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1 Introduction

We know that Bernoulli, Euler and Genocchi numbers and polynomials appear everywhere in
mathematics (for example, see [1,6,14-16,18,21-23]). The Bernoulli, Euler and Genocchi num-
bers have been defined by the generating functions =45 = 37~ Bnls, 225 = >0 oo Emby,

and +1 = D om0 Gy, respectively. The Bernoulli, Euler and Genocchi polynomials By, (),
E,.(z) and G,,(z) have been given by the generating functions [1,4-6,12-19,21-23])

_Z _.’et—i—l _Z _.’et+1 _Z

m>0 m>0 m>0

respectively, for any real number x, namely x € R. For instance, By(z) = Ey(z) = Gi(z) = 1,
Go(z) =0, Bi(z) = E1(2) = 2—1/2, By(x) = 2 —2+1/6, Ey(x) = 2% — 2, Gy (x) = 22— 1,
B3(z) = 2% — 32%/2 + x/2, and E3(x) = 2° — 32?/2 + 1/4, and G3(x) = 3z* — 3x. Clearly,
Gn(z) = mEq,_1(2), LG (2) = mGypoq(z) and Gz + 1) + Gp(x) = 2ma™?, for all
m > 1. For u € R, we denote the fractional part of u by (u) = u — |u| € [0,1). In this
paper, we are interested in six functions related to Bernoulli polynomials: &,,(z) = a,,({x)),
B (@) = B ((2))s Y (2) = Y ((2)), O (2) = 0 ((2)), 71 (2) = N ((2)) and O (2) = O (),

where

(@) = 3 Bylw) By, B(x) = 3 Byla)Ga()
k=0 k=0

) = 3 e B Bnala), ) = Y g Bu@)Gonalo),
k=0 ’ k=0 ’

(@) = 3 g B Euckle). 0n(w) = 3 s B G (o),
k=1 k=1

where m > 1, for o, (), ym(x), and m > 2, for S,,(), (), (), O (z). We recall the
following facts about Bernoulli functions:

oo 2minT
e ~
—m! — B, (z), m > 2, 1
m ) (2min)™ (@), m= )
n=—00,n#0
B i eQﬂinx _ { Bl(l‘), T € Z, (2)
o0 2min 0, x € 7.

where B,,(z) = B, ({(z)).

The Fourier series of a periodic function f(z) with period 1 is given by > >0 f,e*™",
where the coefficients f,, are given by f, = fol f(x)e?™mdy (for example, see [2,3,8-11, 16,
20,24-26]), where i®> = —1.

The aim of this paper is to consider the Fourier series of G (), B (2), T (), O (), T ()
and 6,,,(z), which lead to several new identities for the Bernoulli functions and numbers, see the
next three sections.
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2 The functions ¢,, and Bm

In this section, we consider the functions &,,, (m > 1), and Brns (m > 2) on R, each of
which is periodic with period 1. The Fourier series of &, and (3, are 350 Al e2mina gnd
S AlMermine where ALY = fol G ()20 = fol o (z)e" 2™ dy and ATV =

n=—oo

fol B ()27 g = fol Bun(x)e~ 22 dy, respectively.

Define A,, = 2B,, — E,,_1 — 2 kazo ByE,,— 4 20,1, for m > 1, and Ay = —Goq —
2 ZZ:OQ ByGo—k + 20, 2, for m > 2. To proceed further, we note the following lemma.

Lemma 1. Form > 1,

! 1
/ O ()dr = —— A1,
0

m—+ 2

1
1 -

Moreover; (1) = a,,(0) if and only if A, = 0, and B,,(1) = B,,(0) if and only if A, =

Proof. Recall that -2 By(z) = kBy_1(x) and L Ey(z) = kEj_(z), for all k > 1. So, by the
definitions, we have

d m m
d kZ:OkBk 1 "—kZ:O m —k Bk m 1,]{(1')
:Z_UH )Bu(&) B i) + 3 (m = ) Bu(a) Bs 1)

=(m+ 1Day,_1(x).

Thus, o, () = 15+ g1 (), which implies

! 1 1
/0 Oy (2)d = m—+2(04m+1(1) — am41(0)) = m—+2/\m+1>

as claimed.
Recall that LG (z) = kGj,_1(z), for all k > 1. So, by the definitions,

k=0 k:0

= S (ke D) Bu@) G i(0) + S (1 — R)B() G (0)
k=0 k=0
m+ 1)Bmfl(x)'

Thus, §,,(z) = m1+2 4 Bm+1(x), which implies

1 1
[ aedir = s i) = a0 = s A

as claimed. L]
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Now, we are ready to determine the Fourier coefficients A%m) and fl%m). The case n = 0
follows from Lemma 1, that is,

. 1 o1
ATV = ——— A, é):m—HAmH 3)

Thus, let us assume that n # 0. By Lemma 1, we have

! o 1 ['d omi 1 oring |7=1
Am = /O A (z)e™ ™ dr = — /o —ap(z)e T dr — —— ap(x)e” ”m‘”‘x:O

2min dx 2min
m+1 (1 o 1
— - —2MINT . : ml_mo
2min /0 -1 (x)e . 27rm(a (1) = an(0))
2min " 2min
Note that AY) = (22 — 1)e > de = — 2 and AY = ['(3x — 3/2)e 2™ de = — 2.
So, by induction on m, we obtain
m—1
qom — _mA D1 (m+2);, @
! @2min)™  m+2 4 (2mn)i "
7=1

where m > 1 and (z); = z(x — 1)--- (x — j + 1) with (z), = 1. Similarly, one can show that

Amtr—j, )

form > 2.

Note that the functions &,,, and Bm(x) are piecewise C'>°. Moreover, the functions &,, and Bm
are continuous for those integers m with A,,, = 0, (m > 1), and A, =0, (m > 2), respectively,
and discontinuous with jump discontinuities at integers for those integers m with A, # 0, (m >
1), and A, # 0, (m > 2), respectively.

21 Case A, =0 (A, =0)

Assume first that m is an integer with A,,, = 0, (m > 1) (A,, = 0, (m > 2)). Then a,,(1) =
0 (0) (Bm(1) = Bm(0)). So, the functions &, and /3, are piecewise C™ and continuous. Thus,
the Fourier series of ¢,, and Bm converge uniformly to &,, and Bm, respectively. So, by (3), (4)
and (5), we have

- Ay (m+1)! < 1 (m +2); 2minz
am(x)—m+2+2{ (2min)™ m+2Z (2min)’ Aty ¢

nez’ j=1
B Aerl 1 mg:l m 4+ 2 Z 27rznz - 1) Z e27rina:
S m+2 m+2 = J Am1-57] (2min)i — (2min)™’
m—2
- _ : Am » TinT
b ) m+2+€ZZ, mnm1 m—i-Q; (2min)i " c
B /N\m—i-l m—2 m -+ 2 Z 27rmx m + 1)] Z 627Tinz
T m+2 m+2 ‘= J A1 (2min)i 2 = (2min)m—1"



where we define Z/ = Z\{0}. Thus, by (1) and (2), we obtain

m—1

- . Am+1 1 m+ 2 ~ -
am<x>—m+2+m+2;( ) ey Byo) + (4 DB (o)

0, x €7,
N L 1 2 /m+2) - . m+ 1\ =
- Apr1iB B
() = St m+zj:2< st + (") B
_’_Am Bl(‘r>7 $¢Z,
0, x €L

for all z € R. Thus, we can state the following results.

Theorem 2. Let m be a positive integer with A, = 0. Then the function &, (x) has the Fourier

series expansion

m— 1

A m+1 m + 1 m + 2 2minT

O, = + = Appg1—i o € ,

(z) C om+2 Z (2min)™ T m + 2 (2min)I +1=
nez’ j=1

for all x € R, where the convergence is uniform. Moreover,

m—1

- JA 1 m+ 2 ~ -

Theorem 3. Let m be an integer > 2, with /N\m = 0. Then the function Bm(x) has the Fourier
series expansion

~ /N\ml m+1m_1 I m+2 TiNT

5m($) - as + Z {_( - ) 5 n m+17j 62 )

m+2 (2min)™1  m+ 2 = (2min)I

for all x € R, where the convergence is uniform. Moreover,

m—2

() = Dt 1 3 (m.+2>/im+l_jéj(x)+ (mgl)f}m_l@.

m+ 2 m+2j:2 J

22 CaseA,, #0 (A, =+ 0)

Assume next that m is an integer with A,,, # 0, (m > 1) (A,, # 0, (m > 2)). Then a,,(1) #
an(0) (B(1) # B(0)). So, the functions ¢, and f3,, are pointwise C* and discontinuous with
jump discontinuities at integers. Thus, the Fourier series of &,,,(z) and Bon converge pointwise to
Gy (2) and B, for all ¢ Z, and converge to

o) +an®) _p 1.
2 2
(1) + Bm (0 1
B ()QB ():Bm—l_iGm—la

for all x € Z. Then, by Theorems 2 and 3, we obtain the following results.
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Theorem 4. Let m be a positive integer with A\, # 0. Then

-1

Amia (m+1)! 1 - (m+2) oni
o . : Am » TinT
m+ 2 * Z { (2min)™  m 4+ 2 ]z_; (2min)i " ‘

nez’

equals &, () for all v € 7 and B,,, — 5 FEy,—1 for all x € 7, where the convergence is pointwise.
Moreover;

A, 1 T2 /m+2
S (7
m+2 m+424 J

Jj=1

>Am+1j1§j(x) + (m 4+ 1) B (z)

equals &y, () for all x ¢ 7 and

m—1
Am+1

m + 2 m+2

(m+ 2) Ams15B;(@) + (m + 1) By (2)

j=2

.

equals By, — 5 Ep, 1 forall v € Z.

Theorem S. Let m be an integer > 2 with A # 0. Then

Aerl (m + 1)mf - 1 m + 2 2min
mt2 " 2 { (2min)m—1 m+2 2 (27in)i Aosay e

neZz’ j=1

equals Bm(x) forallx ¢ Z and B,,, 1 — %Gm,l forall x € 7, where the convergence is pointwise.
Moreover,

M

m—
Am+1

A m+ 2 ~ m-+1\ ~
m+ 2 m+2 ( ) m+1—ij(x)+( 9 )Bm—l(x)

=1

<.

equals By, () for all x & 7 and

Am w2 m+2 ~ m_'_l ~
+1 ( ) m+1—ij(37)+( 5 )Bm_l(x)

m+2 + 2 —

.

equals B,, 1 — %Gm,l forall x € 7.

In [13,19,20], it has been shown that

1 m—1 m m—+1
/ am(m)dm _ _QEm-‘,—l 4 2 Z Z (_1)k+€#BEEm+17€-
0

m+ 1 m+1k:1£:k+1 (")

Thus, by Lemma 1, we establish the following identity

! 2B,
/ am(x)de = — 4
0

m+1 m+1

m—1

i e <m+1) BB = A1 .
—k+1 (k) m+ 2

Theorems 2, 3, 4 and 5 suggest the following question: For what values of integers m > 1
does A, = 0 (A,, = 0) hold?

k=11¢
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3 The functions ~,, and Sm

In this section, we consider the functions 7,,, (m > 1), and O, (m > 2) on R, each of which is
periodic with period 1.

The Fourier series of 7, and 5, are S B{We2 @ and Y BY™e?mine | where B{™ =

fol A (2)e 2 dy = fol Yo (2)e™ 2" dz and BY™ = fol O ()2 gy = fol O (2)e™ 2
respectively.

Define Qm = 25;7'“_ o= 1)' -9 Z 5k7€mkk| + (m 1)“ for m > 1, andQ = -2 Z glzgmkk —

(?nm 13, + (25"‘ 2),, for m > 2.

To proceed further, we note the following lemma.

Lemma 6. Form > 1,

Moreover, Yy (1) = v, (0) if and only if Q,, = 0, and 6,,(1) = 6,,(0) if and only if Q,,, =

Proof. Recall that £ By(z) = kBy_1(z) and L Ey(z) = kEj_(z), for all k > 1. So, by the
definitions, we have

d = kB (@) Epei(2) |~ (m — k) By(2) Eppo1—k()
(@ =2 H(m — k)] 2 H(m — k)]
k=0 k=0
m—1 m—1
Bk(ff)Em—l—k($) Bk(x)Em_l_k(x)
= — 2 — .
R —1— k1 2 Bm—1—k1 (@)
k=0 k=0
Thus, VM(:L‘) = %%’7m+1($)’ which giVCS f()l ’Ym(x) = %(/Vm-i-l(l) - '7m+1(0)) = %Qm-l-l’ as
claimed.

Recall that %Gk(ac) = kGy_1(z), for all £ > 1. So, by the definitions,

d R kB (2)Go k(1) = (m = k) By(2) Gy i ()
& om@) = 2T RHm—h & H(m — k)]
O E Bi(@) G k(7)) =R Br(2)Grai(x)
S = Km—1—k) * e EBl(m—1—k)! 2m-1(2).

Thus, &, (z) = 146, 1(z), which implies [, 6,,(z) = 1(8m31(1) = 8y1(0)) = 311, as
claimed. [l

Now, we are ready to determine the Fourier coefficients Br(Lm), and Bq(lm). The case n = 0
follows from Lemma 6, that is,

1 =

m 1 H(m
B(() )= §Qm+1, B(() )= m9m+1- (6)
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Thus, let us assume that n # (. By Lemma 6, we have

Bm) /1 ( ) —2ming . 1 /1 d ( ) —2min g 1 ( ) 727rinx‘$:1
= m\T)€ —TYm\Z)e T — - mlax)e
" 0 7 ~ 2rin 0 dz ! omin | z=0
- () — (1) — 2, (0)
= m—1{T)€ T — o —Um —Im
2min Jq = omin. | 7
= L.Bflmfl) — Q—m
2min 2min
Similarly,
Bom = 2 pon-y _ Sto
2min " 2min
Note that BY' fo (20 — 1)e ™" dx = — 32 and BY f01(2x — e ™oy = —32-. So,
by induction on m, we obtain
m—1 ;
1 271
B = — Qp 7
n (mwin)™ (2min)I =g @)

where m > 1 and (z); = z(x — 1)--- (x — j + 1) with (z)o = 1. Similarly, one can show that

<Qm+1—j7 (8)

form > 2.

Note that the functions 7,,, and Sm are piecewise C'*°. Moreover, the functions 7,, and Sm are
continuous for those integers m with €2, = 0, (m > 1), and Q= 0, (m > 2), respectively, and
discontinuous with jump discontinuities at integers for those integers m with Q,,, # 0, (m > 1),
and ,,, # 0, (m > 2), respectively.

3.1 Case,, =0(Q,, =0)

Assume first that m is a positive integer with 2, = 0 (Q,, = 0). Then Ym (1) = Y (0) (0,,(1) =
dm(0)). So, the functions 7,, and Sm are piecewise C'> and continuous. Thus, the Fourier series
of 7,, and Om converge uniformly to 7, and O respectively. So, by (6), (7) and (8), we have

m—1 ;
~ Qm—i—l 27 2minx
() = 2 Z {(mn - p (2min)i ntrj €

nez’
Qerl m—1 9i—1 ‘ 27rznm om 27rma:
D) +Z; j! Qm+1_j(_]!)z (2mwin)J B Z (2min)™
J= nez
S ( m+1 —+ Z mz_2 27 Q 2minT
— — —Q,, e
=~ 27mn (2min)m—1 ‘= (2min)i "I
Qm-‘,—l 2] 1 27rm:r m—l 627rinz
T2 jzl g! 137" Z (2min)i T;Z/ (2min)m—1
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Thus, by (1) and (2), we obtain

m—

~ m+1 47 2m Bl(l’), X ¢ Z,
m(T) = Qpn — B Qrn
i ( ZQ . +1—j J(J}) + m! (I) + 0’ = Z,
- Qi1 =27 - ol - | Bi(x), 2¢Z
= Qpr1—iB; Q

for all x € R. Thus, we can state the following results.

Theorem 7. Let m be a positive integer with ), = 0. Then the function ¥,,(x) has the Fourier
series expansion

() = m“+2{

neZ’

2j_1 9) 2mwinx
(271'2”) m+1 ] € 9

for all x € R, where the convergence is uniform. Moreover,

7=1

m—1 2j—1 ~ om _
(@) = D Qi1 Bj(2) + = Bu(x),

7=0,j#1

forall z € R.

Theorem 8. Let m be an integer > 2 with Q,, = 0. Then the function Sm(x) has the Fourier
series expansion

- Qi1 1 L2t .
6m = mt - @ _ : Qm iy 2mine
(%) > Z { (mwin)m-1 (2min)i ™ ‘7} ©

nez’

for all x € R, where the convergence is uniform. Moreover,

® m— 2j—1 om—1

5m( = m+1 Z ' m+1J ](x)+(

7j=2

m — 1)!

forall x € R.

3.2 Case Q,, # 0(Q,, # 0)

Assume next that m is a positive integer with Q,, # 0,(m > 1) (Q,, # 0,(m > 2)). Then
Yo (1) # 7m(0) (3(1) # 6(0)). So, the functions 4, and d,,, are piecewise C'>° and discontinuous
with jump discontinuities at integers. Thus, the Fourier series of 7,,,(z) and d.m converge pointwise
t0 H () and 9,,, for all 2 & Z, and converge to

(D) +m(0)  Bm  Ema 27

2 _H_2(m—1)!_ﬁ3m’
(Sm(l) +5m(0) - Bm—l B Gm—l o 2m71 B
2 T m=1D! 2m—-1! (m-1)"""

for all x € Z. Then, by Theorems 7 and 8, we obtain the following results.
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Theorem 9. Let m be a positive integer with €),,, # 0. Then

Qm+1 - 2j ' 2minx
2 _Z{ m T (2min)J Qmsajp e

nez’ ]:1

equals 7,,(x) for all © ¢ 7 and %Bm for all x € 7, where the convergence is pointwise.

Moreover,
m—1 4
2]-1 2m
! m+1 —j ( )+ —Bm(.fll')

Jj=0

equals Y, (x) for all © ¢ 7. and

m—1 2]71 B 2m 5
Z TQm—l-l—ij(x) + %Bm(x)
J=04#1 7~ '

equals &m—:Bm_l forall x € Z.

1
)
Theorem 10. Let m be an integer m > 2 with (), # 0. Then

Qs 2 9i-1 o
. _'_ m e2mine
2 Z {(mn (2min)i "I

nez’ j=1

equals gm(x) forall x ¢ 7 and % for all x € 7, where the convergence is pointwise.

Moreover,
~m+1 m— 9i—1 om—1
Z Qi1 Bj(x) + mBm—l(ﬁ)
equals b,,(x) for all x & 7. and
~m+1 — ._ 2m—1 0
Z Qi1 By () + mBm—l(l’)
— ! !
equals Wfor all x € 7.
In [13,19,20], it has been shown that
1 m—1 m
m(T)dr = ——" )it BiEp i1t
/07(95)95 m1 m+1zz ( )z +1-¢
=1 (=k+1
Thus, by Lemma 6, we establish the following identity
2Em+1 — & k+g m~|— 1 Q1
_ ByE,, 1 ¢ = .

Theorems 7, 8, 9 and 10 suggest the following question: For what values of integers m > 1
does Q,,, = 0 (Q,,, = 0) hold?
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4 The functions 7, and ém

In this section, we consider the functions 7,,, (m > 2) and O (m > 2) on R, each of which is pe-

riodic with period 1. The Fourier series of 7j,, and 6, are > CV"e2™ine and S O™ e2rine,

where C{™ = fol (1) 28y = fol N (2)e" 2™ dy and CI™ = fol O (z)e ™0y =
fol O (z)e 2™y, respectively.

Define A,, = —2 Z i’“::’”k)’“ — fnm:f and A, = —2 Z B;’Egmk’“ — fn’":f + Zrif’f, for all

m > 2. To proceed further we note the following lemma.

Lemma 11. Form > 2,

Moreover; 1,(1) = 1, (0) if and only if A, = 0, and 6,,(1) = 6,,(0) if and only if A,,, =

Proof. Recall that -2 By(z) = kBy_1(x) and L Ey(z) = kEj_(z), for all k > 1. So, by the
definitions, we have

d &R kBy i (2) N (m—k Bk () Ep1_p(2)
2 = ; F(m — k L - Km — &)
X Bu(#)Emri(x)  Epm1(z) + By ()
_<m_1)k:1 Km—1—Fk) m—1
= (m — D) (2) + Em‘l(xmt?m‘l(x)

Thus, 0 () = £ (Nm41(2) /M = (Eing1 (2) + B (2))/(m®(m + 1))), which gives

! Apyr + mEm—H
M ()
0 m

Y

as claimed.
Recall that LG (z) = kGj,_1(z), for all k > 1. So, by the definitions,

d 2 kB () N (m—k Bk (2) G ()
a0 = 2 - k: '+ - i(m — k)
m—2
B Bi(2)Gpoq1—k(x) G ()
=(m=1) k(m—1—k) * m—1
k=1
Gmfl(ﬂﬁ)
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Thus, 0,,,(2) = L (0,41(z)/m — Gy () /(m*(m + 1))), which implies

1 Am 1 + LGm 1
/ Om () = . mnt ) 7
0

m

)

as claimed. O

Now, we are ready to determine the Fourier coefficients Cﬁm) and C“flm) The case n = 0
follows from Lemma 11, that is,

Am—l—l + #Em—&—l ~ Am—i—l + ﬁGm—H
C(()m) _ (m+1) 7 C[()m) _ (m+1) . (9)

m m

Thus, let us assume that n # 0. By Lemma 11, we have

(m) ' —2minx 1 ' d —2minx 1 —27ing | T=1
cym = N (z)e dr = — %nm(x)e dx — —— nm(z)e ’ac:O
0 0

2min 2min

m—1

1
— . / ﬁm,1($)€72mnl~d$ -
0

— — (1 (1) ~ 1 (0)

2min

1 1 A
- B B —2minx )
+ Smin(m = 1>/0 (Bm-1(z) + Epn_1(x))e dx

One shows that for ¢ > 1,

1 ‘ e 0
/ By(x)e ™" dy = (27”71)" n#
0 Oa n = 0
/ Ey(z)e ™" dy = Zk 1 27rzn k1, NFO,
‘ E€+17 n = O7
1 ‘ 2 0
/ G((ZL‘)@ Qﬂ—”mdl’ = Z 27rzn Z k+1, T 7é
’ AN G€+1, n =20.
Thus,
— 1 Ay (m=2) 9
n 2min " 2mIin (27Tin)m + 27Tin(m — 1) )
where S, Z (W;Trinlik + By, —i,. Similarly,
° — 1 A 0
Q2min " 2min 27mn<m _ 1) )

where €0,,, Z (m-Di1 .. Note that C\2) = fol(xz —x+ 1/4)e T midy = —ﬁ and

27r2n
cl? = fo x — 1/2) —2mine o — —ﬁ. So, by induction on m, we obtain
m— 2
—1) 1A
om _ _ m=1! =Dy
" (2min)™ — 2mn e
o1 ” (10)

m-— ) 1)] 1
m (I)m -7
(2min)™ 1 Z 27Tm — )
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where m > 2. Similarly, one can show that

m—2 m—2
~(m) _ (m—1>! _ (m—l)qu ' 2(m—1)j,1 (i) ' 1
Cn (27rin)m—1 (271'171)) mt1-j T Z (27””)](7” _ ]) m+1—j, (11)
7=1

form > 2.

Lemma 12. We have

m—2 2( . 1) o
m+1—j
s (2min)i(m — ])
m—1
2 m)s F_s m —1)!
- Z ( ) + (Hm—l - Hm—s) - Q(Hm—l - ]-)7

m “~ (2min)*m —s+1 (2min)™

m—2
20m —1)j-1 &

(2min)i(m —j) "

<.
Il
-

- % Z_ ((m)s G (Hm—l - Hm—s)'

2rin)*m — s+ 1

Proof. We present only the proof of the first identity, as that of the second one is analogous. By
the definitions, we have

m—2 Z(m—l)j_l (I) L= mz:_2 2( —1]1 7712:] _]—kl -
=1 (2min)i(m — j) e ‘= (2min)i( — (2min)k B i
_m U= 2(m — 1)J+k 2 g
o +k m—j—k+1
= (2min)i Tk (m — j)
m—2m—
2T e
o Ty _ 5\ m—i—kt
m i~ = (2min)i Tk (m — j)
m—2 m
2 (m)s1
- — Em s
m Z (2min)s(m — j) i
Jj=1 s=j+1

2(m —1);_ 2 & (m) e ml
Crin)i(m—7) " T {Z (aminys - Z m—j E (2min)™ (m — j)El}

(m)s Em—s—H (
— (2min)*m —s+1

Hm—l - Hm—s) - Eg:m_n)l?)n' (Hm—l - 1)7

as required. ]
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Hence, by (10) and (11) with using Lemma 12, we obtain

m—2
-1 (m) 2(m —1)!
cm = — * Apiis H,
n m & (2min)s " (2min)™ !
m—2
2 (m)s Em—s—H
— Hm— - Hm—s 5 12
+m;(2mn)sm+1—s( ! ) 12)
m—2
gom =~ (m)s & (m —1)!
n m = (2min)* " 2min)mt T
m—2
2 (m)s Gm 8+1
— Hm— - Hm—s 5 13
+m (2min)® m+1—s( ! ) (13)

form > 2.

Note that the functions 7,,, and ém(x), m > 2, are piecewise C'*°. Moreover, the functions
Mm and 9~m are continuous for those integers m > 2 with A,,, = 0 and Am = 0, respectively, and
discontinuous with jump discontinuities at integers for those integers m > 2 with A,, # 0 and
A,, # 0, respectively.

41 CaseA,, =0(A,, =0)

Assume first that m is an integer > 2 with A,, = 0 (A,, = 0). Then 7,,(1) = 7,,(0) B, (1) =
0,,(0)). So, the functions 7,,, and 0., are piecewise C*° and continuous. Thus, the Fourier series
of 7, and O, converge uniformly to 7),,, and Orns respectively. So, by (9), (12) and (13), we have

At 2Em+1

nm(l'> = m m2(m+ 1)
1 7= Enii-s -
— Hpyo1— Hpms) — At1—s Tinx
+neZZ'{ (2min)m m; 2mn <m+18( 1 ) 41 )}e
_ Am+1 2Em+1
m m?(m+1)

1 m—2 m E e2mine
= g —mtl-s Hy 1 —Hy ) —Appeq s ) 8!
er 1<s>(m+1—s( ! ) +1‘>STL€ZZ,(27rin)S

2minx

Gminy
ez
and
é (I') = Am+1 2G7"+1
m m m2(m+ 1)
m—2
1 (m)é Gm-‘rl—q ~ i
Hm— — 2 S Hm— _Hm—s _Am s TinT
+7§/{ 27mnm1 1+m;(2ﬂin)s<m+1—s( 1 ) +1 e
_ At 2G 41
m m?(m+1)
1 (S +1 A | eQTrina:
il uHmi —H, ) — A s ey
0 (1) (Bt = o = B ) 4 52 0
s=1 =
627rznw
- Hmf —1)! P r—
im=1) 7;, (2min)m—1
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Thus, by (1) and (2), we obtain
JAV 2Em 11

ﬁm(:ﬂ) =

m m2(m + 1)
m—1
1 m 2Em+175 ~ 2 ~
- 4 Hm— - Hm—s - Am -5 Bs _Hm— Bm
m = (s) (m—l—l—s( ! ) i ) (w)—'—m 1Bin(2)
+A Bl(x)7 T g Z’a
"o v €L,
a Aerl 2Gm+1
Om(z) =
(=) m m2(m + 1)
m—1
1 m 2Gm+175 ~ ~ ~
- 4 Hm— - Hm—s - Am -5 Bs Hm— Bm—
2 () (o s H) = B ) Buo) + Ha B ()
+ A Bl(x)v z € Za
"0, x € 1,

for all x € R. Thus, we can state the following results.

Theorem 13. Let m > 2 be an integer with A, = 0. Then the function 1),,(x) has the Fourier
series expansion

Am—i—l 2Em+1

Tim () =

m m2(m +1)
m—2
—1)! 1 (m), Epiri—s o
—FH,,_ — 2 Hyp1 — Hpes) — Appi—s mina
+ neZZ/ { 271'171 1 + m ; (27”71)8 m + 1 _ S( 1 ) +1 e

for all x € R, where the convergence is uniform. Moreover,
Apya 241

Tim () = m m2(m + 1)
2Em+1 s r 2 o
- Z ( ) (m(Hm—l — Hps) — Am+1—s) By(2) + — Hn-1Bm(2),
forall x € R.

Theorem 14. Let m > 2 be an integer with A, = 0. Then the function ém(x) has the Fourier
series expansion

Am—&-l 2(;’m—}-l

O () =
(@) m mQ(m +1)
1 m—2 (m) G 1 . .
m — . 2 b H’m— - HT)’L—S - Am —S amine
+T§,{ 27rm 1+m;(2m’n)s(m+l—s( ! ) i ) ¢ ’

for all x € R, where the convergence is uniform. Moreover,

Am-i—l 2Gm-‘rl

() =
(@) m m2(m + 1)
m—2
1 m 2Gma1—s ~ - .
- E Z <S> (ﬁ]—f_l_s(]{ml - Hmfs) - Am+1s) BS(SL’) + Hmlemfl(SL’),
s=2
forall x € R.
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4.2 Case A, # 0 (A, #0)

Assume next that m is an integer > 2 with A,, # 0 (A,, # 0). Then 7,,(1) # 7,(0) (8(1) #
6(0)). So, the functions 7, and 0,,, are piecewise C* and discontinuous with jump discontinuities
at integers. Thus, the Fourier series of 7j,,(2) and 6,, converge pointwise to j,,, () and 6,,, for all
x ¢ 7, and converge to

() + 10 (0) B
2 2(m — 1)’
m—1
On(1) +0m(0) _ 2 B, ..
2 m—1

for all x € Z. Then, by Theorems 13 and 14, we obtain the following results.

Theorem 15. Let m > 2 be an integer with A\, # 0. Then
AV 2Em+1

m m2(m + 1)
i Em+1fs . . 2minx
+ n%Z:/ { 27”n Z 27”” < m+1— S(Hmfl Hmfs) Am+1s) } € s
equals M, (x) for all x ¢ 7 and — E’” . for all x € 7, where the convergence is pointwise.
Moreover,
AV 2Fm41
m m2(m + 1)
m—1
1 m 2F 11— ~ 2 ~
- 1 Hmf - Hmfs - Am —s Bs _Hmf Bm )
m;(s) (m+1—s( ! ) H ) (x)+m 1Bin()
equals 1, (x) for all x ¢ 7 and
AV 2E;41
m m2(m+ 1)
2Em+1 S ~ 2 ~
- — ——— (Hp1—Hps) — Ay s | B —H,, 1B
Z( )(m+1_ ( m—1 ms) m—+1 s) s(x)_’_m m—1 m(l‘)y
equals —2(7’7’:1) forall x € Z.
Theorem 16. Let m > 2 be an integer with A # 0. Then
A1 2Gmy1
m m2(m + 1)
m—2
i (m)s Gm+1—s A 2mwing
+ ne%/ { 27TZTL Hy 1+ SE: (27rin)5 <2m 1 S(Hm—l Hm—s) Am+1—s> } € )
equals Orm (x) for all x ¢ 7 and —’”1 for all x € 7, where the convergence is piecewise.
Moreover,
Am+1 2G 11
+
m m2(m + 1)
m—2
1 m 2Gm+1—s ~ ~ ~
- 4 Hmf - Hmfs - Am —5 Bs Hmf Bmf
2 () (s s H) = B ) Bio) + Ha B ()



equals 0,,(x) for all & 7. and

Am+1 2C"Yerl 1 = m 2Gm+lfs X I 5
- — E ————— (Hm—1 — Hm—s) — Apt1—s | Bs H, 1Bpm_1(x
m +m2(m—|—1) m = \'s m+1—8( 1 ) +1 (:C)-i— 1 1(1)

equals 2m;i#for all x € 7.

In [13,19,20] has been shown that

[ =
N (2)d = ————— (—1)F+et L L BiEpi1s.
0 m(m? —1) k=0 f=k+2 (mk: )

Thus, by Lemma 11, we establish the following identity

—2 +1
- (—1)FteH (" )BgE = AV 2Em+11
g =

2
m(m? — 1) (™) m m2(m+1)

k=0 ¢{=k+2

Theorems 13, 14, 15 and 16 suggest the following question: For what values of integers m > 2
does A,,, = 0 (A,, = 0) hold?
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