
Ψ

(
t

q − 1

))
dt

t2

=
1

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)

+
1

q − 1
ln((q − 1)

⌊
logq qN

⌋
)

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
+Oq

(
(logN)−1+ε

)
=

1 + ln((q − 1)
⌊
logq qN

⌋
)

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
+Oq

(
(logN)−1+ε

)
, ε > 0.

Inserting this to (3.1), we have
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∑
n≤N

d(sq(n
2)) =

1 + ln((q − 1)
⌊
logq qN

⌋
)

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
N

+Oq

(
N (logN)−1+ε

)
+

(q−1)blogq qNc∑
d=1

O(N1−σq,d)

=
1 + ln((q − 1)

⌊
logq qN

⌋
)

q − 1

r∏
i=1

(
p
b si2 c
i + (pi − 1)

si∑
b=1

p
b si+b2 c−1
i

)
N

+Oq

(
N (logN)−1+ε

)
, ε > 0.

4 Average number of divisors of the sum of digits
of power h, h ≥ 2

In this section, we extend Theorem 1.1 to the sum of digits of power h, h ≥ 2. To this, we need
the following result of M. Drmota, C. Mauduit and J. Rivat [2] about the sum of digits function
of polynomial sequences.

Lemma 4.1. [2, Theorem 2] For a fixed polynomail p(x) = ahx
h + · · ·+ a0 ∈ Z of degree h ≥ 2

with p(N) ⊂ N. Let q ≥ exp(67h3(log h)2) be a sufficiently large prime number and suppose
(ah, q) = 1. Then there exists σq,m > 0 such that for any y ∈ Z, as N →∞,

#{0 ≤ n < N : sq(p(x)) ≡ g mod m} =
N

m
Q∗(g, d) +Oq,m,p(N

1−σq,m),

where d = gcd(m, q − 1) and

Q∗(g, d) = #{0 ≤ n < d : p(x) ≡ g mod d}.

For our situation, we put p(x) by xh and g = 0 in Lemma 4.1. We let

Q∗h(0, d) = #
{

0 ≤ n < d : xh ≡ 0 mod d
}
.

We see that,Q∗h(0, p
k) = pb(h−1)k/hc. Thus it is obvious that the functionQ∗h(0, .) is multiplicative.

Applying Lemma 2.2, we have following Lemma.

Lemma 4.2. Let a positive integer h ≥ 2 and q ≥ exp(67h3(log h)2) be a sufficiently large prime
number. We write q − 1 =

∏r
i=1 p

si
i .

For T > 1, if q − 1 6 |T , then
T∑
d=1

Q∗h(0, gcd(q − 1, d)) =
T

q − 1

r∏
i=1

(
p

⌊
si(h−1)

h

⌋
i + (pi − 1)

si∑
b=1

p
b si+bh c−1
i

)

+Oq

(
Ψ

(
T

q − 1

))
.

If q − 1 | T , then
T∑
d=1

Q∗h(0, gcd(q − 1, d)) =
T

q − 1

r∏
i=1

(
p

⌊
si(h−1)

h

⌋
i + (pi − 1)

si∑
b=1

p
b si+bh c−1
i

)
.
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In view of Lemma 4.1 and 4.2 , the proof of Theorem 1.2 is similar to the proof in Theo-
rem 1.1.

5 Conclusions

Theorems 1.1-1.2 indicated that
∑

n≤N d(sq(n
h)) �q,h N ln(logN). This is a new view of the

asymptotic behaviour of the sum (1.1). Moreover, the results showed that the constant depends
on the degree of the polynomial and the base q.

However, the results should be extended to general polynomials p(x) ∈ Z[x]. To this we need
to know the estimation of the sum

∑
d≤T Q

∗
h(0, gcd(q − 1, d)), where

Q∗h(0, D) = #{0 ≤ n < D | p(n) ≡ 0 (mod D)}.
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