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Abstract: We consider the sequence (“”:b)pP(n), product of the rp-th degree n-polynomial
(“"*)", where a,b € C, a # 0, 7,p € N, and the (3°'_, r,p,)-th degree n-polynomial P(n) =
IT._, (*"P)™, where o, Bs € C, ry,ps € N, s = 2,...,1. In the expansion of the polyno-
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i, )pP(n) in terms of the binomials (
(p, i) are the generalized Eulerian numbers we consider in this

mial (

(045 Bs,Ts 7105)

resulting coefficients A"

work (the case P(n) = 1,a = 1,b = 0,7 = 1 corresponds to the standard Eulerian numbers). We
obtain results on symmetries, recurrences, row sums, and alternating row sums, that generalize
the corresponding well-known results for the standard Eulerian numbers. The main tool we use
to obtain our results throughout the work, is the Z-transform of sequences.

Keywords: Generalized Eulerian numbers.
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1 Introduction

Eulerian numbers have been mathematical (combinatorial) objects of interest to mathematicians
along the years: beginning with Euler’s work [10] in the eighteenth century, they are still con-
sidered as objects worthy to study [11, 12]. We have nowadays several generalizations of these
objects [17, 18, 19, 20, 25]. Within the works of L. Carlitz (besides the expository work [3]), we
find also some generalizations of Eulerian numbers [6, 7], including g-generalizations of them
[2, 4, 5] (among other related works [8]).

Eulerian numbers appear as coefficients of the sequence of polynomials 1, z + 1, 22 + 42 + 1,
234-112%24-112+1, . .. (called Eulerian polynomials), considered by L. Euler ([10], pp. 485, 486).
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We will use the notation A (p, 7) for the corresponding Eulerian number in the p-th row and i-th
column of the so-called Eulerian numbers triangle, with p = 1,2, ... (rows), and 7z = 0, 1,2, ...
(columns), namely

pNiJ0 1T 2 3 4
0 1
2 10 1 1
3001 4 1
4 10 1 11 11 1

(Some shifted versions of this triangle appear in the literature also as Eulerian numbers trian-
gle.) Some important known facts about Eulerian numbers are the following:

e Explicit formula:

A(p,i) = i(—l)f(p B 1)(@ -’ ()

j=0 J
e Symmetry:
Ap,i)=A(p,p+1-1). (2)
e Recurrence:
e Row sums: )
> Ap,i)=pl. )
i=0
e Alternating row sums:
p
. op+1 (1 _ 2P+1) B 1
—1)"A(p,i) = prl 5
z-:o( )" A(p, i) ] ()

where B, is the (p + 1)-th Bernoulli number.

Besides the mentioned properties, a remarkable fact is that Eulerian numbers are the coeffi-
cients appearing when we write n” as a linear combination of the binomials (Z) : (”;1) e (”;p ).
This is the Worpitsky identity [24]:

=3 Alpi) (”“”‘i). ®)

=0

We will work with the Z-transform of sequences, which is a map Z that takes complex se-

quences a,, = (ag,ay,...,an,,...) into complex functions Z (a,) (z) (or simply Z (a,)) given
by the Laurent series Z (a,) = >~ % (defined for |z| > R, where R > 0 is the radius of

convergence of the Taylor series >~ a,2" —the generating function of the sequence a,—).
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If Z(a,) = A(z), we also say that the sequence a,, is the inverse Z-transform of the complex
function A (z), and we write a,, = Z7! (A (2)). We will recall now some basic facts about the Z
transform, that we will use throughout the work (for further reading, see [14, 23]).

The sequence A" (where ) is a given non-zero complex number), has Z-transform

3

— A 1
ZW) =Y S == )

z
n=0 z

defined for |z| > |A|. In particular, the Z-transform of the constant sequence 1 is

Z(1) = : (®)

Four important properties of the Z-transform (which formal proofs are easy exercises left to
the reader), are the following:

1. Z is linear and injective. (We will be using this fact without further comments.)

2. (Advance-shifting property) If Z (a,,) = A(z), and k € N is given, then

Z (apgp) = 2 (A (2) — i ) : )

S
<

N
<

J]=

3. (Multiplication by the sequence n) If Z (a,) = A (z), then

Z (na,) = —zdiiA(z) . (10)
Formula (10) implies
Z (n*a,) = sz—2A(z) + ziA(z) : (11)
" dz? dz

From (8) and (10), we see that the Z-transform of the sequence n is

d =z z
zZ = gy = . 12
(n) dez—1 (z—1)° (12)
Similarly, we have that

d 1
Zm) = .42 _zEtD (13)

dz (z — 1) (z—1)

1 249 1

20t - - dz(z+1)  z(z+424 )7 (14)

(1) (1)

and so on.
The Z-transform of the sequence (’;), where r € N is given, is

OR=



(The proof is an easy induction on 7, left to the reader.) According to the advance-shifting
property (9), together with (15), we see that for 0 < k < r, we have

—I—k k+1
(1) -

Observe that, according to Worpitsky identity (6) and formula (16), the Z-transform of the
sequence n? (p € N given) is

Yo Ap i)z

Z (nf) = Z_(Ez e 7 (17)
It is a known fact that the p + 1 binomials ("“’ ’) 1 =20,1,...,p form a basis of the vector

space of polynomials of degree at most p (see [22], Sec. 4.3): Worpitsky identity (6) gives us an
explicit formula expressing the p-th degree polynomial n” as a linear combination of the elements
of the mentioned basis, and Eulerian numbers are the corresponding coordinates. Thus, for any
polynomial f with deg f < p, we can write

P .
f(n) = cz-(” +§_Z), (18)
=0

with uniquely determined constants ¢; depending only on f. As Stanley [22] suggests, a good
name for these constants is f-Eulerian numbers. For example, Shanks [21] considers the rp-th
degree polynomial f (n) = (Z)p , and shows that f (n) = Y " ¢ ("+:5_i) for some constants
¢; (that “do not depend on n””). He gives an explicit expression for ¢; in terms of a determinant
(obtained from Cramer’s rule... not really friendly for algebraic manipulation). First noticed by
Carlitz [1] (see also [16]), the constants ¢; = Ay (p, ) in the expansion (18) of the polynomial

f (n) in terms of binomials ("+§_i), i=0,1,...,p, are
: (1Y,
o= Y 17 (T, (19
=0

These are then the f-Eulerian numbers associated to polynomial f of degree at most p. Then,
the expansion (18) can be written as

SN (p“)fu—j) (“;’_i). 0)

=0 7=0

In the present work we consider f-Eulerian numbers for some general polynomials f (includ-
ing the Shanks’ ones), and study some of their properties. In particular, we consider polynomials
which are powers of binomial coefficients f (n) = (“**)" (which is a polynomial of degree rp),
where a, b are given complex numbers, a # 0, and » € N is also given. More generally, we
consider polynomials of the type

f(n) = (an+b)p<a2n+52>m”' (am%—ﬁl)pl’ 1)
T T9 T
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where oy, B; € C, and r, and p, non-negative integers, are given, s = 2,...,[. In this case
fisa (rp+ lezg r5p5>—th degree polynomial. For each p € N, the polynomial (21) can

n+rp+22:2 TsPs —i)
Tp+zi=2 TsPs ’
1 =0,1,...,7p+ Zizz rsps. To study the coefficients of this linear combination is the main

be written as a linear combination of the <Tp + lezz r8p8> + 1 binomials (

goal of this work. In Section 2 we introduce our generalized Eulerian numbers, give some special
values of them, and (in Subsection 2.1) we write explicitly the first few rows of some triangles of
these numbers. Sections 3, 4, 5 and 6 are devoted to establish generalizations of the properties
of symmetry (2), recurrence (3), row sums (4), and alternating row sums (5), respectively.

Finally we comment that our main interest throughout the work is to have “good generaliza-
tions” of the well-known ‘algebraic’ nature and properties of standard Eulerian numbers. We do
not consider the combinatorial part of the life of Eulerian numbers: we think that surely there are
interesting combinatorial interpretations for the generalized Eulerian numbers considered in this
work. This should give material for the future.

2 The generalized Eulerian numbers

Note: We will be writing o for Y2\ _, 7.
Having in mind the principal 7p-th degree polynomial (“"*)", we will consider the product (21),
which is a (rp + o)-th degree polynomial, and write the expansion (20)

an +b\? v [asn + B iy b n+rp+o—i
S S A as, s,Ts,Ps . ) 22
( r ) H( Z a,b,r ) rp+o ( )

s=2

The coefficients

i S I S e
(a‘svbS?TSva) > S _ .7 rp+ U+ 1 a</l/ _-]) + b b as (Z _]) +/83
A =S (T (40 (™" ,

j (23)
where, 7 = 0,1,...,rp+ o, are the generalized Eulerian numbers we want to study in this work.
The notation A;’ as’bs’“”p ") (p, i) suggests that the principal polynomial is (“”TJ’b)p and that this is
accompanied (1n a product) by polynomials (asﬁjﬁ )", s=2,...,1. We have Aaag ’f’s’“’p J(p,i) =
O0fori <Oori>rp+o.

When py = --- =p, =0o0rry = --- =1, = 0, we have the expansion of the rp-th degree

an+b)

polynomial ( namely

(an+b> ZAabr (p,3) (””p_i), 24)
rp

which coefficients are the generalized Eulerian numbers

Ao (po) = Z 1y (rpfr 1) ( =i b)p) s

J
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and in turn, when in these numbers (25) we have a = 1,b = 0,r = 1, the resulting numbers
A; 01 (p, i) are the standard Eulerian numbers (1).

I
According to (16), (22) and (23), the Z-transform of the sequence (‘mjb)p I (O‘S”Wﬁ)p ° s

Ts
s=2

b p l s ; Ps P rp+o Agaaf ,T's pa) ’ Z z7»p+a-7@'
P (an+ ) H(an+ﬁ) _ > ino b +(f1) | 26)
r T (Z . 1)rp o

s=2

In particular we have

z (<n+b>) 2P0 Ao (1) 27 o7

r (2 — 1)Tp+1

(@s,bsTs,ps) (p Z)

a,b,r

The first two elements of the p-th row in the generalized Eulerian numbers A
triangle are (from (23) with: = 0, 1)

Alas,Bairsps) _ b\" l Bs\™ o)
a,b,r (p,O) r H r ’ (8)

s=2
+b p ! o, + Ps b p ! 3 Ps
AlsBorops) o) 4y — (@ ST 1 ) (9
a,b,r (pv ) ( r 81_[2 r, (Tp“‘a"i‘ ) r 81_[2 r ( )

In particular, if 0 < b < r, we have Affbff 3,75 Ps) (p,0) = 0. This happens, for example, when

b = 0 (see Remark after formula (35) and triangle GENT2, Subsection 2.1).
Similarly, the last element of the p-th row (corresponding to ¢ = rp + o) is

AT (prp 4 0)

rp+o . p 1 . s
_ RF Ly (o) (almre — Db (as o -0+ g
- .7:0 j r s=2 Ts '

We claim that (30) can be written as

—b —1 p ! s = Ms s 1 P
A(aabsrﬁb 's,Ds) (p7 rp + O') — (a +r > H <Oé 6 tr ) . (31)
=2

T T
—— s

In fact, we have

AL B ) (p rp 4 0 1) (32)
_ Tpfl(—l) (Tp+0+ 1)( rp+a+ ) +b) (as (rp+o+1-j) +ﬁs)p5
j=0 5=2 T's

:(_1)%0“() ( (Y )

rp+o p !
Z rp+o+1 rp+a—j J+b+a H as(rp+o—7) + Bs + ag\”
Jj=0 S

s=2

= 0.
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That is, from (32) we see that

mf(—l)ﬂ' (7‘p+?’+1> <a<rp+“_j)+b+a)pﬁ<as<rp+a_j)+ﬁs+as>ps

r T
j=0 J 5=2 s

() (1))

In (33) replace b by b — a and 3, by 3, — a to get
S () (2 DY (e )4

j r pe ry

=0

_ (c1yre (b ; a)p (sliIQ (55 ;as)ps> . (34)

Thus, according to (30), expression (34) is

b —a p ! /6 Y Ds
A(Oé5755,7”57p5) —(—1 rp+o s S
a,b,r (p7 rp + U) ( ) r | | r, 3

s=2
or l
o Ba T e e a—b+r—1\" ag — Bs + 1y — 1\
e (- ()
s=2 s
which proves our claim (31). In particular, if 1—r < a—b < 1, we have Ai(f‘li;ﬁs’rs’ps) (p,7p+0) =

0 (this happens, for example, when a = D).
Let us consider (as an example) the generalized Eulerian numbers Ag’_?gff) (p,i): the first two
elements (according to (28) and (29)), and the last element (according to (31)), of the second row

of the corresponding triangle, are the following

-5\ (7\'
AT (2,00 = < 4) <2> = 102900,

3-5\2/147 —5\* (7
ian - () (7) a0 (2 () oo

4-N\*/1-7+2-1
ALTED (2,10) = <3+5+ )( i

1
= 1633500.
4 2 )

In fact, the second row of the triangle of generalized Eulerian numbers Ag’_?é?j) (p,i) is

’102900 ‘—1131200 ‘5651800 ‘—16939955 ‘33908380 ‘—45136850 ‘58773550 ‘—21855275 ‘13608790 ‘—7948490 ‘1633500 ‘

3n;5) 2 (n;?) is

1
102900 (" j1L0 0) — 1131200 ("1;9) + 5651800 (nfgg) — 16939955 (n + 7)

which means that the expansion of (

10
n+6 n+5 n+4 n+3
— 451 2 — 218552
+33908380( 10 ) 5 36850( 10 )—1—5877 550( 10 ) 855 75( 10 )
n+2 n+1 n
1 — 79484 1 )
+ 3608790( 10 ) 7948 90( 10 )—i— 633500(1()) (35)
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Remark. From formula (25), it is clear that if « = 1 and b = 0 we have A, (p,i) = 0 for
i=0,1,...,7 — 1. Thus we can write (24) as (")" = Y77 A;, (p,i) (”*:gfi). In general, the
value of the non-negative index i before of which we have A, (p,i) = 0, depends on a, b and
r, as it is evident from formulas (28) and (29). However, in all cases when a # 1 or b # 0, we

will consider the index ¢ beginning from ¢ = 0.

2.1 Some generalized Eulerian numbers triangles

We show now some concrete triangles of generalized Eulerian numbers. We will be using them
as examples of the properties and results we will discuss for generalized Eulerian numbers in
the rest of the article. We will write GENT# to mean “generalized Eulerian numbers triangle
number #’.

’ GENT1: Generalized Eulerian Numbers A23 23312 (p,i) . ‘

Explicit Formula: A23 23312) (p,i) = 2; o (—1) (pf)( (i—7)—3)" (3¢ )+2)
Expansion: (2n — 3)” (3”+2) =y 23 23312 (p,1) (ntﬁg ).

phifol 1 [ 2 [ 038 [ 04 ] 05 [ 6 [ 7 [s8]9 [

1 0| —100 | 3936 | 53787 | 102488 41244 2760 )

2 0| 100 | 2236 | 220401 | 1211671 | 1416076 | 396036 | 19375 | 25

3 0 | —100 | 4136 | 699215 | 9364370 | 25664255 125

’ GENT?2: Generalized Eulerian Numbers A, o5 (p, 7). ‘

Explicit Formula: A; 3 (p,i) = Z;:g (_1)j (3p]+1) (i;j)p'

Expansion: (;‘)p = 2?23 Aigs (p, 1) (n+3p z)

3
pNi|3] 4] 5 ] 6 | 7 | 8 \9]\910\11\12\-..
1 1
2 11 91 9 1
3 [ 1] 54 ] 405 | 760 | 405 54 1
4 || 17]243 ] 6750 | 49682 | 128124 | 128124 | 49682 | 6750 | 243 | 1
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’ GENT3: Generalized Eulerian Numbers Az 25 (p, ) . ‘

Explicit Formula: A3s 5 (p,i) = Z;:o (1) (QP;rl) (3(1-,2]”2);)'
Expansion: (3";2)p =3 Azas (p,i) (”+225_i).
Nifjof 1 ] 2 [ 8 | 4 [ 5 [ 6 [T [8]-
1 1 7 1
2 11 95 294 95 1
3 1] 993 | 14973 33676 14973 993 1
4 119991 | 524692 | 3978637 | 7507078 | 3978637 | 524692 | 9991 | 1

’ GENT4: Generalized Eulerian Numbers A, 45 (p, 7). ‘
Explicit Formula: A; 43 (p,i) = Z; 0 (—1)j (3p;r1) (i_?"l)p.
Expansion: (”*4) =S Avas (p,i) ("Jrg;’*i).

][0T 12 ]3[4l s o] s[a]"

1 4 | —6 4 -1
2 16 | =12 | 36 | =35 | 21 -7 1
3 || 64| 360 | 80 | 195 | 306 | —209 | 120 | —45 | 10 | —1

The second rows of the generalized Eulerian numbers A, g, (p,¢) triangles (for example
GENT?2), contain “known results”, as we show now. The numbers A, g, (2,1) are

L < 2+ 1\ (i — 5\ °

— J

Aror (20) =3 (1) ( ; )( . ) (36)
7=0

where ¢ = r,r + 1,...,2r. By using the identity

z’“: (2r+1) (k+:—j)2: (;)2 an

J=

(formula (6.48) from Gould’s book [13]), we see that the generalized Eulerian numbers A (2, ©)
are squares of binomial coefficients. More precisely, for k = 0,1, ..., r, we have

k N 2 2
wween =Ry (TT) () e
7=0

Thus, the corresponding expansion (" ) =37 Aio, (2,4) ("T27) can be written as

2 T 2
n r n+r—=k
() =20 () @
k=0
which is identity (6.17) from Gould’s book [13].
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3 Symmetries

In this section we show some symmetries for generalized Eulerian numbers Af; ;TB :Ts:Ps) (p, 7).

Proposition 1. (a) The generalized Eulerian numbers A, (p, 1) have the symmetry

Aa,b,r (pv Z) = Aa,afb+r71,r (p, rp — Z) 5 (40)
fori=0,1,... 7p.
(b) The generalized Eulerian numbers Aaabsrﬂ“ Taps) (p,i), where ry = 2B +1 — a5, s =
2,3,...,1, have the symmetry
AT (p,8) = AL porp o 1), 41

fori=0,1,...,7p+o.
Proof. We consider the expansion
an +b\" 17 (asn +B\" X (@), (PO
H = Z Aa b,r ) (42)
Ts rp+ o

T
s=2
errU

T
= S A Beren) o " . 43
Z a,b,r p,?‘p—i—U Z><7’p+0’ ( )

In (42) replace n by —1 — n, to obtain

a(—1—n)+b pﬁ as (=1 —n)+ B5\" %Aasﬁarspa ) —l—-n+rp+o—1
T @b rp+o ’

r

5=2
or
an+a—b+r—1\ 1 [ +a,— B +r,— 1\ %A(asﬁsml)s ) n+i
r poles T o rp+o)’

(44)

Expression (43) says that

an+a—b+r—1\" v [sn+ 3 LARG n+1i

S Qs,0s,Ts,Ps

(o PR - - (330)

(45)

(a) Set ry = 0 in (44) and (45) to conclude that, fori = 0, 1,...,7p, we have that A, . (p, ©)
isequal to A, 4—pir—1.(p, 7P — ©), as desired.
b)Ifr,=28,+1—as s=2,3,...,1, we can write (44) as

an+a—b+r—1\" asn+ jlany B n+1
S S A Qs,Ps,Ts ps . 46
( r ) g ( Z a,b,r ) rp+o ) ( )
and again, comparing (45) with (46), we obtain the desired conclusion (41). O
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What Proposition 1 says is that if we have

an + b\? ozsn—i-ﬁs s TR aofBoreps) 1 o [(MATDH O —1
H § :Aabr ) ) (47)
T rp+o

s=2

then, in any of the cases: (i) r; =0,s =2,3,..., L,or (i) rs =20, + 1 —as, s = 2,3,...,1, we

also have
<an+a—b+r—1)pﬁ(@3n+ﬂs)ps 48)
T T

5=2
rp+o .
~fn+rp+o—1
A(asBsTsps ’7,, +0,_7/ )
Z a,b,r p p ) rp4 o

Two examples from Proposition 1 are the following, (we write together expressions (47) and

(43))
(5n— 1) = (";2> + 13(";1> +36(Z>,
(5n + 6) 36(”;2)+13(”;1)+(Z>.

(Bn—1)2n+ 1)("%) == ("F) +216("1*) +2850("F7) +3900("F?) + T1L("FY) + 4(2),

(3n +4)2n + 1)) =4 (") + 711("FY) + 3900(™}?) + 2850("F7) +216("1) — (7).

Observe that in the case
3n+2\ /4n+3
2 3
n+95 n+4 n+3 n+2 n+1 n
= 44 2 2 44
( ! )+3 ( i )+ 535( ! )+ 535( i )+3 ( i )+(5),

besides the hypothesis 3 = ry = 202 + 1 — az = 2(3) + 1 — 4, we have also 2 = r =
2b+1—a = 2(2)+ 1 — 3. Thus, expressions (47) and (48) are identical. That is, in this case
we have the symmetry A342323 1) (1,9) = Aéflff’l) (1,5 —14),i=0,1,...,5. Observe also that if
r = 2b+ 1 — a, expression (40) looks as A, (p, i) = Aapr (p,7p —1),i=0,1,...,rp. Thisis
the case of generalized Eulerian numbers A3 52 (p, i) (see GENT3 in Subsection 2. 1) Yet another
particular case from (40) is As1, (p, i) = Agyr (p,rp — i), =0,1,...,rp. That is, we have

2n + 1\? P ~(n+rp—1 ~(n+
< . ) _ ZA“”"(p’Z)( p ) ZAQM D, i < - ), (49)
i=0
2n +r\” P ) n—l—rp ~(n+1
) = > Agy, (p.i) ZAQM i) ) (50)
i=0

For example
2n + 1 n+3 n+2 n+1 n
= 21
(o) =76 ) (") (s )+ ()
2n + 6 n+6 n+95 n+4 n+3
= 21 .
(5°) = (5) +n(s) += ("5 )+ (s”)
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As a final example, we show the following curious situation
3n\ > n+3 n+ 2 n
= 1 261
() = o0 ) ety e (M) ()
3n 41\ n+3 n+ 2 n
= 261 1 2
( ; ) 36<4)+6(4)+80( )+9(4) (52)
3n + 3\’ 4 3 2 1
n — 9" faso(" 0 w261 ”+ +36 + (53)
2 4 4
3n 4 4\ 2 n+4 n—+3 n—+2 n+1
( 5 ) = 36< 4 )—|—261( A )+180( 4 )+9( 4 ) (54)
The symmetry (40) says that A3 0 (2,7) = Az4-p2(2,4 —14), 0 < i < 4. Thus (with b = 0)
we have A3 00 (2,7) = Az42 (2,4 — i), which explains the relation between (51) and (54). Also
(with b = 1) we have A2 (2,7) = As32(2,4 — i), which explains the relation between (52)

and (53). The relations (51)<+(52) and (53)<>(54), are ‘part of the curiosity’ of this example. In
fact, by replacing n by —n in (51) we obtain (52). If in (53) we replace n by —n, we obtain

3n — 2\ ° n—1 n n+1 n+2
( ) ) :9( A )+180(4>+261( X )+36( X ) (55)

Now replace n by n + 2 in (55) to obtain (54).
In the case a = 1, b = 0, the symmetry (40) says that A, o, (p,rp —i) = Ay, (p,7). But

(1)

n

plainly we have, for: = 0,1, ..., rp, that

Al,r,'r (pa Z) - Al,O,’r (pu r+ Z) ) (56)

Thus, the symmetry (40) can be written in this case as

Al,O,T (pu r (p + 1) - Z) = AI,O,T (p7 Z) . (57)

(See Lemma 2 in [21].) The triangle GENT2 in Subsection 2.1 shows the symmetry (57). Of
course, the known case (2) of the standard Eulerian numbers A; ; (p, ¢) is also included in (57).
It is not difficult to see that Ay, , (p,i) = 0fori =r(p—1)+ 1,...,7rp. Then (56) is valid

fori =0,1,...,7(p — 1). For example, we have
n\> ° n+95—1 n+95 ° n+10—1
(B (0 7) e (37) -2 ()

where Cop = C5 = 1, Cl = C = 25 and Cy = C3 = 100.
Next we consider the case ¢ = 2 and b = 1.

Proposition 2. For oddr € N, the generalized Eulerian numbers As 1, (p, i) satisfy the symmetry

oor—1 )
Agqy (p, 1+ T) = Ag1, (prp —1), (58)

whereizo,l,...,rp—%.
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Proof. The generalized Eulerian numbers (from (26), witha = 2,0 = 1)

Asir (p,i) = i(_Uj(rpf 1> (2 (i —Tj) 4 1>p’

=0 J
are such that A, 1, (p, )fOforz—O,l,...,T—l Thus, we can write
2n+1 N (n+Trp—1
< ) Z A217’ p, ( P )7
rp
or

r—1

2n +1\" = r—1\ (n+rp—i—"1
_ A : 2
( : ) > Ay (p,z+ > )( N ) (59)

i=0
n+1i
= Z Az ( p,Tp—Z)( ) (60)
=0 P

In (59) replace n by % — 1 — n to obtain

r—1
rp— 3

r—2—2n\" = r—1\ [(—n—1+rp—i
= A r 7'
() =y A o) ()

that is .
2n + 17 e r—1 n+1
= Ao, | p,i 61
() = g e (e ) (1) @
Comparing (60) with (61) we obtain the desired conclusion. [l

In particular (the case r = 1 of (58)), we have that As; ;1 (p,7) = As11 (p,p — i) (Which can
also be concluded from (49) and (50)). An example of this particular case (with p = 4) is the
expansion

(2n +1)! = (”14) +76<”2:3> +230<"12) +76<n1 1) + (Z) (62)

An example of (58), withr = 3 and p = 2, is

m+1\? [n+5 n+4 n+3 n+2 n+1 n
( 5 ) :< 6 >+93< ) >+546( ; )+546( o )+93( o )+(6).(63)

Finally, we comment that for the generalized Eulerian numbers A;l 31 ) (p, 1), where ¢ is any

non-negative integer given, we have the symmetry
1,0,1 . 1,0,1, .
A5 (pi 1) = AR (0.3p g — i), (64)

where ¢ = 0,1, ..., 3p + q. The proof of this fact is similar to the proof of Proposition 2, and we
leave it to the reader. An example (withq =2andp = 1) 1is

() =) () () e (15) 4 )
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4 Recurrence

Let us see the case » = 1. We want to relate the generalized Eulerian number A B is:Ps) (p, 1)
in the p-th row and ¢-th column (¢ = 0,1,...,p + o) of the correspondmg triangle of generalized
as,fBs, 7"57ps)

Eulerian numbers, with “some” of the generalized Eulerian numbers Aa b1 (p — 1, ) from

the (p — 1)-th row.
Our strategy will be to obtain the Z-transform of the sequence (an + b)” Hi:z (“SZjBS)pS,
namely
pto
Qs 55 Ts ps

)ps> ) z ZAabl (p,d) 2P+

(Z . 1)p+a+1 )

l

z ((an + )P H (as”rj Bs

s=2

(65)

(see (26) and (27)), and relate it with the Z-transform of the sequence (an—l—b)wlHi,:2 (0‘57::/8 S)ps
The beginning is easy: we use (10) and (65) with p replaced by p — 1, to write (65) as

z ((an + b)Y ﬁg (asnrj 53)’“)

S

aZ (n (an + b)P ﬁ (ozsnr:- &)Ps) +bZ <(an + o) ﬁ (asnrj ﬂs)ps>

s=2 s=2
p—1+o ] p—1+o )
p Py Z Aé?ébs;iﬁs,rs,Ps) (p —1, Z) Sp—1to—i P Z Agabslﬁé Ts5Ds) (p -1, Z) Sp—1to—i
_ a4 iz i=0
- azdz (Z . 1)p71+a+1 + b (Z . 1)p71+a+1

After performing the derivative and some simplifications we get

! Ps
z ((an +o I (O‘S": 0 ) ) (66)

s=2

(o —it ) =HARTTT G -1i-1) ) L,
+(ai + ) ALY (p — 1,1)

(Z . 1) pt+o+1

From (65) and (66), we obtain the recurrence

At(labsiﬁs,Ts,Ps) (p, Z) (67)
= (ai+0) AL (p—1,0) + (a(p+ o —i+1) — ) ALy (p— 1,0 — 1)

Formula (67) contains the recurrence
Aa,b,l (p7 Z) = (G’Z + b) Aa,b,l (p - 1’1) + (CL (p —1+ 1) - b) Aa,b,l (p - 172 - 1) ) (68)

(see formula 20 in [25]), and in turn formula (68) contains the case of the well-known recurrence
(3) for the standard Eulerian numbers A; o (p, 7).
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For example, for the generalized Eulerian numbers Ag?fé?f) (p,i) we have the recurrence

(according to (67))
AP23D (p iy = (20 — 3) AP (p— 1,i) + (2(p— i) + 1T) APHD (p—1,i — 1), (69)
If p = 3 and 2 = 5 we have (see GENT1 in Subsection 2.1)

APE2)(3,5) = TATSD (2,5) +13A07%%7 (2,4) = 7(1416076) 413 (1211671) = 25664255.

We can mimic the previous procedure in order to obtain the following recurrence in the case
r = 2 (we write ¢ for o)

Ay () (70)
1, . ‘ s, Ber 4
= 5 (ai+b) (ai +b—1) AT (p— 1,0)

—2a%*? +2ai(a—2b+a(2p+o0)+1)
1 — — (O‘Svﬁsar-%ps) _ y
+5 +2b—a+2ab—a(2p+o0)+2ab(2p+o0) pAsps (p—1,i—1)
—a? =20 —a® (2p+ o)
1

S@i—2p—0o—1)+b)a(i—2p—0—1)+b- DAL (p—1,i - 2).

+

For example, the recurrence for the generalized Eulerian numbers As 55 (p, ©) is

. 31+ 2 . . . .
A372,2 (p, Z) = ( 2 )A37272 (p — 1, Z) + (-922 + 18Zp — 2) A37272 (p — 1, 1 — 1) (71)

3(i—2p)—1 ,
—|—( ( 2p) >A37272 (p—l,Z—Q)
If p =4 and i = 5 we have (see GENT3 in Subsection 2.1)

17 -10
Az00(4,5) = ( 9 )A3,2,2 (3,5) + 1334322 (3,4) + ( 9 )A3,2,2 (3,3)

= 136(993) + 133 (14973) + 55 (33676) = 3978637.
Recurrence (70) does not offer any motivation to continue trying the next particular cases

r = 3,4,... (seeking a conjecture for the general case). The good news come from the fact that
if @ = 1, we have a nice general recurrence.

Proposition 3. The recurrence for the generalized Eulerian numbers A(lo;f ;ﬁ sra:Pe) (p, i) is given
by
s,BssTs Ps . " (i—k+b\ [(rp+otk—i—Db\ (e prpe ,
Ay ’p)(w)=z< L >< . AL Bem?) () 1 — k), (72)
k=0

where i1 =0,1,...,7p+ 0.
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Proof. From (22) and (23) we can write
%Aa‘sﬁsrsps ) n+rp+0-—2
Lor rp+o
n+b\ (n+b\"" asn + B\
- () () )
r T =2 Ts
- < )T(pzlerA(asﬁﬂsps Y (n—l—r(p—1)+0—i)
- a,b,r 7Z> .
rip—1)+o

Thus, to prove (72) we have to prove that

rp+o r .
i—k+0\[(rp+0+k—i—=D\ (0 8sreps) , n+rp+o—i
A 53P95,Ts,Ps _ 1 o
2 :z :(7"— )( k ) 1,b,r (p X k) Tp+0'

1=0 k=0

r(p—1)+o .
( ) X A 010 (””(p_l)”_Z). (74)

rip—1)+o

In the expression of the left-hand side of (74), we introduce the new index / = ¢ — k, which
runs from / =Qupto [ =7 (p — 1) 4+ o. Then we write (74) as

rpt+o r .
i—k+b\ (Tp+0+k—i—=D\ (a8 reps) , n+rp+o—1
S (TEN(T T ae - - (T

1=0 k=0

Tt r I+b rpto—I—b\ (ntrp+o—T—k\ (o soreps
- Ay (p—1,1).
— = k ™+ 0

The proof ends if we show that

i <[+b) (rp—l—a—]—b) (n~|—rp+a—]—k:)
= \r - k k rp+ o
_ (n—l—b)(n—i—r(p—l)—l—a—]). (75)

r rip—1)+o

If in identity (6.43) of Gould’s book [13], namely

266 =60 7))

K

weseta=-n+I1—-1,0=rp+0c—1—0b,v=1+0b,0=rand k = k, we obtain (75). Then
the proof is complete. O

In particular we have from (72) (with i =0), thatAf;ffS TePs) (p.0) = (i)Ag‘f‘b“;’TBS’rs’ps) (p—1,0)
(see (28)). If we set 7 = 1 in (72) and use (28) and (29), we obtain the following formula (with
flavor of Pascal’s triangle recurrence)

(rp+o+1) (i) + (rp+o0—0) (rfl) =(r(p-1)+0+1) (b+1),

r

31



Let us see a concrete numerical example from the recurrence (72). The generalized Eulerian
numbers A; o 3 (p, ¢) have the recurrence

. 7 i 7 —1 3p+1—1 )
Aios(p,i) = (3)A1,0,3(p—171)+< 9 )(p 1 )A1,0,3(p—172—1) (76)

1—2\(3p+2—1 )
()0 i

3p+3—1 )
+( b 3 >A1,073(p—1,2—3)-

If in (76) we set p = 4, 7 = 7 (see GENT2 in Subsection 2.1), then we get
Aio3(4,7)

- (o (0w ()(amn (amis
_ (;) (405) + (g) <f> (760) + (i) (;) (405) + (i) (54)

= 128124.

Finally, observe that the generalized Eulerian numbers A ¢, (3,¢) (from the third row of the
corresponding triangle), can be written in terms of squares of binomial coefficients (in terms of
the generalized Eulerian numbers A, o, (2,1) (see (38)). In this case the recurrence (72) gives us
the explicit formula

. ~ (i~ k\ (3r+k—i ;
A1’07T(372):Z(Z_r>(7a . 7’) (2T+Tk—l> (77)

k=0
That is, for 2 = r, ..., 3r, we have the identity

;(—Dj (37«; 1) <z ;j)B _ ; C - f) (37’ +kk: - z) <2r +rk ) Z>2 78)

5 Row sums

as,fBs, 7"57ps)
a,b,r

Let us consider the generalized Eulerian numbers Al (p, ) involved in the expansion
(22). We want an expression for the sum of the elements of the p-th row of the corresponding

triangle of generalized Eulerian numbers, namely

rp+o
Z A (). (79)
The result is given in the following Proposition.
Proposition 4. The sum of the generalized Eulerian numbers Aao‘bsf 2a7e:Ps) (p,i),1=0,1,...,7p+
o, is given by
rpto ! o TsPs
ZAGO;:TBS 3Ts ps ) Tp + 0_ p H ( S . (80)

S=

(Observe that this result does not depend on b nor 3.)
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I
Proof. The coefficient of n"?+% in (a”jb)p I1 (a“;jﬁ S)ps (the left-hand side of (22)), is

(81)

The coefficient of 7+ iny 777 AlesBorspa) ) 4y ("*rP+7=") (the right-hand side of (22)) is

a, b 7 7‘p+0'
rp+o
(as ﬁs Ts ps . 82
Tp—l—(f'z_; a,b,r 72)' ( )
The conclusion (80) comes from equating (81) and (82). [l

In particular, the sum of generalized Eulerian numbers ZAa br (1,4) of the first row of the
=0
corresponding generalized Eulerian numbers triangle, is equal toa”

One more example: the sum ) A; 03 (3,7) is 1 + 54 + 405 + 760 +405 +54 +1 = 1680
(see GENT2 in Subsection 2.1). According to (80), we have "7, A; 3 (3,7) = ((3) (3))'ﬁ =
1680. In fact, as Proposition 4 says, the sum Z?:o Ay 3 (3,14) is equal to 1680, for any b € C.
For example, if b = 4, we have the sum >, A} 43 (3,7) = 64+ 360 + 880 + 195 + 306 — 209 +

120 — 45+ 10 — 1 = 1680 (see GENT4 in Subsection 2.1).

A final example: let us consider the expansion for (B"H’) namely
3n + b\ b\’ 4 3
nEY PER) L (crt st s sb ) (1 (83)
2 2 4 4
3 3 2
+ (§b4 — 126 4 557 + 90b + 180) (" I )

1 b—3\?
+ (—=b* + 116° — 28b* — 63b + 261) ("I )+( 23> (Z)

Even though the generalized Eulerian numbers As ;- (2,4), i = 0, 1,2, 3,4, do depend on b,
the sum 2(2;:? Aspo(2,4) does not. In fact, we have (according to (80)) ZQSQ) Aspo(2,1) =
2)(2
(2) ()15 = 46,
Since the sum (80) does not depend on b nor (35, we have in particular ((80) with a = a, = 1)

rp+o rp+o

(1,85,75,Ds) (1,07a08) [~ (rp+0)!
Z Al ,b,r Z Al 0,7 7Z) - (r!)p Hi:2 (TS!)pS . (84)

Then, we can write (80) as

rp+o rp+o
ZA((IQ;TBS JT's5Ps) (H o rsps> Z Aglo(]rrs \Ds) ) . (85)

Moreover, from (84) we see that

Z _ (mp)! Zp (7sps)!
Al 0,r p, = ( )p s and Al 0,75 psa ) - (7" ')ps . (86)
=0 s
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Then, by using (84) and (86), we can write (85) as

& PRI . (rp)! 77 (rsps)!
> Aor 0 [T v o) = G TT
=0 s=2 i=0 Vos=2 Y

rp+o
(T’p)'H Sps . (1,0,rs,ps
= rp+a E AlOr ) )

—1 rp+o
_ ( o+ o ) Z Alloo TasDs) i), (87)
rp,T2P2, ..., TsPs " ’

(rp+o)!
rp)!(r2p2)!---(ripy)!

where (
that

e » ) is the multinomial coefficient (

. Finally, we have from (87)
TP,T2P2;..-,TsP:

rp+o

Z "4§100'r’rS ) (p7 2) (88)
i=0
l Tp + o P I 7sps
a” o ( > Ao (ps1 Avop, (D
(5[[2 ) rp,2pP2, ..., TsPs (; 1o ( ) 51:[2 ; 1o ( )

Thus, in order to know the sum of generalized Eulerian numbers )" o Aaagrﬁ si7e:P5) (p, 1)

involved in the expansion (22), it is sufficient to know the sums of generalized Eulerian numbers
involved in the simpler expansions

n+rp—i < n+7rsps —
ZAIOT p, and ZAIOTS p57 )
rp T'sPs

(89)
(s =2,...,1), respectively. For example, let us consider the expansion (35). In order to know the
sum of coefficients, that is

102900 — 1131200 + 5651800 — 16939955 + 33908380 — 45136850

+58772550 — 21855275 + 13608790 — 7948490 + 1633500
= 20667150,

it is sufficient to know the simpler expansion

2
n n+4 n+3 n+2 n+1 n
= 16 36 16
and use (88) to see that the required sum is 3° (8+2) (1+16+36+ 16+ 1) =20667150.
Let us consider now the case of the generalized Eulerian numbers A, (p, %), with p = 2.

From formulas (85) and (86) we see that the sum of the numbers A, (2,7),7 =0,1,...,2r,is

givenby 3 Ao, (2,1) = a® 523)2, which is (a*" times) the well-known formula for the sum of

squares of binomial coefficients (see (38)), namely Zk:o (k)zz (r ) Moreover, if p = py, = 2,
s=2,...,l, formula (88) looks as

222:1 s
ASA%{TS’Q) (2,4) = a2netrattn) (2 (ri+re+---+ rl)) (2?"1) . (277). 90)

2r1,2r9, ..., 21 1 T
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For example, from the expansion (63) we see that the corresponding sum of coefficients is
2 (1493 + 546) = 1280. As formula (90) says, this sum is 2°(5) = 1280.

6 Alternating row sums

For the standard Eulerian numbers A; 1 (p,4), the known result on alternating row sums is
(5). In particular, we have Y7, (=1)" Ay 01 (p,i) = 0 if p is even. That is, we know that

P (=1)" Aro, (p,i) = 0 when pis even and r = 1. In the following Proposition we will show
that the alternating sum >>7_ (—1)" A, (p, i) is equal to 0 when p is even, and r is any positive
odd number.

Proposition 5. If p is even and r is odd, we have

(a) .
> (=1) Avoyr (p.i) = 0. 91)
(b)
r(p—1) 4
> (=1) Avyr (p,i) = 0. (92)
=0

Proof. (a) We use (57): fori = r,r+1,...,pr, we have Ay o, (p,r (p+ 1) —i) = A1, (p,1).
Thus

r(p+1)—1
TP -2 TP
DD A, (pd) = D (D) A i)+ Y (=1 Avg, (p,)
i=r i=r Z-:T(P+21)+1
T(p+21)—1 T(p+21)—1
= ) (DA, i)+ Y (D) A, (o (p+ 1) — )
7'(p+71)*1 -

= (_1)1 (Al,O,r (p> Z) - Al,O,r (pa r (p + 1) - Z))

as desired.
(b) We have Ay, , (p,i) = Ay, (p,r+1i) fori = 0,1,...,r(p—1). Then we have that
(according to (91)), for p even and r odd,

D r(p—1) r(p—1)

OZZ( )AIOT(p7 T Z AIOT pur—’—@ =\~ T Z Al'I‘T pv)a
i=r =0 =0

from where (92) follows. O

See for example GENT2 in Subsection 2.1, where the alternating row sums is 0 for p = 2 and
p=4.
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Proposition 6. If r is odd, we have

—1
Z A21r(p>i+r2 ):0, (93)

=0
in each of the following cases: (a) p even and r = 3mod4. (b) p odd and r = 1modA.
Proof. We will use (58) (Proposition 2): the generalized Eulerian numbers As ; , (p, 7) have the

symmetry Ay 1, (p,i+ 5%) = Ag1, (p,rp — i), fori =0,...,7p — 54, Observe that in any of
the cases (a) or (b), the number rp — % is odd. Then

r—1
rp—15=

i . r—1
Z (=1)" Az, (pal‘i‘ 5 )
i=0
ooz S -
= ‘ (—1) AQ,I,T <p77/ + T) + Z <_1) A2,1,7‘ (paz + 92 )
i=0 i=5(rp— 252 +1)
3 (=51 -1) 3(ro=152-1)
i .= rp—I=L i .
- (1) Aoy, (p,z n T) S ()R A, (- )
=0 1=0

5 )

- (1 + (—1)’“1”*71) (=1)' Ag, (p, i+ Tl)

=0

as desired. ]

2n+1) —

The expansion (63) (p = 2 and r» = 3) is an example of the case (a). The expansion (
(”;3)+ 15(";2)—% 15(”;1)—1— (5)(p = 1 and r = 5) is an example of the case (b).
In the general case of the expansion (24), we have the following result.

Proposition 7. The alternating sum of generalized Eulerian numbers A, (p,7), 0 < j <rp, is
given by

TP

> (=1) Aups (. j) (94)

=0

r ol .
orp+1 p p (p> . .o <1 2 J ) BH‘ZJ 1%
= R ) (b — ] + 1)1’_’7 azjzl ] .

ir=0  i1=0 J

Proof. We expand the binomial (“"**)” (in order to write it as a polynomial in n) to get

(an + b)p

r
p p
pz Z(h) ( ) 11+---+irbp*i1(b_1)l7_i2 . (b—?”—l— )P (28 11+ +2r (95)

=0 11=0
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Then we have from (26), (95) and (17) that

rp )
z ZAa,b,r (pv j) 2"
0

j=

( 1)7”p+1 (96)
1 p - p p 1141 —11 p—ig p—ir
_ (r!)pZ"'Z(z'l)'”(u)a Bt (b — 1P (b — 1+ 1)
ir=0 11=0
11+ iy ) )
z Ao (iy + - i, k) gtk
k=0

(Z o 1)i1+~~~+ir+1 ’

from where we get

rp ' T r » .
ZAa,b,r (p,j) 2P = <T'>p Z e Z ( (Zp> (b —J+ 1)p ]) aXi=1" 7
= 1 , j

=0 11=0 \yj=1

2=14j r |

k=0 j=1

By setting z = —1 in (97) we obtain that

rp
> (=1 Agpr (9.4) (98)
7=0
2’”? L (T (P s ) (@S
- S () o) 6) s (St
=0 1=0 - k=0
and finally we use (5) to obtain from (98) the desired conclusion (94). [l

Let us see some particular cases of (94). In the case » = 1 formula (94) looks as

P . p 1 — 21+z B
Z<_1)J Aa,b,l (paj) = 2p+1 Z <Z>bp ‘ Z( ) 1"""7 (99)

§=0 i=0 1+

which can be written as

p 5]

; ) ) 1 — 22+2i) B .
-1 A, N —ortl | _prB P\ g2 2i1 242i
]Z:;( ) Aapa (D7) 1+;<2H1 a T

(100)
With p = 1, formula (100) says that

1
1—-22)B
Z Agpa 1])—4(—1)B1+a%):2b—a.

3=0

In fact, the expansion is (“"+b) = b("“) +(a — b) (7), and the alternating sum of coefficients
b—(a—10b)=2b—a.
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With p = 2 formula (100) says that

2

; 1-22)B
Z(—l)] Aa,b,l (2,]) =8 (—b231 + 26@%) == 4b2 — 4ab.

J=0

In fact, the expansion is (‘mfrb)2 = 02("1%) + (a® + 2ab — 26%) ("}") + (a — b)* (}), and the
alternating sums of coefficients is b? — (a2 4 2ab — 20%) + (a — b)* = 4b* — 4ab.

In the case r = 2, formula (94) looks as

2p oL
o . (1 — 211+Z2+1) B. ..
E —-1)Y A, — optl E E qittizpp—in (p — 1)P~%2 ( Z1+z2+1.
( ) 52 (P, J) ( ) ( ) ( ) 1+ + 1

7=0 12=0171=0
(101)
If p = 1 formula (101) says that
2
‘ 1-22)B
S(17 Ausa (1d) = 4(<b0= 1) B+ as- 1) T

J=0

= a—2b—2ab+ 20%.

In fact, the expansion is (“" b) = (g) ("1?) + ((“H’) 3( ) ("5 + (7 g“)( ), and the
alternating sum of coefficients is () — ((“3°) —3(3)) + (“5™) = a — 2b — 2ab + 20%.
If p = 2 formula (101) says that

4

D (1) Aap2 (2,9) (102)

=0

= 8(—bQ(b—1)231+2ab(b—1)(2b—1)%+2a3(2b—1) (1—24)34)

.

2 4
= 2(20* — a® — 2ab — 4b° + 2b* + 6ab® — 4ab® + 2a°b) .

In particular, we have Z?:()(_l)j Azpo(2,7) = 2(2b — 16b% + 200% + 48b — 27). If we
set b = 2, we obtain Z?ZO(—I)j As95(2,j) = 106, which is the value of the alternating sum
1 —95+4 294 — 95 + 1 (see GENT3 in Subsection 2.1).

If b = 1, formula (102) is

4

1-29B
Z Aun2(2,7) = 16a 3—( 4> 1= 2%,
j=0

In fact, the expansion of (‘m; 1) % is
an + 1\° 1, s /m+3\ 1.,, n+ 2
( 5 ) = ¢ (a+1) 4 +Za (11a® + 6a — 1) A
1 1 1
+50° (11a” = 6a — 1) (”I ) + 0% (a - 1)? (Z)

and the alternating sum of coefficients is
1, 2 1o 2 L 2 a Loy 253
1% (a+1) +10 (11a® + 6a — 1) ¢ (11a® — 6a 1)+4a (a—1)" =2a".
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We consider now two particular cases of the alternating sum Z?ZO(—l)j Aup (p,7)-

Proposition 8. (a) If a = 2 and b = 1 we have

p

> (=1 Aya (pj) = 2°E,. (103)

J=0

In particular we have Z?ZO(—l)j As 11 (p,j) = 0ifpisodd (see case (b) of Proposition 6).
(b)Ifa=b=1

p ; op+1
—1Y A ) =
Z( ) A1 (p,J) N

J=0

(271 — 1) By (104)

(This is essentially a shifted version of (5).) In particular we have Z?:o(_l)j Ai11(p,j)=0
if p is even.

Proof. We will use that

Z ( , )2”1 (1-2"*")Bjy1 = (p+1)2°E, (é) =(p+1)E, (105)
J

— \Jj+1
and
~ (p+1 j+1 p+1 1
> (j . 1) (1 -2+ By, = B (1) = (2741 — 1) By, (106)

(where E, (-) are the Euler polynomials, and E,, are the Euler numbers). These formulas can be
obtained, for example, from (24.2.4), (24.2.5), (24.2.9), (24.2.10) and (24.4.14), of [9].
(a) According to (99) we have

p P

p
E / ; pH+1\, i
(=1) Az11 (p.J) = 1 ;:0 (Z n 1)2 1 (1 -2 +1) Biy1.

=0

Now use (105) to obtain (103).
(b) According to (99) we have

P P
279Jrl p+1 ,
Z ) Ai1 (p,j) Z < ) — 271 By
s JZO J+1
Now use (106) to obtain (104). [l

For example, with b = 1 and p = 4 formula (103) says that Z?ZO(—I)j Ar11(4,j) =16E, =
80. In fact, from (62) we see that the alternating sum of coefficients is 1 — 76 + 230 — 76 + 1 =
80.

An interesting particular case of formula (101) is when b = %, considered in the following
Proposition.



Proposition 9. We have the following formula for the alternating sum of generalized Eulerian
numbers Aa,%,2 (paj) ;

2p
Y (=1 A1, () = (=2)7". (107)

j=0
Proof. From (101) we obtain

2p _
» L 1_211+12+1)B, 1
JA 1 _2 —p+1 1) 2az1+z2( Z1+z2+.
S A =27 33 (1) (7) s o 220

=0 i2=011=0
(108)
Set 71 4 i2 = j in the sums of the right-hand side of (108) to write
2p .
S (1 A, 15 ()
j=0
» .
. . 1_21+1)B.
9—p+l1 < )( ) —1)P %2 2a]( : Jj+1
ZZ 2 G ey
p 2p 94
_ _ i (1 —2%) By,
— -9 p 2 p+1 p -1 p—t b 9 ](—]
Corrrrn Y (M) S (,, ) e B
1=0 J=1
2p 2 P
B B (1 —2%) By, (p p
— —2 p 2 p+1 _1 p 2 J (—] _1 7 )
(=2)"+ ( )jzl(a) 2 ;( )\ 2j 14
Now use that )
i (P p
-1 =0
> () )
=0
(identity (3.32) of Gould’s book [13]) to obtain the conclusion (107). O

. an+x 2,
For example, the expansion of ( ) 2) is

<an+%>2 _ i(n—i—él)+4a4—2a2—1(n+3>+88a4+4a2+3<n+2)
2 64 4 16 4 32 4
44a* +2a%> —1 (n+1 16a* —8a*+1 (n
+ 16 ( 4 )+ 64 (4)

and the alternating sum of coefficients is

1 4a4—2a2—1+88a4+4a2+3 44a4+2a2—1+16a4—8a2+1 1
64 16 32 16 64 B
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