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1 Introduction

The idea of the concept of an Index Matrix (IM) was discussed for the first time in [1] and
introduced formally in [4]. There, the first operations over IMs were given. The basic results,
related to IMs, were included in [5]. In this book, as examples, IM-representations of some
operations in number theory were described.

In the present paper, extensions of some operations discussed in [5] are given and new exam-
ples are described.

2 Preliminaries

Following [5], we define the concept of an IM and some operations over them.
Let Z be a fixed set of indices and R be the set of real numbers. Let operations o, ¥ : R X R —
R be fixed. For example, they can be o, *x € {x, +, max, min}, or others.

53



Let the standard sets K and L satisfy the condition: K, L C Z. Let over these sets, the
standard set-theoretical operations be defined. We call “IM with real number elements” (R-IM)

the object:
I Iy I,
I A A N
(K, L {ag, Y = k2 | Gty Groly - Gko,
km | Qhpy Qhply - Qi
where

K:{kl,kg,...,km} and L:{ll,lz,...,ln},

and for1 <i <m,andforl < j <n:a, €R.
Let the IM A be given and let ky ¢ K and [y ¢ L be two indices. Now, following [7] and [5],
we introduce the following four aggregation operations over it:

Max-row-aggregation

k) L Iy L
Pmaz{ £ F0) = max Qg 5, Max ak, 1, ... Max ag,y,
1<i<m 0 1<i< ’ 1<i<m
Min-row-aggregation
e L Iy L
Proint 5 50) = o | min ag,;, Min ag, g, ... min ag;g, ’
1<i<m 1<i<m 1<i<m

Sum-row-aggregation

| b ...
m m m

Y
Z Akl Z Aily - - Z ey L,
=1 =1 =1

psum<A7 kU) = kO

Average-row-aggregation
ly lo

l
1 U 1 U 1 U
)
D ks Do Gkidy e o 2 kil
=1 1=1 =1

pave(Aa kO) = k()

3 Main results

As it was mentioned in [5], it is well-known (see, e.g., [9, 10]) that each natural number m has
k

a canonical representation m = [] p;", where k, oy, a9, ...,a; > 1 are natural numbers and

=1
P1, D2, - - -, pr are different prime numbers. Let us always suppose that p; < ps < ... < pg. This
condition is only for convinience, because there is no specific an order of the rows and columns
in an IM, but these are labeled by indices.
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Then, as it is shown in [5], the natural number m has the following IM-interpretation:

IM(m,a) = ‘

b1 P2

Pk

al

;O

677

where “a” is an arbitrary symbol, in a particular case — the same “m”. In this case, for brevity, we

write I M (m,m) = IM(m).

In [2] the function set is introduced for the above number m by set(m) = {p1, . ..
First, we generalize the examples from [5]. Let us have s natural numbers Ny, No, ..

let

Us_et(Ni) ={p1,---,px}

k

7pk:}
., Ny and

k
Therefore, foreachi (1 <i <s): N; =[] p;”’j, where o; ; > 0 and Y «;; > 1. Now, we

construct the IM

Jj=1

IM(Ny,...,N,) =

Ns 045,1 CVS,Z
For example, if Ny = 12, Ny = 27, N3 = 30, N, = 150, then these numbers have the
canonical representation N; = 22 x 3, N, = 3>, N3 = 2 x 3 x 5, N; = 2 x 3 x 5% and IM-

representation

=

2 3 5
Ny |2 1 0
]M(Nl,NQ,N37N4) — N2 0 3 O
Ny| 1 1 1
Nyl 1 1 2
The result of application of the aggregation operations over IM I M (Ny, ..., Ny) will be,
respectively:
D1 P2 Pk
Pmaz(IM(Ny, ... No), ko) = ko | max ;7 max ;o max o '
1<i<s 1<i<s 1<i<m
b b2 Dk
Pmin(IM (N1, ..., No), ko) = ko | min «;; min o min oy,
1<i<s 1<i<s 1<i<m
DP1 P2 Pk
Paum (IM (N3, Na), o) = T, Do i D Qi > Qig
1<i<s 1<i<s 1<i<m
‘ b1 b2 Dk
pCL’Ue(IM(N17“'7NS)7kO): k:o l Z a’bl l Z 0512 l Z azk
1kics | C1ki<s 1<i<m

Now, we see immediately that:
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IM ppae(IM(Ny, ..., Ns), ko) represents the least common multiple of the numbers

[ ]
Nla s 7Ns;

o IM pin(IM(Ny,..., Ng), ko) represents the greatest common divisor of the numbers
Nl, Ce ,NS;

o IM pgum (IM(Ny, ..., N), ko) represents the product of the numbers Ny, ..., N;

e IM paue(IM(Ny, ..., Ny), ko) represents the geometric average of the numbers Ny, . .., V.

It is worth mentioning that the fourth case is not discussed in [5].
For the above example, these formulas obtain the following forms:

P1 P2 P3
ma:L'IMN,...7N 7k‘ = ,
p ( ( 1 4) 0) ko 2 3 2

P1 P2 D3
mzn]MN,,N 7]{/’ = ,
P ( ( 1 4) ()) ]{:0 0 1 0

P1 P2 D3
sumIMN,...,N ,]{j = ,
Psum( (M1 1), ko) W1 6 3
p(we(IM(Nl?"‘aN4)7k0) - ‘pl ];2 ];3 .

The fourth case gives the idea for introducing of the following new aggregation operation:

D1 D2 cee Dk

pQEO(]M(va"‘7NS)7kU): ko s H Q1 s H 7% s H Q;
\/ 1<i<s \/ 1<i<s 1<i<m

For the above example we obtain:

b1 P2 P3
co IM(Ny,...,Ny), ko) = ‘ ,
Py ( ( 1 4) 0) ko‘ 0 \4/3 0

but we must mention immediately that the elements of the newly constructed IM do not corre-

spond to geometric average of Ny,..., N;. They do not correspond to any known arithmetic

operation.

Second, we introduce two new IM-operations in which the indices, when they are real (natu-

ral) numbers, participate with additional role.

Let us have the IM
b ly In
ki | Gk Qrygy oo Gkl
A=[K,L{ar,}) = ko | Groly  Ohpts --- iy,
km a/k»"rrull akM7l2 tt akmaln
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where K = {ky,ko,..., kpn} C R, and L = {ly,ls,...,l,} C R, and for1 < i < m, and for
1§j§n:aki,lj €R.
Now, we define

Iy Iy . l,

kq Q1 © i Ay 1y © ly ... Ay 1, © In

io A= kQ Ay 1y © ll Qo 1y © l2 cee Ay, © ln

km ak'rmll o ll a’k‘mal2 o l2 ce a’kfmyln B ln

and
Iy Iy . I,

ky Ay 1y © ky Q15 © koo Ay 1, © k1
—o A= ko | Grpp, 0ky Gy 0ky .. gy, 0k
k| @k iy © km iy © koo gy, © B

For example, for the IM IM (N, ..., N;) we obtain

‘ b1 b2 Dk

Niloagapr aiaps ... Qippe
dx IM(Ny,...,Ns) = ] ] )
Ns Us1P1 Qs 2D2 s s Pk

In [5], the following average operation is defined over IM A:

lo

kq Z Ayl
Usum(Aa ZO) = . = . )

n
k:m Z a/km 7lj
i=1

Now, for our example we obtain

lo

k
Ni| > a1;p;
=1

Usum(\LX [M(Nla .. 'aNs)7l()) -

k
Ng| > Us,jPj
j=1

In [3] function ( is defined over the natural number m from Section 1 as follows:
k
¢(m) = Z QiPi.
=1
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Now, for our example we obtain

o-sum(\lzx IM(Nh s

We finish with another example, related to Fibonacci sequence. In [6] the following extension
of the Fibonacci sequence, call 2-Fibonacci sequence, was introduced as follows:

a=a, fo=b, a1=c¢ p1=d
Qp42 :ﬁn+1+ﬁn7 n >0
Bn+2:an+1+an7 n >0

The first ten terms of this sequence are:

ap B
a b
c d
b+d a+c
a+c+d b+c+d
a+b+2c+d a+b+c+2d

a+2b+2.c+3.d 2.a+b+3.c+2d

© 00 1 O U = W N = O3

3.a+2b+4.c+4.d
4da+4.b+7T7.c+6.d
6.0+ 7.b+10.c+ 11.d
11.a4+10.b+ 17.c+ 17.d

2.a+3b+4.c+4.d
4da+4b+6.c+7.d
7T.a+ 6.0+ 11.c+10.d
10.a+ 110+ 17.c+17.d

Now, we can construct the following two IM, corresponding, respectively, to the members of

sequences {a, }n>0 and {3, }n>0, €.g., forn < O:

a b ¢ d
a1 0 0 O
a0 0 1 O
a0 1 0 1
as| 1 0 1 1

IM{ontocn<o) = a4 | 1 1 2 1
as| 1 2 2 3
ag| 3 2 4 4
ar|l 4 4 7 6
ag| 6 7 10 11
a9 | 11 10 17 17
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a b ¢ d
Gol O 1 0 0
/|0 0 0 1
Bl 1 0 1 0
6310 1 1 1
IM({Bn}ocn<o) = Bs| 1 1 1 2
Bs1 2 1 3 2
Be| 2 3 4 4
B4 4 6 7
Bs| 7 6 11 10
Bo | 10 11 17 17
We see again that
lo
Qo a
aq c
Qg b+d
Qg b+c+d
Tsum(dx TM ({an, }o<n<o, lo) = ay a+b+c+2d

Qs a+2b+2.c+3.d
Qg 3.a+2b+4c+4d
oy 4.a+4.b+T7.c+6.d
ag| 6.a+7b+10.c+11.d
ag | 11.a+10.b+ 17.c+ 17.d

and
lo
o b
oy d
le%) a—+c
o3 a+c+d
T sum (4 ]M<{Bn}0§n§97l0) = Oy a+b+2.c+d

as 2a+b+3.c+2d
Qg 2a+3.b+4.c+4.d
Qv 4a+4b+6.c+7d
ag| T.a+6.b+11.c+10.d
ag | 10.a+11.b+17.c+17.d

4 Conclusion

The apparatus of index matrices has already found some applications in the area of number theory
(e.g., in [5, 8] and others), but it is clear that these publications are only the first steps in this
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direction of research. On one side, the new operations can find applications in a lot of other areas,

and on the other side, the above research can be perceived as the first step in applying the new

operators to elements of different sequences, which is an object of further research in the future.
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