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1 Introduction

Let {F;}i>0 = {0,1,1,2,3,5,8,13,21, 55, ....} be the Fibonacci sequence.

In [1], L. Atanassova, D. Sasselov and the author, in [2] the author and in [4] J.-Z. Lee and J.-
S. Lee published (second and third papers were written independently) the first extensions of the
Fibonacci sequence in the form of two sequences, i.e., they introduced the first two-dimensional
extensions of these sequences (cf. [3]). Later, a lot of subsequent extensions were introduced:
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three and n-Fibonacci sequences, three-dimensional sequences, etc. The first of these extensions
has one of the following four forms:

ay=a, fop=0, ay=c, f1=d
Opt2 = ﬁn—&-l +5n> n > 0 (1)
Bn+2 =Qpy1+Qn, N >0

ay=a, fop=0, a0y =c, f=d

0 7NE)) :Oén—i-l"'_ﬁm n > 0 (2)
ﬁn+2:ﬂn+1+am TLZO

a=a, fp=0b a1=c¢ p=d

Q42 :ﬁn—&-l_l'ana n=>0 (3)
Bn+2:an+1+ﬁn: n20

ay=a, fop=0, a0y =c, f=d

Qpio = Qpi1 + Qn, 1 >0 (4)
ﬁn+2 - Bn—i-l + Bm n = 0

Graphically, the (n + 2)-nd members of the different schemes are obtained from the n-th and
the (n + 1)-st members as shown in Fig. 1-4.

(67 Q41 Ont2

ﬁn 5n+1 ﬁn+2

Fig. 1.
(679 Qnt1 (T
Bn ﬂn—f—l Bn+2
Fig. 2.
Oy Opt1 Apy2

Fig. 3.
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Fig. 4.

Obviously, the third and fourth two-Fibonacci sequences are two standard Fibonacci se-
quences, while the first two two-Fibonacci sequences are essential extensions of the standard
Fibonacci sequence.

In the present paper, for the first time we construct two new types of Fibonacci sequences.
For them, we show that, from one side, obviously, are more complex than the standard Fibonacci
sequence, and from another, are simpler than the above discussed two-Fibonacci sequences.

2 First new scheme

Let everywhere below, a, b, c be three fixed constants. We will construct two schemes for 2-
dimensional Fibonacci sequences, for which we can see that they are the simplest ones.
Let

ag=pPo=a, aoy=0>b, Bi=c

and for each natural number n > 1:

1
oy = Pon = Qop—2 + §(Oézn—1 + Bon—1)s (1)
Qopy1 = Qo + Pan_1, (2)
Bont1 = Pon + 2p—1. (3)

The first ten members of the sequences {«; };>0 and {3; };>¢ are shown in Table 1.

Table 1
n Qp anzﬂn Bn
0 a
1 b c
2 a+ b+ ic
3 a—l—%b—k%c a+%b—|—%c
4 20+ 3b+ 3¢
5 3a+3b+2c 3a + 2b+ 3c
6 S5a + 4b + 4c
7| 8a+6b+Tc 8a + 7b + 6¢
8 130+ 30+ 3¢
9|2la+2b+ e 2la+ 2b+ P
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The following assertion is valid
Theorem 1. For each natural number n > 1:

Fy, Fyy,
Qon = P, = Fop_1a + 7217 + 7207 (4)
F, -1 Fooi1 — (=17
Oamss = Fona + 2+1‘42'( )b—i— 2+12( )07 (5)

Fongr — (=1)" Fappr + (—1)"
Bant1 = Fona+ 2“2( Syt 2“2( i (6)

Proof. Let us assume that (4)—(6) are valid for the first 2n + 1 natural numbers. Then from
(1)-(6):

1
Qonta = Pant2 = Qon + = (241 + Boni1)

2
:<F2n1a+72b+720>+§(F2n&+ 2+12( )b+ 2+12( )c
Foi1 — (=17 Fy, —1)"
4 Fyq + D2t ( )b+ b1+ ( )c
2 2
F, Fy,
= Fypyra+ —22p 4 22042
2 2
Q213 = Qont2 + Dot
Fn Fn Fn — (=1 Fn +(=1)"
= Fapnia+ 2+2()_|_ 2+20+F2na+ 2n+1 ( )b—i— 2n+1 ( )C
Fn —(=1)" Fn T+ (=1)"
= Fynioa + ont+3 — ( )b+ s + ( )C
2 2
Fopis 4+ (=)™ Fypig — (=1)0H!
:F2n+2a+ 2nt3 ( ) b+ 2n+3 ( ) ¢
2 2
Bon+s = Banta + Qonti
Fn Fn Fn 4+ (=1)" Fn (1)
_ Fyat tzzy P g o ( )b—i- b1 — ( )C
Fn + (—=1)" Fn —(=1)"
:F2n+2a+ nt3 ( )b—|— n+3 ( )C
2 2
Fopyz — (=)™ Fy, 1)t
= Fyppoa + 2 (=) b+ o+ + (Z1) c. O

2 2
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3 Second new scheme

Let

ag=am fo=>b, ay =01 =c

and for each natural number n > 1:

Qo = Qap—1 + Bon—2,

Bon = Pan—1 + aap_2.

1
Qon4+1 = /82n+1 = Qop1 + _(a2n + ﬁQn)a

The first ten members of the sequences {«; };>0 and {3; };>¢ are shown in Table 2.

2

(10)

(11)

(12)

Table 2
n (079 Qp = Bn Bn
0 a b
1 c
2 b+c a-+c
3 sa+3b+2c
3 1 1 3
4| sa+5b+3c za+ 50+ 3c
5 2a+3b+5c
6| 2a+ 3b+ 8¢ 3a + 2b+ 8¢
7 4a + 4b + 13
8| 7a+ 6D+ 21c 6a + 7b + 21c
9 Ta+ b+ 3dc
The following assertion is valid
Theorem 2. For each natural number n > 2:
b, F,
Qgn 1 = Pan1 = —220+ 22h 4 Py,
2 2
Fy1 — (=)™ F,_ -1"
oy -1 — ( )a+ -1+ ( )b—l—anc,
2 2
F 1+ (—1)" 1 — (=1
ﬁgn = 2n—1 ( ) a + ] ( ) b+F2nC,
2 2
Proof. Let us assume that (10)—(12) are valid for the first 2n natural numbers. Then from (7)-
(12):
Qont1 = Bopt1 = Qop_1 + 5(04271 + Ban)
Fo, Fo, o 1 (Fopy — (1) Fop1+ (—1)"
— J -
5 ot 2b+ 2n10+2< 5 a+ 2
F, —1" F 1 —(—1)"
+22 1-|2—( ) & 12( )b—i-anc)
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FZn F2n

= —a + _b + F2n+1C +

2 2

_ Fopq + (_l)na n

2

F2n
a

F2n

Qopt2 = Qopt1 + Pon

+ Tb + Fopqic;

_ Fony — (1)t

2

2

2

2

Fn _1n+1
o+ g1+ (—1)

Bonto = Pont1 + oy,

Fo,_ 1+ (—1)" Fo, 1 — (—1)"
212( >a 212( )b—l-Fan
Fooi1 — (=17
i1 — )b+F2n+20

b+ F2n+2c;

Fon P, Byt — (=)™ Fypq 4 (=1)"
= 2204 2+ Fypqc+ —1 (D" 4 Fon >b+F2nc
2 2 2 2
Fonit — (—1)"  Fy, —1)"
_ 2+12( >a 2+1“2‘( >b+an+gc

F2n+1 - (_1)n+1

B F2n+1+(_1)n+1

4 Discussion

The two new schemes are extensions of the standard Fibonacci sequence, because for the first
scheme when b = ¢, from (1)-(6) we obtain that the first ten members of the sequences {«; }i>o
and {3, }:>o are these, shown in Table 3, that, obviously, are the sequential members of the stan-

dard Fibonacci sequence.

Analogously, if a = b,

members of the sequences {«; }i>o and {3; };>o that are shown in Table 4.

2

a+

2

Table 3
n o, a, = by B
0 a
1 b b
2 a+b
3| a+2b a—+2b
4 2a + 3b
5| 3a+ 5b 3a + 5b
6 5a + 8b
71 8a+ 13b 8a + 13b
8 13a + 210
91| 21a + 34b 21a + 340

from (7)—(12) for the second scheme we obtain that the first ten
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Table 4

n U, a, = by Bn

0 a a

1 c

2 a-+c a+c
3 a+2c

41 2a+ 3c 2a + 3¢
) 3a + bc¢

6| 5a+8c 9a + 8¢
7 8a + 13

8| 13a + 21c 13a + 21c¢
9 21a + 34c

The geometrical interpretations of both new schemes are given in Figs. 5 and 6.

Qon+1
Qop = BZn op42 = /82n+2
Bont1 Q
Fig. 5.
Qlop, Mon12

Qon4+1 = /62n+1

5271 62n+2

Fig. 6.

We finish with the following open problem.

Open problem: Are both schemes the simplest extensions of the standard Fibonacci sequence?
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