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Abstract: In this paper, we defined the generalized dual Pell quaternions. Also, we investigated
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1 Introduction

The real quaternions are a number system which extends to the complex numbers. They are first
described by Irish mathematician William Rowan Hamilton in 1843.
Hamilton [1] introduced the set of real quaternions which can be represented as

H={g¢g=q@+ig+je+ke | w0 ¢, ¢, ¢ cR} (1.1)
where

=2 =k=—-1, ij=—ji=k, jk=—-kj=i, ki=—ik=j.



Several authors worked on different quaternions and their generalizations. ([2-22, 24-26]).
In 2013, Akyigit et al. [17] defined split Fibonacci and split Lucas quaternions and obtained some
identities for them. Complex split quaternions were defined by Kula and Yayli [13] in 2007.

In 1961, Horadam [3] firstly introduced the generalized Fibonacci sequence (H,,) and used
this sequence in 1963, Horadam [4] defined the n-th Fibonacci quaternion which can be repre-
sented as

Qr ={Qn=F,+iF,1+7j Foi2+kF,3 | F,, n — thFibonacci number } (1.2)
where
P=f=kK=ijk=-1, ij=—ji=k, jk=-kj=i,
ki=—ik=j
and n > 1.

In 1969, lyer [5, 6] derived many relations for the Fibonacci quaternions.
In 1973, Swamy [8] considered generalized Fibonacci quaternions as a new quaternion as

follows:
P,=H,+1H,1+j Hypo+kHpyis (1.3)
where
H,=H, 1+ H, -,
Hy = p,
Hy =p+yq,

H,={p—-qF, +q¢F, n>1

where H,, is the n — th generalized Fibonacci number that is defined in [4].

(See [8] for generalized Fibonacci quaternions).

In 1977, Iakin [9, 10] introduced higher order quaternions and gave some identities for these
quaternions.

In 1993, Horadam [12] extend to quaternions to the complex Fibonacci numbers defined by
Harman [11].

In 2006, Majernik [18] defined dual quaternions as follows:

=a+bi4cj+dk]|abecdeR 2=72=k=ijk=0,
HD—{Q J | J J . (1.4)

ij=—ji=jk=—kj=ki=—ik=0

In 2009, Ata and Yaylh [14] defined dual quaternions with dual numbers coefficient (a +
eb,a,beR, e>=0, e #0) as follows:

HD)={Q=A+Bi+Cj+Dk | A, B,C,DeD,i* ==k =-1=ijk} (15)
In 2014, Nurkan and Giiven [20] defined dual Fibonacci quaternions as follows:
HD) = {Qn =F, +iFy1 +jFa+kFuys | Fy=F,+eFo, € =0e#0},  (1.6)

where



n > 1 and Qn = @, + € Q,+1. Essentially, these quaternions in equations (1.5) and (1.6) must
be called dual coefficient quaternion and dual coefficient Fibonacci quaternions, respectively. For
more details on dual quaternions, see [19]. It is clear that H (D) and Hp, are different sets.

In 2016, Yiice and Torunbalci Aydin [21] defined dual Fibonacci quaternions as follows:

Hy={Q.,=F,+iF, 1+ j Foio+kF,.3 | F,, nth Fibonacci number}, (1.7)

where

In 2016, Yiice and Torunbalc1 Aydin [22] defined generalized dual Fibonacci quaternions as
follows:
Qv ={Dn=H,+iH,1+j Hyro+kH, 3 | Hy, n-th

(1.8)
Generalized Fibonacci number}

where

In 1971, Horadam studied on the Pell and Pell-Lucas sequences and he gave Cassini-like

formula as follows [27]:
PoiiPay — P2 = (—1)", (1.9)

and Pell identities
( PrPnJrl—{’PTfan:PnJrh
Pn(Pn+1 + Pn71> = P2n7
Popi1 + Py, = 2be+1 —2P2 — (—=1)",
P? + Pﬁﬂ = P11, (1.10)
P2+ P}y =5(P}, + Ply),
Pn+aPn+b - PnPnJraer = (_1>nPnPn+a+b7
P, =(-1)""p,.

In 1985, Horadam and Mohan [28] obtained Cassini-like formula as follows:

\

Gnt1 Q-1 — @, = 8(=1)"*", (1.11)

First the idea to consider Pell quaternions it was suggested by Horadam in paper [12].
In 2017 (arXiv), Torunbalct Aydin and Koklii [23] defined generalized Pell sequence as fol-
lows:

(

Po= ¢ Pi=p, Po=2p+q, pgcZ
Pn: 2Pn_1+ ]P)n_g, 77,22

(1.12)
or
\Pn: (p_QQ)Pn+an+1:an+an—l
where P, is the n-th generalized Pell number that defined in [23] as follows:
(Pn):q, p, 2p+q, Sp+2q, 12p+5q, 29p+12q, ... ,pP+qPno1,... (1.13)
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In 2016, Torunbalct Aydin and Yiice [24] defined dual Pell quaternions and dual Pell-Lucas
quaternions as follows respectively:

Pp={D!Y =P, +iP,1+jP.2+kP,s3| P, n-thPell number}, (1.14)
where
==k =ijk=0, ij=—ji=jk=—kj=ki=—ik=0
and
pp ={DP =¢, + i qu1 + J Gni2 + Kk @uys | g n-thPell-Lucas number}, (1.15)

P=7=kK=ijk=0, ij=—ji=jk=—kj=ki=—ik=0.

Here, the Pell-Lucas sequence (g,) and ¢, which is the n-th term of the dual Pell-Lucas
quaternion sequence (D?) are defined by the following recurrence relations:

(gn): 2,2, 6, 14, 34, 82, 198, 478, 1154, 2786, ... ,qpn, ...

n — 2n— n—2; 237
{q Gn—1+ Qn—2, N (1.16)

Go= 2, 1 =2, ¢2=06.

In 2016, Cimen and Ipek [25] worked on Pell quaternions and Pell-Lucas quaternions and
defined as follows respectively:

QP, ={QP, = P,eq+ P,y1e1 + Pyyses + Poises| Py, n-th Pell number} (1.17)

and
QPLn :{QPLn = {n €0 + gn+1 €1 + qn+2 €2 + Gn+3 63' An, n-th (1 18)
Pell-Lucas number} '
where
egzl, e%:egzegz—l,
€0€1 = €1€) = €1, €2 = €2€) = €3, €p€3 = €3€) = €3,
€163 = —€2€] = €3, €263 = —€3€3 = €1, €3€] = —€1€3 = €.
In 2016, Anetta and Iwona [26] worked on the Pell quaternions and the Pell octanions.
In this paper, we define the generalized dual Pell quaternions as follows:
Pp={DY =P, +iP,.1 + jPuio + kP, 3| P,, n-th Gen.Pell number} (1.19)

where

Furthermore, we give Binet’s Formula and Cassini-like identities for the generalized dual Pell
quaternions.
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2 Generalized dual Pell quaternions

The generalized Pell sequence PP, is defined as

Po= ¢Pr=p,Pr=2p+q, pgci
P, = Q]Pnfl_'_Pana n=2

or
]Pn: (p_QQ)Pn+an+1:an+an—l

2.1)

Here, P, is the n-th Pell number and PP, is the n-th generalized Pell number that defined in [23]
as follows:

(Pn):q, p, 2p+q, 5p+2q, 12p+5q, 29p+12q, ... ,p P+ qPn 1, ...
We can define the generalized dual Pell quaternions by using generalized Pell numbers as follows
Qp={D¥, =P, +iPy1+j Poio+ kP, 3 | P,, n-th Gen. Pell number}, (2.2)

where

The scaler and the vector part of D¥,, which is the n-th term of the generalized dual Pell quaternion
(DP,,) are denoted by

Spe, =Pn and Vor, = iPryy + jPoss + kPpys. (23)

Thus, the generalized dual Pell quaternion DY, is given by DF,, = Spe, + Ve . Let DP1, and
DP2,, be n-th terms of the generalized dual Pell quaternion sequences (DF1,,) and (DF2,,) such
that

DP, =P, 4+ iPp1 4+ j Popo + kPyis (2.4)

and
DP2, =K, + i Kppy + j Kppo + kK, ps. (2.5)

Then, the addition and subtraction of the generalized dual Pell quaternions is defined by

DPln + DPzn = (]P)n + 7;]P)nJrl + .7 IP>n+2 + kIEDnJrB)
i<Kn + iKH+1 + J Kn+2 +k Kn+3)

= (Bt Ko) 4 (Pt £ Knp) +J (Pago £ Koso) 0
+k (Pry3 £ Koys).
Multiplication of the generalized dual Pell quaternions is defined by
DP1, . DP2, = (Pp 4 iPnyy + j Pryo + kPoys)
(Kp + iK1 + 1 Kpio + £ Ky3) 2.7)

= P.K,) +P(i K1 + 7 Ko + £ Kpy3)
+(2 ]P)n—H + ] Pn—l—Z + k]P)n-H’))Kn-
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or
]D)Pln . DP2TL - SDPIn SDP2n + S]D)Pln V]D)P2n ‘l— S]D)Pzn V]D)Pln‘ (2.8)

The conjugate of generalized dual Pell quaternion DF is denoted by ]])Tfl’ and it is
DP, =Py — iPus1 — j Pusz — kP, 2.9)
The norm of DY, is defined as
|D®,||> = DP, DP, = (P,)*. (2.10)

Then, we give the following theorem using statements (2.1), (2.2) and the generalized Pell number
in [23] as follows

Py, ]P)n—i-l + P P = (2]? - 2(])]P)m+n —€p Pm+n (2.11)

where
ep=p° —2pq—q.

Theorem 2.1. Let P, and D¥,, be the n — th terms of generalized Pell sequence (P,) and the
generalized dual Pell quaternion sequence (DY), respectively. In this case, for n > 1 we can

give the following relations:

DP, +2D%, 1 =D (2.12)
(D?,)* = 2P, D¥, — (P,)? (2.13)
DP, — iD= jDP s — kDY s =P, (2.14)

]D)Pn DPm + DPnJrl DPm+l :(2}9 - QQ) [2 DPn+m+1 - Pn+m+1]

(2.15)
—ep[2 D7]zj+m+1 — Potma]-
where DY, is the dual Pell quaternion [24].
Proof. (2.12): By the equations
D¥, =Py + iPui1 + j Prso + kPrys (2.16)
and
DP i =Poy +iPoio+j Poys + kPrps (2.17)
we get,
DP, +2DP, 1= (Po+iPui1+iPuio+kPrys)
+2Ppy1 + i Pryo+ j Py + EPpya)
- (]Pn + QPn—H) + ( (Pn—I—l + 2]P)n+2> +] (]P)n-‘r2 + 2Pn+3) (2 18)

+k (Ppys + 2P 44)
Prio+iPrs+ jPrya + kPrys

P
D;a-
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(DP,)? = (Pp+iPn1+ jPrss + kPpois)
(Pn + Z.IEDnJrl +an+2 + ]{Z]P)nJrZi)
(Pn)Z +2 (Pn Pn-ﬂ) + 2j (Pn ]P)n-&-?) + 2k (Pn Pn+3)
= 2P,DP, — (P,)%

(2.14): By using (2.3) and conditions in the equation (2.2), we get
DPn - '”D)Pn—l—l - ] DPn+2 - kDPn—I—?) = (Pn + iPn—s—l +jpn+2 + kPn+3)

—i (Ppy1 +iPpy2+ jPrys + EPpya)

—J (Pry2 +iPuy3+ jPrya + kPrys)

—k(Prys +iPpia + Prys + EPprgs)
= P,.

(2.15): By using (2.6) and (2.11)

]D)Pn ]DPm = ]P)n Pm +1 (]P)n Pm—l—l + Pn—l—l Pm)
+] (Pn ]P)m-i-? + IP>n-i-2 ]P)m) + k (]P)n ]P)m—i-3 + Pn+3 Pm)

DP, 1 DPi1 = Poyi Pt + 7 (Pos1 Pz + Poga Progr)
+J (Pry1 Proys + Prys Prga)
+k (Prs1 Py + Prga Prgr).

Finally, adding equations (2.21) and (2.22) side by side, we obtain
DPn ]D)Pm + DPn+1 DPm—l—l = (Pn IP)m + IP>n—l-1 Pm—l—l)

+i [PuPrt1 + Prgs1Pro + Prg1Prgo + PryoPrg]
+j [Pan+2 + ]P)n+2]P>m + Pn+1pm+3 + Pn+3pm+1]
+k [Pan+3 + Pn+3Pm + Pn+1Pm+4 + Pn+4Pm+1]

= (2p - 2Q)[Pn+m+1 + 24 IP>n+m+2 + Q.j IP)ner+3
+2k Py mtal

—€ [Pn+m+1 + 2iPptmy2 + 2 Ppymys + 2kPn+m+4]

= (2p - 2Q)[2DPn+m+1 - Pn-{-m—f—l]
—ep[2 D7Iz)+m+1 — Poim+1]

where D7, is the dual Pell quaternion [24].

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

]

Theorem 2.2. Let DY, DF and DY be n-th terms of the generalized dual Pell quaternion se-
quence (DP,) , the dual Pell quaternion sequence (DY) and the dual Pell-Lucas quaternion

sequence (DY), respectively. The following relations are satisfied

DPn+1 +DPn71 :ngL + qu

n—1>
p q
DF, +DP,,, = 3 Di .+ 5 D},
b q
DP,..1 —DF, = 3 DY + 2 D!

H)Pn+l - ]D)Pnfl = [pDTILD + qDTIj—l] )
DPTH—Q - DPn—Q = [ngz + qD'(rJL—l] .
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Proof. From equations (2.16), (2.17) and identities between the generalized Pell number P,, [23],

(

\

P, =(p—2¢)P, +qPoy1 =pP,+qP,
Pp+Poy1 = E g1 + 2 gn,

Proy1 = Po =500+ 3 gna,

Proy1 +Pro1 =pgn + qgn,

Pppr — Py = 2(an + an—1)7

Pryo —Pro=2(pgn+ qgn-1).

(2.25)

also, from the relations of between Pell and Pell-Lucas numbers as follows:

it follows that

DPTL+1 + DPn—l =

4

Poi1+ Poo1 = o,

Poy1— Py =2P,,
P,+ P, = %Qn+17
Poio+ P, o=6PF,,
Poyo — Poo = 2q,.

(PH-H + Pn—l) +1 (Pn+2 + ]Pn) +J (Pn+3 + Pn.g_l)

+k (Ppta + Pryo)

[p(Pn—l-l +Po1) +q (P ‘|‘Pn—2)]

+i [p (Pn+2 + Pn) +4q (PnJrl + Pnfl)]

+7 [p (Pats + Pot1) + q (P2 + Pn)] (2.26)
+k [p (Prta + Pot2) + ¢ (Poys + Puta)]

P(qn +iGni1 + J@ny2 + kqnis)

+¢ (gn—1 + i qn + 7 Gnt1 + k gnt2)

p D} + q D}

n—1>

(Pn + IP>n—|—1) +1 (PTH-I + Pn+2) +J (Pn+2 + Pn+3)
+k (Prts + Prya)

[p (P + Poy1) +4
+i[p (Pat1 + Pt
+5 [P (Pot2 + Puts) + ¢ (Pot1 + Poy2)] (2.27)
+k [p (Ppots + Pota) + ¢ (Pog2 + Poys)]

% (Qn—l—l +iqni2 + 7 Qi3+ k Qn+4)

+4 (g0 + i qnr1 + J ny2 + Kk qnys)

5Dhy1 +4Dn,

Pnfl“‘Pn)]
+Q(Pn+Pn+1)]

~— ~— —
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and

DPn—i—l - DPn = (Pn—i-l - Pn) +i (Pn+2 - Pn-ﬁ-l) +J (Pn+3 - Pn-ﬁ-?)

+k (Ppya — Poys)

= [p(Poy1— ) q(Pn— Poy)]
+i [p (Pot2 — Pot1) + ( n+1 — P
+J [p (Poys — n+2) q (Pnt2 — Poy1)]
+k [p (Prta — Pats) + ¢ (Poys — Puy2)]

= 3 (Qn +iGnt1 + J Gni2 + anJrS)
+4 (-1 +1qn + Jany1 +kqnr2)

_ p Dq + q Dn 1

Dpn-i-l - DPn—l = (Pn+1 - Pn—l) +1 (Pn+2 - Pn) +J (Pn+3 - Pn—i—l)

+k (Prta — Pryo)

= [p(Poy1 — Poo1) +q (P — Po—2)]
+i[p (Poy2 — Pn) + q (Pat1 — Pr-1)]
+J [P (Pots — Pat1) + ¢ (Pat2 — P
+k [p (Pota — Poy2) + q(Poys — Pog)]

= 2p (P +iPoy1 + 7 Poy2 + k Prys)
+2q(Poo1 +i Py +j Pop1 +k Poy2)

= 2[pDy +qD; ],

DPis—DPhs= (Puyz—Poa)+i(Pars — Paot) +j (Pass — Pp)

+k (Prys — Ppy1)

= [P (Puy2— Pa2) +q(Pay1 — Puo3)]
+i [p(Ppys — Puo1) + ¢ (Pry2 — Pr2)]
+j [P (Pova — Pn) + q(Poys — Pu1)]
+k [p (Pots — Pat1) + q (Prya — Pp)]

= 2p(gn +iqnt1 +Jqns2 + kqnys)
+2q(qn-1+19Gn + J Gny1 + k quy2)

= 2[pDi +q¢D}_].

(2.28)

(2.29)

(2.30)

]

Theorem 2.3. Let DY, be the n — th term of the generalized dual Pell quaternion sequence

(DP,,). Then, we have the following relations between these quaternions:

D", +DP, = 2P,

DP,DP, +DP, 1 DP, 1 = (Pn)? + (Pu_1)? = (2p — 2¢)Pan_1 — €p Pap_s
D, DP, + DF, 1DP iy = (Py)* + (Pug)’ = (2p — 20)Pant1 — €p P
D¥, 1 DP o — D, DP, = (Po1)? — (Paey)? = 2[(2p — 2¢)Psy — €p Py, |

(]D)Pn)2 + (]Dpn_l)2 =2DP, P, — (Pn)z +2DP, P, — (Pn_1)2
=(2p—29)[2D%5, 1 = Pyu ] —ep[2D5, | — Pop1]

where DY . is the dual Pell quaternion [24].
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Proof. (2.31): By using (2.9), we get

DP, +DP, = (Pp+iPui1+jPuis+ kPrys)

+(Pn - Z.]P)n—&-l -7 Pn+2 - kPn+3 )

2P, +1 (]P)n—&-l - Pn-ﬁ-l) +j (Pn+2 - Pn+2)
+k (]P)n+3 - ]P)nJrS)

= 2P,.

(2.32): By using (2.9) and (2.10), we get

]D)Pn Dpn + DPn—l ]D)Pn—l = (Pn)z + (Ip)n—l)2
= (2p —29)Pyy1 — ep Pon

(2.33): By using (2.9) and (2.10) and [23], we get

]D)Pn ]DPn + ]D)PnJrl ]DPnJrl = (Pn)2 + (IEDnJrl)2
= (217 - 2Q)P2n+1 —ep Py
(2.34): By using (2.9) and (2.10) and [23], we get

Dpn+1 DPn—l—l - DPn—l Dpn—l - (]P)n+1>2 - (]P)n—l)z
= (4p —4q)Py, — 2ep Py

(2.35): By using (2.10) and [23], we get

(D)2 + (DP,1)? =[2DP,P, — (P,)} ]+ [2D¥, 1P, 1 — (Pn_1)?
= QDPn P, + 2DPn—1 Ppy— (]P)n>2 + (]P)n—l)2
= (2p —2q)[2DP5,_1 — Poy1] —ep[2DL | — Popl.

where D¥ | is the dual Pell quaternion [24]. [l

Theorem 2.4. Let DY, be the n — th term of the generalized dual Pell quaternion sequence
(DP,,). Then, we have the following identities

Z]D)P - pDnH—i—qD] ZD?—%DS, (2.36)
ZDPn+s = DZ% Dil+ Tips,, —Di_y], (2.37)
Z]D 251 = = IDD on —p DY — g DT ], (2.38)
ZDPQS— [D¥341 —p DY —q Dy, (2.39)

where D and DY are the dual Pell quaternion and the dual Pell-Lucas quaternion respec-
tively [24].
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Proof. (2.36): Using > Py = (P, + P,y — Py — Py) [23], we get
t=1

D DF=D) Poti) Puatiy Puathk ) Pus
s=1 s=1 s=1 s=1 s=1

1 .

= 5[(]}])71 =+ ]P)nJrl —PpP - Q) +1 (]P)n+1 + ]P)n+2 - 3]7 - Q)

+.7 (Pn+2 + IEDn+3 - 7]7 - 3Q) + k (Pn+3 + ]P)n+4 - 17]? - 7Q>]
1 . .

= §(Pn + i Ppy1 + jPrio + kPrs)

1 ) )
+ §<Pn+l +1 IEDn+2 + J ]PnJrB + k]P)n+4)

—£(1—|—3i+7j+17k:)—g(l—l—i+3j+7k’)

2
1

= 5 [D + D" ] —%D{-%Dg
1 p q

= 1P Dny +a D) =5 D — 7 Dy

(2.37): Hence, we can write

P P i P P

ZO]DPn—&-s = Z() Pn+s +1 Z() Pn-{—s—i—l +] Z() Pn+s+2 +k Z() Pn+s+3
= %[(Pn—i-p + IP>n-|—p-&-1 - ]P)l - ]P)()) +1 (Pn+p+1 - Pn+p+2 - ]P)Q - ]P)l)
+J (Prtpr2 + Priprs — Py — Po) + k (Pogpis + Prjpra — Py — P3)]
= 1 (Ppp + i Prgprt + J Prgpya + EPripis)

5 (Priprr + 1 Pogpio + 5 Pogpys + kPripya)
B +3i4+7j +17k) — (1 + i+ 35 + Tk)

= 5Dy + DPgpa] — DL — 4 DY
= Z [D2+p+1 - D;Iz] + % [Dgth - Dg—l] .

(238) USil’lg Z sz;l = %(]P)Qn — q> and Z ]P>2i = %(]P)QnJrl — p) [23], we get

i=1 =1

S DPo1= 3[(Pan—q) + i (Pons1 — p) + j (Pontz — ¢ — 2p)
+k (Popy3 — 2g — 5p)]
= 1[Pop +iPopi1 + j Pongo + k Poyys)
—Llg+ip+j2p+q) + k(5p + 29)]
= 3DPo —p(0+i+2j+5k) —q(1+0i+j+ 2k)]

= %[DPQW, _pD(])D _qul]'
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(2.39): Using > Py; = %(P2n+1 —p) [23], we obtain
i—1

(2

S DPo = L[(Pons1—p) + i (Popyo — 2p — q)

+J (Panis — 5p = 2q) + k (Pan+a — 12p — 5g)]
= 5 [Pons1 + i Popnyr +  Ponys + kPopyd]
—2[1+42 +5§ +12k] — [0+ +2j + 5k]

= 5 [DPy%p —pDf —qDf].

]

Theorem 2.5. Let DY, and DY be the n — th terms of the generalized dual Pell quaternion

sequence (D¥,,) and the dual Pell quaternion sequence (DY), respectively. Then, we have

DPDP, — DPDF, =2[P,DF — P,DF] (2.40)
DPDP, + DPDF, =2P,P, (2.41)
DPDP, — DPDP, =2[P,D¥, + P,DF —2P, P, (2.42)

Proof. (2.40): By using (2.3) and (2.9), we get

DTILDD_Pn _D_E]D)Pn = (Pn+ipn+l +an+2+l€Pn+3>

(Pn - “P)n—&-l - ] IP)n—~-2 - kPn+3)
_(Pn_ipn-i-l _jpn+2 _kPn+3)
(]P)n + Z.]P)n—&-l + ] Pn—i—? +k Pn+3)

= (PP, — P,P,) + 2i (—P,Poy1 + PpiiP,)
+2j (_ PnPn+2 + Pn+2]Pn>
42k (— P,Pois + PoisP,)

= 2P, P, +iPu1+ jPuio+ kP,35]
+2P, [P, +iPyi1 4+ J Poyo+ k Pyl

= 2[P,DF — P,DP,].

(2.41): By using (2.3) and (2.9), we get

szjD_Pn +D_£)]Dpn = (Pn+ipn+1 +J Poyo +/€Pn+3)

(]P)n - Z-]P)nJrl - .7 ]P)TL+2 - kPnJrS)
+(Py =i Ppp1 — j Poya — k Poys)
(Pn + iPn—H + ] IP>n-i-2 + kPn—&-Z’))

= (PP, + P,P,)
+i (—=P)Ppy1 + PoaPy + PP — PoiPy)
+j (= PPpio+ PP, + PP, — PooP)
+k(— P,Pyis+ P3P, + PPy — PoysPy)

= 2P,P,.
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(2.42): By using (2.3) and (2.9), we get

DPDP, —DPDP, = (P, +iPyyi+jPuo+kPus)

(Pn + ipn—H + ] IEDn+2 + kPn+3)
_(Pn _iPn+1 _an+2 - kPn-H%)
(Pn - ipn+1 - j Pn+2 - k]PnJrS)

= (PP, — PP, +i(2P,P,1+2P,1P,)
+j (2P, Puio+2P,10P,)
+k (2 P,Pyy3+ 2P, 5P,)

= 2Pﬂ(]P)n + iPnJrl + ] Pn+2 + kPnJrS)
+2P, (P, 4+ i Ppi1 + j Poio + k Poys)
—4P, P,

= 2[P,DF +P,DF —2P,P,|.

Il
Theorem 2.6 (Binet’s Formulas). Let DY, and DY,, be n — th terms of the generalized dual

Pell quaternion sequence (DY) and the generalized dual Pell-Lucas quaternion sequence (D9,,)

respectively. For n > 1, the Binet’s formulas for these quaternions are as follows:

DP, = — i 5 (d o — B 5") (2.43)

and
DY, = (@a™ + 8 B") (2.44)
respectively, where

a= (p—qbf)+ilp2—5)+4q +jlp(—28)+q2-p)
+k[p(12—58)+q(5-28)], a=1++2,

B=(qu—p)+ilpla—2)—ql+jp2a—>5)+qga—2)
+k[(p(5a —12) + ¢ (2a —5)], B=1—+2.
and

a=[p(2—20)+q2+28)] +ilp(6—26) +q(2—28)]
+7[p (14— 68) +q(6 —28)] + k[p (34 — 146) + (14— 68)], a=1++?2,

B=lp(2a—2)—q2a+2)] +i[p(2a —6) +¢(2a - 2)]
4+ [p (6 — 14) 4+ q(2a — 6)] + k [(p (14 — 34) + q (6a — 14)], B =1— /2.
respectively.
Proof. The Binet’s formulas for Pell sequence, generalized Pell sequence and dual Pell quater-
nion sequence respectively, are as follows

1 1 1
= — n_ n IP) = — n_ n DP:— n__ n 2 24_
Pr= s ("= §7) Pu= s (la" = m ") and DY = o (aa" — 557) (323}24)
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Using the recurrence relations for generalized dual Pell number and generalized dual Pell

quaternion D¥,, respectively, P, o = 2P, + P,, DY, .o = 2D¥, | + D¥,, we can write the

characteristic equation as follows:
t?—2t—1=0.
The roots of this equation are
a=14+v2 and B=1-2,

wherea+8=2, a— =22, af =—1.
Using recurrence relation and initial values DPy = (¢, p, 2p + ¢, 5p + 2q),
DPy = (p, 2p + q, 5p + 2q, 12p + 5¢), the Binet’s formula for DP is

1 .
DP,=Aa"+Bf"= —|a&da" — "
o HBH =075 po

DP—DP aDE—-DP
lafﬂo’g,B = —0 "1 and

where A =
a—pB

a=(p—qb)+ilp(2=0)+d +Jlp(—-20)+q2—B)]+k[(12—58) +q (5 —28)],

~

B=(qu—p)+ilp(a—=2)—ql+jlp(20=5)+q(a=2)]+ kp(5a —12) + ¢ (200 = 5)].

Similarly, using recurrence relation D9, ., = 2D9,,.; + D9, , the Binet’s formula for gener-

alized Pell-Lucas quaternion D9, is obtained as follows:
D, = @a" +F 6")
where initial values
DYy = (2p — 2q, 2p + 2q, 6p + 2q, 14p + 6q),
DY = (2p + 2q, 6p + 2q, 14p + 6q, 34p + 14q).

(2.45)

]

Theorem 2.7 (Cassini-like Identity). Let DY, and D9, be n — th terms of the generalized
dual Pell sequence (DY) and the generalized dual Pell-Lucas sequence (DP,,) respectively. For

n > 1, the Cassini-like identity for DY, and DP,, are as follows:

]DPn—l DPn—i—l - (Dpn)2

(=1)"ep (14 2i + 65 + 14k)
and
DY, DY, — (D9,)? =8(—1)"" e, (1 + 2i + 65 + 14k)
where
2 2
ep=eg=p —2pq—q.
Proof. (2.46): By using (2.16) and (2.17) we get

DP, }D)Pn+1 — (Dpn)2 = (Ppq+iP,+ P + kPyio)

(Ppy1 +iPpio+ jPouys + kPpyy)
—(Pp+iPhi1 + jPoyo + kPpys)?

= [Pn—lpn—&-l - (]P)n)z]
+i [P 1Pryo + PuPryy — 2P, Py
+J [Poe1Prys — 2Py P + (Pria)?]
+k [Pr1Prys + P Pryo — 2P, Py 3]

= (=1)"ep(1+2i+ 65 + 14k).
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where we use identity of the Pell number P,, P, — P,,+1 P, = (—1)"P,,_, and identities of the
generalized Pell numbers as follows:

PoiPri — (By)? = (—1)"ep, (2.48)
PpioPr i — PuPri = 2(=1)"ep, (2.49)
P3Pt + PopiPriy — 2P, Pss = 6(—1)"ep, (2.50)
PpiaPpt + PoioPrit — 2P, Py = 14(—1)"ep, (2.51)

ep=p*—2pq—¢’.

Let the generalized Pell-Lucas sequence (q,,) be defined as follows:

do= 2p—2q,q1=2p+2q,q2=06p+2 pgcZ
an = 2qn—1 + On—2, N Z 2

(2.52)
or
In= (P —=29) Gn+ qGnt1 =P + 4 Gn1-
Here, q,, is the n-th generalized Pell-Lucas number that defined as follows:
(92): 2p—2q, 2p+2q, 6p+2q, 14p+6q, 34p+14q, , ... ;PG +qQn-1,... (2.53)
and let the generalized dual Pell-Lucas quaternion be defined as follows:
{DY =qn +1qns1 + 7 Gniz + £k Gnis | qn, n-th gen. Pell-Lucas number } (2.54)

where
P=2=k=ijk=0, ij=—ji=jk=—kj=ki=—ik=0.

(2.47): By using (2.53) and (2.54) we get

anfl anJrl - (an)2 = (qnfl +1 qn + ] Qn+1 + k qn+2)
(dns1 + 0 Gns2 + 7 dnis + K qnya)
_< qn + ( An+1 + ] qn+2 + k qn+3 )2
= [gu1Gns1 — (42)7]
+1 [qnfl Ont2 + 9o Gnr1 — 24n qn+1]
+j [qn—l Jn+3 — 2 An dn+2 + (qn+1)2]
+k [qn—l On+a + Gnt1 Gnt2 — 2 qn qn+3]
= 8(=1)"te, (1+2i+ 65 + 14k).
where we use identity of the Pell-Lucas number ¢, 1 ¢n+1 — ¢ g = 8 (—1)"*! and identities of
the generalized Pell-Lucas numbers as follows:

Gnt1Gne1 — (n)? = 8(=1)" e, (2.55)

Gnt2 Gn-1 — Gn Gn1 = 16(=1)"" e, (2.56)
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Gnt3 Gn-1 + Gnt1 Qo1 — 200 Gnie = 48 (—1)" " ey, (2.57)
Gntd Q-1 + Gnt2 Qo1 — 200 Ggz = 112(=1)"F e, (2.58)
g =" —2pq—¢".
Special Case: From the equations (2.46) and (2.47) forp =1, ¢ = 0and ep = ¢, = 1, we obtain
all results in [24] as a special case as follows:

DY DF . — (DD)? = (=1)" (1 + 2i + 6 + 14k) (2.59)

and
DI _ DI, — (D) =8(—=1)""" (1+ 2i + 65 + 14k). (2.60)

We will give an example in which we check in a particular case the Cassini-like identity for the
generalized dual Pell quaternions. [

Example 1. Let DY |, DF,, D5 and D¥, be the generalized dual Pell quaternions such that
DPy =p+i(2p+q) +j(5p + 2q) + k(12p + 5q)
DPy = (2p + q) +i(5p + 29) + 5 (12p + 5q) + k(29p + 12¢)

DP3 = (5p + 2q) +i(12p + 5q) + j(29p + 12q) + k(70p + 29q)

DP, = (12p + 59) +i(29p + 12q) + §(70p + 29) + k(169p + 70q).

In this case,

\

DPDPy — (DPy)?> = [p+i(2p+q) + 5 (5p + 29) + k (12p + 5¢)]
[(5p +2q) +1i(12p + 5q) + j (29p + 12q) + k (70p + 29¢)]
—[(2p+ q) + 1 (5p + 2¢) + j (12p + 5¢) + k (29p + 12¢)]?
= (P*—2pq—¢°) +i(2p* —4pq—2¢°)
+5 (6p* —12pq —6¢*) + k (14p* — 28pq — 14 ¢*)
(p* —2pq— ¢*)(1+ 2i + 65 + 14k)
(—1)2ep (1 + 2i + 6§ + 14k)

and

DPyDPy — (DP3)* = [(2p+q) +i(5p+2q) + 7 (12p+ 5q) + & (29p + 129))]
[(12p + 5¢) + 4 (29p + 12q) + j (70p + 29q) + k (169p + 70q)]
—[(5p +2q) + 1 (12p + 5q9) + 7 (29p + 12q) + k (70p + 29q)]?
= (=" +2pq+¢*) +i(=2p* +4pq+2¢°)
+7 (=6p* +12pq+6¢%) + k (—14p* +28pq + 14 ¢°)
—(p* = 2pq— ) (1 + 2i + 65 + 14k)
(—1)%ep (1 4 2i + 65 + 14k).
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Example 2. Let D9, D9y, D93 and D9, be the generalized dual Pell-Lucas quaternions such

that

\

In this case,

]D)ql Dqg - (Dq2)2 -

and

D9, DY — (D%)% =

3 Conclusion

(D9 = (2p +2q) +i(6p + 2¢) + j(14p + 6¢) + k(34p + 14q)
DYy = (6p +2q) +i(14p + 6q) + 7(34p + 14q) + k(82p + 34q)
D93 = (14p + 6q) + i(34p + 14q) + 7(82p + 34q) + k(198p + 82¢)

DYy = (34p + 14q) + 1(82p + 34q) + j(198p + 82q) + k(478p + 198¢).

[(2p+2q) +i(6p+2q)+j (14p + 6q) + k (34p + 14q)]
[(14p + 6q) + 7 (34p + 14q) + j (82p + 34q)

+k (198p + 82¢)]

—[(6p + 2¢) + i (14p + 6q) + j (34p + 14q)

+ (82p + 34q)]

—(8p* = 16pq —8¢*) — i (16p* — 32pq — 16¢°)
j(48p — 160pq — 48 ¢?) — k (112p2 — 224 pq — 112¢?)
—8(p* —2pq — ¢*)(1 + 2i + 65 + 14k)

8 (—1)% ¢, (1+ 2i + 65 + 14k)

[(6p 4 2q) + i (14p + 6q) + j (34p + 14q) + k (82p + 34q)]
[(34p + 14q) + i (82p + 34q) + j (198p + 82¢)

& (478p + 198¢)]

— [(14p + 6q) + i (34p + 14q) + j (82p + 34q)

K (198p + 82¢))

8(p* —2pq—¢q*) +16i(p* —2pq — ¢%)

+485 (p* —2pq — ¢*) + 112k (p* —2pq — ¢°)

8(p* —2pq — ¢*)(1+ 2i + 65 + 14k)

8(—1)*e, (1+ 2i + 6 + 14k).

The generalized dual Pell quaternions is given by

Dpn =P, + HP)n—H _I'jIED’rH—Z + kPn-{—Ba (31)

where P, is the n-th generalized Pell number and i, j, k are quaternionic units which satisfy the

equalities

-2 -2 ]{32

VA :j _=

=0, ij=—ji=jk=—kj=ki=—ik=0.
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The generalized dual Pell-Lucas quaternions is given by

DY, = qp 4+ i qns1 + J Gt + K Gugs, (3.2)

where q,, is the n-th generalized Pell-Lucas number and 7, j, k are quaternionic units which satisfy
the equalities

=0, ij=—ji=jk=—kj=ki=—ik=0.

Also, from the generalized dual Pell quaternions and the generalized dual Pell-Lucas quater-
nions for p =1, ¢ = 0, we obtain results of the dual Pell quaternions and the dual Pell-Lucas
quaternions given by Torunbalc1 Aydin and Yiice [24] as a special case.
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