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Abstract: A new arithmetic function is introduced. It is illustrated with some examples with
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First, let for every arithmetic function £ such that for every natural number n > 1, F(n) < n,
we define:

1. Fy(n) =n,
2. Fi(n) = F(n),
3. forevery k > 1: Fii1(n) = F(Fi(n)).

Second, let us define the following new arithmetic function fr, where F' is the function,
defined above, such that for every natural number n > 2:

fr(n) = kif and only if for k > 1, F;,_1(n) > 1 and Fj(n) = 1. (1)

For example, if F' is the function 7, determining the number of primes that are less than or
equal to n (see, e.g. [3, 4]), then the values of the new function are given in the following table.

94



n[7) [fo) [ 0] [fo) [ n[x) [ o) [ n[xn) ] f(0)
1 1 11 9 4 31 126 30 51 5380 | 708 7
2 1 1110 4 31 127 31 61| 5381 | 709 8
3 2 2111 5 41 128 31 61| 5382| 709 8
4 2 2 : : : : : : : : :
5 3 31 30 10 41 708 | 126 6 || 52710 | 5380 8
6 3 3 31 11 51 709 | 127 71 52711 | 5381 9
7 4 31 32 11 51710 | 127 71 52712 | 5381 9
8 4 3

For the natural number i
n=]]r"
i=1

where k, oy, ..., o, k > 1 are natural numbers and py, . . ., p; are different primes, the following
arithmetic functions are defined by:

o(n) = Hp?i_l(pz- —1), (1) =1,

(see, e.g. [3,4]) and

(see [1,2]).
Let
®(n) = max p(n).

1<k<n

Theorem 1. For every natural number n > 2

fr(n) < fo(n). (2)

Proof. For n = 2 the assertion is valid, because f(2) = 1 = f¢(2). Let us assume that Theorem
1 is valid for some natural number n. We will prove it for n + 1.

For number n + 1 there are two cases.

If n + 1 is a prime number, then

fae(n+1)= fr(n)+1

(by induction assumption)
< fo(n) +1= fo(n+1).
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If n + 1 is not a prime number, then

fr(n+1) = fz(n)
(by (2) and induction assumption)

< fo(n) = fo(n +1). O
Let
P(n) = max p(n).

1<k<n

Theorem 2. For every natural number n > 2

fr(n) = fo(n). (3)

The proof of (3) is similar than the above one.

Function F' can have more than one argument. For example, let for the two natural numbers
n>1,s>2:

1. Fy(n,s) =n,
2. Fi(n,s) = [2],
3. forevery k > 1: Fyi1(n,s) = F(Fi(n,s)).

Then for fr the following theorem is valid.

Theorem 3. For every natural numbers n > 1, s > 2 and for the above defined function F":

fr(n,s) <log,n.

Obviously, the equality exists for the case n = s* for some natural number k.
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