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Abstract: In this paper, we define the double Fibonacci sequence and the basic double Fibonacci
sequence in groups and rings. Then we examine these sequences in finite 2-generator groups
and rings. Also, we obtain the periods of the double Fibonacci sequences and the basic double
Fibonacci sequences in the dihedral group Ds,,, and the ring £ for the generating pairs (a, b) and
(b, a) as applications of the results obtained.
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1 Introduction

It is well-known that the Fibonacci, the (a, b)-Fibonacci, the Pell and the half-companion Pell
sequences are defined as follows, respectively:

F,=F, 1+ F,_oforn>2inwhich Fy, =0and F; =1,
FloY = oF"Y 4 bF\™Y) for non-zero integers a, b and n > 2 in which F\*” = 0 and F*" =1,
P,=2P, 1+ P, sforn >2inwhich Fy=0and P, =1

and
H,=2H,+ H, ; forn > 2in which Hy =1 and H; = 1.

Let (G be a finite n-generator group and suppose that

X:{(x17x27"'7xn)€gXGX"'XG’ <{x171727"'7$n}>:G}.

n

We call (1, x9, -+ ,x,) a generating n-tuple for G.
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Definition 1.1. The Fibonacci orbit of the n-generated group G with respect to the generating

n-tuple (x1,x2, - , Ty), written Fig, 5, ... ».) (G), is the sequence a; = x5, 1 <1 < n, apqy =
n

H Q4 k—1, { Z 1.

k=1

Recenlty, The Fibonacci orbits of special groups have been investigated by some authors; see
for example, [1, 3, 4, 10, 11].

Definition 1.2. Ler R be a ring with identity I, The sequence { M, } of elements of R is defined by
Mo =AM,1+ AgM,, n >0 (1)
in which My, M,, Ay and Ay are arbitrary elements of R.
Special cases of (1) were studied in [2, 5, 9, 13].

Definition 1.3. (Tasyurdu and Deveci [12]). Let R be a 2-generator ring and let (a,b) be a
generating pair of the ring R. We define the Fibonacci Polynomial-type orbit F, (I;b) (x) = {x;} of
(a,b) by

Tpa1 = bry + Ty

in which xo = a and x1 = b.

A sequence is periodic if, after a certain point, it consists only of repetitions of a fixed subse-
quence. The number of elements in the shortest repeating subsequence is called the period of the
sequence. In particular, if the first n elements in the sequence form a repeating subsequence, then
this sequence is simply periodic and its period is 7.

Given an integer matrix A = [a;;], A (mod m) means that all entries of A are modulo m,
that is, A (mod m) = (a;; (mod m)). Let us consider the set (A), = {A*(modm)|i>0}. If
ged (det A,m) = 1, then (A),  is a cyclic group. The order of the cyclic group (A), is denoted

by [(A),-
A group D, is dihedral if

Dy = (a,b | am:bzz(ab)2:e>.

Note that the order of dihedral group Ds,, is 2m.
For any prime p, up to isomorphism, the 2-generator ring E of order p?, which is not field is
given by the following presentation

E:<a,b|pa:pb:0, a>=a, > =0, ab=aq, ba:b>.

For more information on the ring F, see [7].

In this paper, we define the double Fibonacci sequence and the basic double Fibonacci se-
quence in groups and rings and then we give the periods of the double Fibonacci sequences in the
dihedral group D, and the ring E for the generating pairs (a, b) and (b, a).
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2 The main results

Define the double Fibonacci sequence { F' (n, k)} as shown:
F(n,k) = F,9Fx 1+ Fpi1F) forn, k> 0.
It is clear that F' (n, k) = Fyi k0.
Definition 2.1. Let G be a 2-generator group and let (z,vy) be a generating pair of G. The kth

double Fibonacci orbit F(’Z,yy) (G) = {ak} of (z,y) is defined by

Uiz = (aiﬂ)Fk (aﬁaﬁﬂ)FkH’ n2l1
in which a¥ = x, a% = yand k > 1.
Theorem 2.1. A double Fibonacci orbit of a finite 2-generator group is periodic.

Proof. Let o be order of the group G; then it is clear that there are o? distinct 2-tuples of elements
of G. Thus it is verified that at least one of the 2-tuples appears twice in a double Fibonacci orbit.
Because of the repeating, the double Fibonacci orbit is periodic. [

The period of the kth double Fibonacci orbit F| (kw) (G) is denoted by PF, ("“ (G).

z,y)

Definition 2.2. Let k > 1 be an integer and let u be smallest positive integer such that a* =

aZ+PF& @) and a¥_, = aZJrPF(kz NSt For a generating pair (x,y), the kth basic double Fi-
bonacci orbit Fécb’f,b’g) (G) of the basic period m is a sequence of group elements b b5 ... bF ...

for which, given the initial (seed) set b} = a¥, b§ = a* 11, each element is defined by

b712+2 = (bfLH)Fk (bﬁbfzﬂ)FkH, n=>1

where m > 2 is the smallest integer with bf = b¥, 0 and bs = bf, .0 for some 6 € AutG (where
AutG means that the authomorphism group of G).

We denote the basic period of the k-th basic double Fibonacci orbit F(kbk ) (G) by
172

BPF(kbM) (G).

Theorem 2.2. Let G be a finite 2-generator group and let (x,y) be a generating pair of G. If
PFE( , (G) = Xand BPF} ) (G) = m, then m divides M.

k
( (aﬁ,aqul

k
k
u+PF(I’y> (G)

Then we have A = 7 - m where 7 is order of automorphism 6 € AutG since

Proof. Let u be the smallest positive integer such that a® = a andal,, =al , FE (@)1

Fk — Fk Fk: Fk .
(aﬁ,a§+1> (G) (a{j,aﬁjrl) (G) U (aﬁ@,aﬁ+19) (G) U (aﬁ@Q,aﬁ+102) (G) U
and
BPFF G) = BPF¥ G).
(aﬁ,aﬁ+1) ( ) (aﬁ@,afﬂ_ﬁ) ( )
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Now we give the periods of the kth double Fibonacci orbits and the kth basic double Fibonacci
orbits of the dihedral group D, for £ > 1 and m > 3 by the following Theorem.

Theorem 2.3. For k > 1, m > 3 and generating pair (a,b), the periods of the kth double
Fibonacci orbits and the kth basic double Fibonacci orbits of the dihedral group D, are as
follows:
(i). If F;, and Fy,1, is odd, then BPF(";’b) (Dyy) = 2 and PF(’C 5
(ii). If Fy, is even and Fy1 is odd, then there are two subcases:
Case 1. If Fi11 | m, then PF( ») (Da) = 3.

Case 2. If Fy1 ¥ m, then BPF(’Z’b) (Do) = 3 and PF(’;b) (Day) = 3i where i is the smallest

(Do) = 4.

positive integer such that:

7

(—l)i (Fk_,_l)i =m-7r1+ 1and (_Fk—i-le + Fri1 + 1 Z Z “ Fk+1) U =m-ry

u=1

forri,ro € 7.
(iii). If F}, is odd and F},, 1 is even, then PF(';b) (Do) = 2.

Proof. (i). If F}, and F},,; is odd, then the orbit F’ (’fl 5 (Dayy,) is
a¥ =a, as =b, af =a', df =a P @ =a, af =b,. ...

So, we get BPFa s (D2m) = 2 and PFf, ) (Dayn) = 4 since af = ™" and b = a~"+171h
where 6 is an automorphism of order 2.
(i1). If F}, is even and Fj; is odd, then we have the sequence

a’f = a, alg =, a]§ = ab,
ab = a e alg = g Pert bt o1y,
7 .
k _ (D (Feyr)t K _ (=Fip1 et Fepa+1) g( b’ u(FkH)Z_ub
a3iyp = @ » A3i42 = R

Thus, two cases occur:

Case 1. If Fyyy | m, then it is clear that af;,, = af; , ,, and a5, = af,_,,,,. Thus, we
obtain PF{, ;) (Do) = 3.

Case 2. Let F,, 1 m. If we choose i as the smallest positive integer such that (—1)" (Fj41)" =
m -7+ 1and (—Fp Fy + Fopr +1) 32 (=) (Fepr)™™ = m - 1y for ry, 75 € Z, then we

u=1

_ =
get PF(]‘;’b) (Do) = 3i. Also, we obtain BPF(’Z py (D2m) = 3 since af = a1 and b0 =
—Frp1 Fp P41+l ’
a Fr+1 b where 0 is a automorphism of order .

(ii1). If Fj is odd and Fj, is even, then we have the sequence
alf:a, a’;:b, aqu:b, ai:b, alg:b,...,

which has period 2. O]
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Theorem 2.4. For k > 1, m > 3 and generating pair (b,a), the periods of the kth double
Fibonacci orbits and the kth basic double Fibonacci orbits of the dihedral group D, are as
follows:

(i). If I}, and F1 is odd, then BPF(IZ,a) (Dyy) = 2 and PF(’Z,a) (Dyp) = 4.

(ii). If Fy, is even and Fy1 is odd, then two subcases occur:

Case 1. If Fi11 | m, then PF(’Z,a) (Do) = 3.

Case 2. If Fy1 ¥ m, then BPF(’Z@) (Do) = 3 and PF(’Z’Q) (Da,,) = 3i where i is the smallest

positive integer such that (Fy) 3 (=1)"" (Fps1)'™" = m-ty and (=1)" (Fj1)' = m -ty + 1 and
v=1
forti, ty € 7.
(iii). If Iy, is odd and F} .4 is even, then two subcases occur:
Case I'. If gcd (Fip1,m) = 1 and o | Fyyy with F, = a (mod m), then PF(’Z’G) (Dsyy) =
|(Qk),,| where the matrix Qy, is defined by

Frio Fin

Q=1 0

Case 2'. If ged (Fyy1,m) = 1 and o | Fq with F, = o (mod m), then PF(kl;,a) (Do) =7
where T is the smallest positive integer such that (Q1,)” = (Q1,)"" " (mod m) for 9 € N.

Proof. The proofs of (i) and (ii) are similar to the above and are omitted. We will now prove only
the condition (iii). When Fj, is odd and F},, is even, we obtain the orbit F(’fl’b) (Da,y,) as follows:

k_ k_ k_  Fy
a;y =0b,ay=a, a3 =a",....

Consider the sequence
V1 = T,V = Fj, Ungo = Vng1 + Fiq1 (Vpgr +05) ,n > 1

It is clear that PF(’Z’a) (Da,,) is equal to the peroid of the sequence {v,} when read modulo

m.
Let " o)
n__ Ch,lm) Ch,én
(Qk> - (k,n) (k,n)

ds1 4> ’

(k,n) (k,n)

(kn) _ _

then by induction on n, it is easy to see that q%lfl’n) +q
two cases occur:

Case 1'. If gcd (Fj41,m) = 1 and a { Fj,, with F, = o (mod m), then we easily see that the
period of the sequence {v,,} when read modulo m is equal to the order of the cyclic group (Q),,-

Case 2. If ged (Fyy1,m) = 1 and « | Fiyy with F, = a(mod m), then the peroid of
the sequence {v,} when read modulo m is the smallest positive integer 7 such that (Q;)" =
(Qr)”"™ (mod m) for ¥ € N.

So, the proof is complete. [
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Definition 2.3. Letr R be a 2-generator ring and let (x,y) be a generating pair of R. The double
Fibonacci orbit of the ring R with respect to the generating pair (x,y), written Fi, ) (R), is the
sequence

TN =2,T9 =Y, Tpio = (T +Y) Ty + YTpi1,n > 1.

Theorem 2.5. If R is a finite 2-generator ring and (x,y) is a generating pair of R, then the

sequence I, ) (R) is periodic.
Proof. The proof is similar the proof of Theorem 2.1 and is omitted. O]
The period of the sequence F, ) (R) is denoted by PF(, ,) (R).

Definition 2.4. Let u be smallest positive integer such that x, = Tut+ PR, ) (R) and T, =

Tyt PF, ) (R)+1- For a generating pair (x,vy), the basic double Fibonacci orbit Fleien) (R) of
the basic period m is a sequence of ring elements cy,cs, ..., Cp, .. for which, given the initial
(seed) set ¢y = xy, co = X1, each element is defined by

Cny2 = (T +Yy)Cp +YCppr, n > 1

where m > 2 is the smallest integer with ¢, = ¢y 10 and ¢y = ¢y 420 for some 0 € AutR (where
Aut R means that the set of all authomorphisms of the ring R).

We denote the period of the sequence Fi., .,) (R) by BPF\, ., (R). The period BPF, ., (R)
is called the basic double period of the ring R with respect to the initial (seed) set ¢y, cs.

Theorem 2.6. Let R be a finite 2-generator ring and let (r,y) be a generating pair of R. If
PFEy4) (R) =B and BPF,, .., (R) = m, then m divides 3.

Proof. The proof is similar the proof of Theorem 2.2 and is omitted. [

In [6], Deveci and Karaduman denoted the peroid of the Pell sequence { P, } when read mod-
ulo m by h P, (m). Gopalan and Geetha [8] derived a relation among the Pell sequence { P, } and
the half-companion Pell sequence { H,,} as follows:

Hyoi = Hy, + 2P,
Thus, it is clear that hP, (m) is equal to the period of the sequence { H,,} when read modulo m.
Theorem 2.7. (Deveci and Karaduman [6]). h P, (m) is an even number.

Now we give the periods of the double Fibonacci orbits and the basic double Fibonacci orbits
of the ring E by the aid of h P, (m).

Theorem 2.8. The lengths of the double Fibonacci periods and the basic double Fibonacci peri-
ods of the ring E are as follows:
(i). For the generating pairs (a,b) and (b, a),

PFap (E) = PFpa (E) =hP (p).
(ii). For the initial (seed) sets a + 2b, 3a + 4b and 2a + b, 4a + 3b,
BF(at2b,30+45) (E) = BF(2a4b4a+30) (£) = 2.
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Proof. (i). It is important to note that pa = pb = 0. First, let us consider the double Fibonacci
orbit F, ) (E). Then we have the sequence

ry=a, r9=>0, x3=2b+a, v4 =4b+ 3a,....
Using the above we obtain the subsequence:
y1=2b+a, yp=4b+3a,...,y; =2F,-b+ H;y -a,....
Then, it is readily seen that the period of the sequence {y,} is hP, (p). So, we get
PFup (E) =hP(p).

Now we consider the period PF;q) (E). The the double Fibonacci orbit F{y o) (E) is in the
following form:
r1=0b, 19 =a, xr3=2a+0b, vy =4a+30,....

Then we have the subsequence
z1=2a+b, zo=4a+3b,...,2;,=2P,-a+ Hy-b,....

So, we get PFy4) (E) = hPs (p).
(ii). From the sequence {y,}, we obtain BF{, 2t 3444p) (E) = 2 since af = 3a + (3p —4)b

and b0 = (p — 2) a+ 3b where 0 is an automorphism of order %(m. Similarly, from the sequence
{zn}, we get BF(oq1p4a+30) (E) = 2 since al = 3a + (3p — 2) band b0 = (3p — 4) a + 3b where
6 is an automorphism of order %(m. [
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